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X-RAY DIFFRACTION CAMERAS 


The new Norelco Single Crystal Camera is designed for 
both rotation and oscillation photographs of single 
crystal specimens on a stationary cylindrical 5” x 7” 
film. The incident X-ray beam passes through either a 


0.5 mm., or a 1.0 mm., precision machined collimator 
before impinging upon a rotating single crystal. The 
collimators are fitted with guard slits to eliminate 
scattering from the lead in the beam-defining aperture. 
The air path between the tip of the collimator and the 
crystal specimen has been minimized to diminish the 


effects of absorption. The emergent beam is received in 





SINGLE CRYSTAL CYLINDRICAL CAME::A 





an exit cup assembly which contains a leaded glass 
shield, and effectively reduces the fogging of film 
resulting from air scatter. 

This new camera possesses unusually high perform- 
ance standards and will record reflections for each of the 
major axes of a single crystal specimen through a wide 
range of values of the glancing angle. These reflections 
ultimately lead to determination of the cell constants, 
identification of the correct space groups of the atoms in 
the unit cell. and provides data which will aid in the de- 
termination of the position of the atoms in the unit cell. 
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Annual Meeting 
of 
The Society of Rheology 


HELD AT THE NATIONAL BUREAU OF STANDARDS, WASHINGTON, D. C., NOVEMBER, 1954 


HEN the Society of Rheology convened for its 

Annual Meeting in November, 1954, at the 
National Bureau of Standards in Washington, D. C., 
the turnout of papers and the attendance were certainly 
assisted by the attractions offered by the meeting place, 
today’s most important center of fundamental rheo- 
logical research in the country; but at the same time 
it was a sign of the increasing awareness of Science 
and Technology of what rheology, the molecular- 
physical-mathematical approach to the deformation of 
matter, has to offer. 

The large number of papers given presented our 
Society with a serious publication problem. Tradition- 
ally, these papers are collected in a Rheology Issue of 
a host-journal, for some time the Journal of Colloid 
Science and for the last two years the Journal of A pplied 
Physics. This year the printing space required definitely 
exceeded even the most generous allowance that any 
one journal could grant in fairness to its other con- 
tributors. We were therefore most fortunate in obtaining 
additional space in the Society of Plastics Engineers 
Journal, so that we will be able to distribute two 
Rheology Issues this year. 

Notwithstanding this favorable development, the 
absence of a single comprehensive volume will be re- 
gretted by some. In order to maintain the coherence 
of the meeting to a certain extent, the Editor has 
kindly agreed to print below the titles of the papers 
which will appear in the companion issue of the Society 
of Plastics Engineers Journal, as well as of those authors 
who were under different publication obligations. 
Abstracts of all papers have appeared collectively in 
the fall issue of the Rheology Bulletin, 1954. 


Papers which will appear in the rheology issue of the 
Society of Plastics Engineers Journal, September, 1955: 


‘Viscous heat effects in extrusion of molten plastics,’”’ R. Byron 
Birp, University of Wisconsin, Madison, Wisconsin. 

“Temperature, velocity, and viscosity distributions for a 
temperature sensitive viscous fluid,” R. E. CoLwELL, Monsanto 
Chemical Company, Spring field, Massachusetts. 

“The analysis of dynamic tests of visco-elastic materials,” 
E. H. LEE anp D. R. BLAND, Brown University, Providence, 
Rhode Island. 

“Dynamic creep of plastics,” Jos—EpH MARIN, Pennsylvania 
State University, University Park, Pennsylvania. 

“Low shear rotational viscometry of injectable dispersions. 
The Squibb viscometer,”” RAyMOND R. Myers AND A. C. ZETTLE- 
MOYER, Lehigh University, Bethlehem, Pennsylvania. 

“Effect of fillers on the dynamic mechanical properties of 
polystyrene,”” LAWRENCE E. NIELSEN ef al., Monsanto Chemical 
Company, S pring field, Massachusetts. 

“Dynamic investigations on polymeric solutions using different 
methods,” W. Purtrpporr AND K. Sittet, Franklin Institute, 
Philadel phia, Pennsylvania. 

“Time and temperature effects on the deformation of bitumens 
and bitumen-mineral mixtures,’ C. VAN DER POEL, Shell Develop- 
ment Company, Houston, Texas. 


Papers which will appear elsewhere: 


“Flow in the heating chamber of an injection molding machine,” 
C. E. BEYER et al., Dow Chemical Company, Midland, Michigan. 

“Determination of baking values of bread doughs by rheological 
measurements,” C. W. BRABENDER AND STEPHEN J. LOsKA, JR., 
Pillsbury Mills, Inc., Minneapolis, Minnesota. 

“Concentration dependence of the rheology behavior of the 
polyisobutylene-decalin system,” T. W. DE Witt ef al., Mellon 
Institute, Pittsburgh, Pennsylvania. 

‘Acoustics and the liquid state,” R. B. Lrypsay, Brown 
University, Providence, Rhode Island. 

“Rheology of bituminous pavements,” C. Mack, /mperial 
Oil, Ltd., Sarnia, Ontario. 
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“A cone and plate viscometer,” H. MArkovirTz ef al., Mellon 
Institute, Pittsburgh, Pennsylvania. 

“Stress-strain relationships in yarns when strained at impact 
velocities ranging from 10 to 100 meters per second,’”’ HERBERT 
F. Scnierer, National Bureau of Standards, Washington, D. C. 


Papers which will not be published: 


“Visco-elastic density changes in glass,” O. L. ANDERSON, 
Bell Telephone Laboratories, Murray Hill, New Jersey. 





EIRICH 


“The statistical mechanics of viscosity,” MELVILLE S. Green 
National Bureau of Standards, Washington, D. C. 

“Nonlinear visco-elastic behavior in shear of rubber,” Herpegrt 
LEADERMAN, National Bureau of Standards, Washington, D. C. 

“Some remarks on the theory of nonlinear visco-elasticity,” 
R. S. Riviin, Brown University, Providence, Rhode Island. ~ 


F. R. Erricu, Editor 
The Society of Rheology 
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Vibroscope Measurements of the Elastic Moduli of Nylon 66 and Dacron Filaments 
of Various Draw Ratios 


J. H. WaKELIn, E. T. L. Voonc, D. J. Montcomery,* anp J. H. DusENBURY 
Textile Research Institute, Princeton, New Jersey 


(Received March 10, 1955) 


By use of the electrostatic vibroscope method, dynamic measurements have been made of the Young’s 
modulus derived from bending and the torsional modulus of nylon 66 and Dacron filaments ranging in draw 
ratio from one (undrawn) to six. Quasistatic measurements have also been made to obtain the Young’s 
modulus derived from extension. The dynamic values of the Young’s modulus increase from draw ratio one 
to draw ratio six by a factor of 3.5 for nylon 66 and 5.8 for Dacron. The torsional moduli of both filament 
types exhibit no appreciable changes with increasing draw ratio. 

The ratio of the Young’s modulus to three times the torsional modulus, which ratio is unity for a homo- 
geneous isotropic material with a Poisson’s ratio of 3, is about three for nylon 66 and greater than five for 
Dacron at a draw ratio of six. These results, along with those obtained at lower draw ratios, indicate that 
both filaments become progressively anisotropic with drawing, the extent of the anisotropy reflecting mainly 
the changes in the Young’s modulus. As a check on the experimental procedures, the elastic moduli have also 


been measured for a 1-mil drawn tungsten wire. 


INTRODUCTION 


HE Young’s modulus and torsional modulus of 

nylon 66 and Dacron filaments of various draw 
ratios have been determined with the electrostatic 
vibroscope technique.'! The vibroscope method used for 
measuring the bending modulus of the filaments is 
essentially similar to that described by Lochner? and 
Kirrholm and Schréder.’ The principal change in the 
present technique is the application of the electrostatic 
method for exciting the filaments’ oscillations rather 
than the mechanical one described by these authors. 
The method for measuring the torsional modulus 
differs from that described and used by Ray,* Meredith,° 
and by Hammerle and Montgomery* in that the elec- 
trostatic vibroscope method was used to drive the 
filament in forced torsional vibration at frequencies 
comparable with those of the bending vibration. Values 





*Present address: Michigan State College, East Lansing, 
Michigan. 

1D. J. Montgomery and W. T. Milloway, Textile Research J. 
22, 729 (1952). 

2 J. P. A. Lochner, J. Textile Inst. 40, T220 (1949). 

3E. M. Kiarrholm and B. Schréder, Textile Research J. 23, 
207 (1953). 

*L. G. Ray, Jr., Textile Research J. 17, 1 (1947). 

5 R. Meredith, J. Textile Inst. 45, T489 (1954). 

*W.G. Hammerle and D. J. Montgomery, Textile Research J. 
23, 595 (1953). 


for the Young’s modulus for these filaments were 
also obtained by extending filaments at a constant 
rate of extension. The ratio of Young’s modulus 
derived from extension and from bending to three 
times the torsional modulus has been used as an 
indication of anisotropy of the nylon 66 and Dacron 
filaments of various draw ratios. For a homogeneous, 
isotropic, incompressible elastic body, this ratio is 
unity. Increasing departures of this ratio from unity 
represent increasing structural anisotropy. Such in- 
creasing anisotropy may be expected with increasing 
draw ratio. 


DESCRIPTION OF SAMPLES 


Samples of nylon 66 and Dacron were prepared and 
supplied to Textile Research Institute by the Textile 
Fibers Department of E. I. du Pont de Nemours and 
Company. The draw ratios of both filament types were 
1.00 (undrawn), 2.02, 2.99, 3.99, 5.02, and 5.99. Samples 
of 1-mil drawn tungsten wire were also studied to 
determine the Young’s modulus from both extension 
and bending, and to determine the torsional modulus 
in order to compare with similar values obtained on 
the undrawn filaments of the nylon 66 and Dacron 
series. The samples of tungsten wire were obtained 
from the Palmer Physical Laboratory, Princeton 
University, Princeton, New Jersey and from the 
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VIBROSCOPE 
Cleveland Wire Works, Lamp Division, General 
Electric Company, Cleveland, Ohio. 


EXPERIMENTAL PROCEDURE 


Filaments of nylon 66 and Dacron for the draw 
ratios one to six inclusive were mounted on cellulose 
acetate tabs to provide a test length of 7 to 10 cm. 
The length of the fiber between tabs was measured with 
a low-power traveling microscope reading to 0.0001 
cm. The mass per unit length of these filaments was 
then determined with the electrostatic vibroscope; a 
correction for filament stiffness was also made.’:* All 
measurements were conducted on samples conditioned 
to a temperature of 70°F and a relative humidity of 
65 percent. 


Torsion 
A short length of 30-denier nylon 66 filament (0.40 
cm) was mounted with Duco cement as a cross bar 


on the center of and traverse to the length of the 
filament previously described. The filament with the 


J 










4, 
” aa Vibroscope 
Carte ZA Electrodes 
42 





| 


Fic. 1. Sketch of vibroscope method for obtaining torsional 
modulus of filaments. 


cross bar attached (Fig. 1) was then clamped in a 
vertical position; the lower tab was restricted from 
rotating by clamping a metal cross bar to the lower 
tab and restricting the rotation of this cross bar by two 
small pegs. The cross bar at the center of the filament 
under test was then set into oscillation by placing one 
end between electrodes, as shown in Fig. 1. The elec- 
trodes were mounted in a horizontal plane and were 
energized by an audio-frequency generator as in the 
original vibroscope method. A dc bias of 300 volts was 
used to place a charge on the filament. 
The frequency of torsional response of this system 
is’; 
3Gd4gl_(1/l1)+ (1/12) J 
Pes ; (1) 
32mp'S’L’ 
7D. J. Montgomery, J. Appl. Phys. 24, 1092 (1953). 
SE. T. L. Voong and D. J. Montgomery, Textile Research J. 
23, 821 (1953). 


°L. Page, Introduction to Theoretical Physics (D. Van Nostrand 
Company, Inc., New York, 1935), second edition, p. 164. 
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where y is the frequency (cps), G is the torsional 
modulus (g/cm?), d is the diameter of the filament 
(cm), g is the gravitational acceleration (cm/sec?), 
1, and J, are, respectively, the lengths of the filament 
above and below the cross bar (cm), and p’, S’, and L’ 
are, respectively, the density (g/cm*), cross-sectional 
area (cm?), and length (cm) of the cross bar. 

From Eq. (1) the torsional modulus G may be 
expressed as: 

32mp'S’L?yY* 


G= 
3dégl_(1/l:)+ (1/2) ] 


In contrast with the case of bending, where the 
distributed parameters lead to a differential equation 
permitting various modes of oscillation, the case of 
torsion, with its lumped parameters, leads to an 
ordinary differential equation with only one mode of 
oscillation. Moreover, the torsional frequency should 
be independent of filament tension, provided that such 
tension does not appreciably affect the torsional 
modulus. Data were obtained to show the independence 
of the frequency response to changes in filament 
tension; such data for a sample of 30-denier drawn 
nylon 66 filament are plotted in Fig. 2. The change in 
frequency with various values of [(1//,)+ (1//2)] was 
also investigated with samples of the same nylon 
filament. The results shown in Fig. 3 confirm the 
validity of Eq. (1). 
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Fic. 3. Effect of length of filament and cross-bar position on 
torsional frequency (30-denier drawn nylon 66). 
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Bending 


After the torsional modulus G was obtained by the 
cross-bar method, the Young’s modulus Q by bending 
was measured on the length of filament below the 
cross bar. In fact, this lower length of the filament was 
cut in two so that duplicate measurements of Q could 
be obtained. In these measurements the free end of the 
filament was placed between the electrodes of the 
vibroscope, as shown in Fig. 4, and the magnified 
image of the fiber viewed through a low-power micro- 
scope. The filament length from the tab to the free 
end was then read to 0.0001 cm. The mass per unit 
length of each test length used (prior to cutting in two) 
was determined by a separate vibroscope measurement. 
The natural bending frequencies of the filament are: 


w {QK*g\3 
a). 
2L°\ p 


where v, is the frequency of the mth allowed frequency 
(cps), v1 is the fundamental, v2 is the first overtone, 
etc., L is the length of the filament (cm), Q is the 
Young’s modulus (g/cm?), g is the gravitational 
acceleration (cm/sec?), p is the filament density 
(g/cm*), K is the radius of gyration of the cross 
section (cm) and for a filament with a circular cross 
section of diameter d, K=d/4, and finally 8, is a 
dimensionless constant for the mth allowed frequency 
(8,;=0.597, B2=1.494, B3=2.500, etc.). The value of 
the Young’s modulus, Q, from Eq. (2) is: 





64L ‘pv, 
=——_———_, (2a) 
rd’B,', 
For a filament of circular cross section, 
0.55966d /Og\} 
7 -( ) 
41? p 
veo= 6.267, 
V3> 17.5487, 
v4= 34.3871, etc. (3) 


The change of frequency with the order of the over- 
tone for a given length of filament, and the change in 
frequency with filament length at a given order of 
overtone, have been measured on 30-denier drawn 
nylon 66. These results are plotted in Fig. 5 and are 


un VIBROSCOPE 
a ELECTRODES 
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FILAMENT 


Fic. 4. Sketch of 
vibroscope method for 
obtaining the bending 
modulus of filaments. 





Company, Inc., New York, 1948), second edition, p. 158. 
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1 P. M. Morse, Vibration and Sound (McGraw-Hill Book ' 
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Fundamental 


FREQUENCY (cps) 


! ! 
° 10 . 20 % 
VLENGTH* (em) 
Fic. 5. Effect of filament length on the bending frequency of 
the fundamental and first overtone (30-denier drawn nylon 66), 





found to be in conformity with the prediction of Eq, 
(3). The effect of air damping has not been studied as 
such, but the frequency-sample length variations in 
the test conditions both for bending and torsion 
indicate that no appreciable effects of air damping are 
noticeable. The present work was conducted in a fre- 
quency and filament-denier range beyond that found 
to be critical for air damping effects by Karrholm and 
Schréder. 


Extension 


The Young’s modulus E from extension was deter- 
mined on the length of filament between the cross bar 
and upper support by means of the Instron Tensile 
Tester. For nylon 66 and Dacron, sample lengths of 
about 2.5 cm were extended at a constant rate of 50 
percent/min. For tungsten wire with test lengths in the 
4- to 10-cm range, the range of extension rates was 
from 0.5 percent/min to 2 percent/min. The mass per 
unit length of each test sample was obtained by a 
separate vibroscope measurement. 


EXPERIMENTAL RESULTS AND DISCUSSION 


The data for the Young’s modulus (£) from extension 
and (Q) from bending and the torsional modulus (G) 
for nylon 66 and Dacron filaments are presented in 
Tables I and II and plotted in Figs. 6 and 7. The 
values reported are means of measurements on four 
filament samples for E and G and on eight for Q. The 
tolerances in these and in succeeding tables are devia- 
tions of the mean values at the 95 percent confidence 
limits. The Young’s moduli from extension and from 
bending increase by a factor of approximately four for 
nylon 66 and six for Dacron from the undrawn state to 
a draw ratio of six. The values for E are generally 
lower than those for Q. This difference is undoubtedly 
due to the relatively large effect of creep and stress 
relaxation during the extension of the filaments to 
obtain E. 
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TABLE I. Elastic moduli for nylon 66 filaments of © 60r- 
various draw ratios. ro) Pa 
a ee = «50 b 
E(Young’s modulus—extension) 3 Extensional O 
Filament = Torsional =O A 
Draw cross-sectional Frequency range E S,4 Bending ra) 
ratio area (yu?) (cycles/sec) (g cm~?) X1076 ~ 40 Pal 
goed — 7) 
1 2694+ 191 vee 8.8+0.4 - 
2 1369 352 when 18.3 1.5 B 30+ rs 
3 1055 102 tee 24.0 1.1 $ / 
4 789 228 tee 33.9 2.2 ia (@) 
5 608 97 vee 42.8 4.1 = 20+ 4 
6 561 62 vee 51.8 5.0 <q 
Q(Young’s modulus—bending) 0 > Ok 
(g cm~2) X1076 O——O-——_1_—_0 0 
1 2660+ 186 284— 423 16.4+1.6 0 i i ! ! Bie 
2 1846 407 239-1075 aS 72 ! 2 3 4 5 6 
3 1122 112 305- 709 33.9 2.5 DRAW RATIO 
4 788 233 285- 454 42.6 3.1 
5 609 112 274- 401 50.3 4.9 Fic. 6. Elastic moduli of nylon 66 of various draw ratios. 
6 560 57 285- 464 57.0 5.5 


Range of sample length =0.32—0.55 cm; cross-sectional 


- . TABLE II. Elastic moduli for Dacron filaments of 
area determined on four filaments for each draw ratio. 


various draw ratios. 





G(Torsional modulus) SR ae = —— — 


(g cm 2) X10 6 E(Young’s modulus—extension) 





= - Filame 
1 27134190 187-224 5.1+0.3 Draw a Frequency range E 
2 1640 449 94-182 49 04 ratio area (yu?) (cycles/sec) (g cm~?) X10~6 
3 1126 105 91-140 5.6 0.7 1 2748-4210 se 22.0+ 1.8 
4 796 236 55-140 5.3 1.4 
= 2 1876 112 ee 28.6 4.1 
5 606 104 52-106 5.9 0.6 
6 570 56 54-135 6.1 08 3 905 111 sive 81.0 16.3 
: . ‘ 4 754 65 tee 125.0 11.4 
Range of cross-bar length=0.20—0.41 cm; 5 601 116 ore 130.3 32.1 
6 512 35 tee 140.4 15.5 


(1/1: +1/l2) =0.494—0.535 cm“. 








Q(Young’s modulus—bending) 
Filament cross-sectional areas measured vibroscopically 


As a check on the vibroscope method for determining 


the cross-sectional area of the filaments, microscope 


QO 
(g cm~?) X1076 


1 2746+ 405 222-730 23.94 2.0 
measurements of the diameter were made at five 2 1700 503 165-371 31.9 12.5 
positions along the length of the Dacron test samples : oan a oe Bas - 
for determining Q. The values of Q based on both the 5 579 82 300-407 142.4 270 
vibroscope and microscope methods are included in © 516 43 238-363 138.2 17.0 


Table II, and the data indicate close agreement between 
the two methods for measuring the cross-sectional area 
of the filaments. 


Range of sample length=0.53—0.76 cm; cross-sectional area 
determined on four filaments for each draw ratio. 


Q(Young’s modulus—bending) 
Filament cross-sectional areas measured microscopically 


The torsional moduli for nylon 66 and Dacron are not 


0 
affected appreciably by the filament draw ratio. This een") xen? 
result, which is in striking contrast to the behavior of =! 2689-137 222-730 24.34 2.3 
Micelle cali diaant onl nanobio : 2 1441 339 165-371 42.6 17.1 

an Q wit raw ratio, may indicate that the drawing 3 873 143 237-312 83.2 17.6 
process increases the torsional modulus near the core 4 743 166 a 109.6 13.7 

~ : o* 571 38 00-40 131.9 28.6 

of the filament and has little effect on the modulus ¢ 500 33 938-363 1275 146 
of the material near the surface. - 7 

Values for the ratio E/3G and Q/3G for nylon 66 and Range of sample length=0.53—0.76 cm. 
for Dacron are given in Table III for the complete G(Torsional modulus) ‘ 
draw ratio range."' Both E/3G and Q/3G increase from (g cm-) X10-¢ 
near unity for the undrawn filaments to about three 1 2773+408 270-437 9.5+0.3 
—__— 2 1734 230 155-181 6.2 2.9 

Note added in proof.—Since this manuscript was prepared : oa a7 an : ie 
Guthrie, Morton, and Oliver [J. Textile Inst. 45, T912 (1954)] = sag 8S 34-70 _ 10 
have reported results on the bending and torsional moduli of 6 312 42 50-53 32 06 
drawn nylon and Dacron. The bending moduli were measured - : : 


by both static and dynamic methods; for the dynamic measure- 
ments the fiber was driven by direct mechanical coupling to a 


Range of cross-bar length=0.30—0.42 cm; 


(1/1,4+1/l2) =0.556—1.020 cm™. 





vibrating rod. The torsional moduli were obtained by the pen- 
dulum method. Their results are in general agreement with those 9 == 
reported here for the higher draw ratios of nylon 66 and Dacron. 








* Five filaments measured, 
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Fic. 7. Elastic moduli of Dacron of various draw ratios. 


for nylon 66 and to greater than five for Dacron at a 
draw ratio of six. For a homogeneous isotropic material 
the relation between Q and G should be 


Q/G=2(1+0), (4) 


where o is Poisson’s ratio for the material. If Poisson’s 
ratio is }, E/3G=0.83; if Poisson’s ratio is }, E/3G=1. 
Furthermore, Q/3G is found to be 0.84 and 1.07 for 
undrawn Dacron and nylon 66 respectively ; for higher 
draw ratios the values of Q/3G (and E/3G) exceed 
unity. The lower values of E/3G directly reflect the 
influence of time-dependent effects in the quasi-static 
measurement of £. For this reason the ratio £/3G is 
listed only for comparison with Q/3G, which represents 
the ratio of two dynamic moduli. Because of the 
effects of crystallite formation and orientation in the 
drawing process the departure of this ratio from unity 
is not surprising and reflects an increasing filament 
anisotropy with draw ratio. For nylon 66 at draw ratio 


TABLE III. £/3G and Q/3G for nylon 66 and Dacron 
filaments of various draw ratios. 





Draw 0/3G 0/3G 
ratio E/3G (Vibroscope) (Microscope) 
Nylon 66 
1 0.58+0.05 1.07+0.11 
2 1.25 0.16 1.43 0.49 
3 1.44 0.18 2.04 0.30 
4 2.19 0.65 2.75 0.36 
5 2.43 0.42 2.86 0.32 
6 2.84 0.62 3.13 0.47 
Dacron 
1 0.77+0.07 0.84+0.07 0.85+0.09 
2 1.64 0.76 1.76 0.65 ano 1.50 
3 3.78 0.62 4.38 0.40 3.92 0.88 
4 4.89 0.38 4.62 041 4.30 0.58 
5 5.61 1.42 6.24 1.13 5.80 1.40 
6 5.70 0.62 5.62 0.77 5.18 0.64 








Fic. 8. Extensional modulus of nylon 66 vs reciprocal cross- 
sectional area of filaments at various draw ratios. 


four Q/3G is 2.75, a value which agrees well with the 
factor 2.9 found by Hammerle and Montgomery‘ 
when comparing the Young’s and torsional moduli of 
drawn nylon by stress-relaxation and box-distributional 
methods. The increasing departure of £/3G and Q/3G 
from unity with increasing draw ratio shows that 
caution must be used in estimating the value of the 
Young’s modulus from the torsional modulus and vice 
versa for inhomogeneous and/or oriented filaments. 
The high values for the deviation of the means are 
due largely to inhomogeneities in the filaments intro- 
duced by drawing. The influence of these in- 
homogeneities on the derived moduli is shown for nylon 
66 in Figs. 8-10 where E, Q, and G, respectively, for 
the various draw ratios are plotted against the re- 
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Fic. 9. Bending modulus of nylon 66 vs reciprocal cross-sectional 
area of filaments at various draw ratios. 
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Fic. 10. Torsional modulus of nylon 66 vs reciprocal cross-sectional 
area of filaments at various draw ratios. 


ciprocal of the filament cross-sectional area on a log-log 
basis; similar data for Dacron are given in Figs. 11-13. 
In Fig. 12 the values for Young’s modulus from bending 
are plotted for both the vibroscope and microscope 
measurements of filament cross-sectional area. The 
least-mean-squares lines are plotted in Figs 8 to 13, 

TABLE IV. Slopes of least-mean-squares lines for elastic moduli 


of nylon 66 and Dacron versus reciprocal of filament cross-sectional 
area [based on log modulus=b log(1/filament area) ]. 























b +to.05-od 

Elastic modulus Nylon 66 Dacron 
E 1.064+0.086 1.218+0.097 
Q (vibroscope) 0.788 0.103 1.192 0.126 
Q (microscope) 1.085 0.098 
G 0.105 0.081 0.001 0.143 
BE 
« oDR.! 
'E q ®OR 2 
e |- © OR 3 
2s an e OR 4 
o e DR 5 
3 L e oR 6 
= €. + 
2° 
$f 
tu —_ 
7 
wW aa 

— e 
8 
10 l + £2 eed — —<s ee 


AREA (yc) x 10* 


Fic. 11. Extensional modulus of Dacron vs reciprocal cross- 
sectional area of filaments at various draw ratios. 
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Fic. 12. Bending modulus of Dacron vs reciprocal cross-sec- 
tional area measured by vibroscope and microscope on filaments 
at various draw ratios. 


inclusive, for EZ, Q, and G vs reciprocal cross-sectional 
area for nylon 66 and Dacron; values for the slopes 
of these lines are listed in Table IV. 

To compare with nylon 66 and Dacron, the data for 
the elastic moduli of 1-mil tungsten wire are presented 
in Table V. The values reported are means of measure- 
ments on four samples in the cases of E and G and eight 
in the case of Q. A plot of the bending frequencies of the 
fundamental and first overtone vs the square of the 
reciprocal filament length (Fig. 14) shows how well 
the response predicted by Eq. (3) is followed by 
tungsten wire. The mean deviations for these moduli 
are seen to be considerably lower than those for the 


TABLE V. A. Elastic moduli of 1-mil drawn tungsten wire. 








E (Young’s modulus—extension) 





Filament 
cross- Extension E 
sectional Approximate test rate (g cm~?) 
Sample* area (yu?) length (cm) (%/min) 1078 
1 504+2 10.0 0.5 37.340.1> 
2 509 9 aa 1.3 42.0 1.4 
QO (Young's modulus—bending) 0 
Test length Frequency (g cm~?) 
range (cm) range (cps) x<1078 
1¢ 504+2 0.51-0.58 457-578  35.5+0.7 
2° 506 6 1.00-1.08 137-155 385 0.4 
G (Torsional modulus) 
Cross Bar (1/11 +1/l2) (g cm~?) 
(cm) (cm™) 1078 
1 504+2 0.37-0.42 0.546-0.568 630-740 14.3+0.5 
2 513 2 0.36-0.40 0.416-0.419 575-672 13.9 05 


B. Ratio of elastic moduli for 1-mil drawn tungsten wire 


L el 


E/3G 


0/3G 


0.87+0.02 0.83+0.01 
1.00 0.03 0.92 0.02 








sSamples 1 and 2 are obtained, respectively, from Palmer Physical 
New Jersey, and the 


Laboratory, 
Cleveland Wire Works, 


Cleveland, Ohio. 
b E measured on different test samples than used for QO and G. 
¢ Cross-sectional area determined on four filaments for each sample. 


Princeton University, Pr 
Lamp Division, 


Princeton, 


General Electric Company, 
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nylon 66 and Dacron filaments reported in the afore- 
mentioned, and the values of E and Q are in much 
better agreement, indicating only a small influence of 
creep and stress relaxation in the measurement of E. 
Moreover, the values of E/3G and Q/3G show that 
Poisson’s ratio for this tungsten wire probably has a 
value between } and 3. 


CONCLUSIONS 


The work reported here leads to the following con- 
clusions: 


(1) A dynamic method based on the electrostatic 
vibroscope has been developed and applied to deter- 
mine the bending and torsional moduli of nylon 66 and 
Dacron filaments in the range of draw ratios from one to 
six, inclusive. 

(2) For nylon 66 and Dacron the Young’s modulus 
(Q) from bending was found to increase by a factor of 
3.5 and 5.8, respectively, for draw ratios from one 
through six. 

(3) For both materials the torsional modulus (G) 
changes only slightly with draw ratio. 

(4) Quasi-static measurements of the Young’s 
modulus (£) from extension show that is generally 
lower than the Young’s modulus (QV) from bending 
at the same draw ratio; the difference is greater for 
nylon 66 than for Dacron and is more pronounced at 
the low-draw ratios, indicating that effects of creep 
and stress relaxation operate to decrease the modulus 
when measured under quasistatic conditions. 

(5) The values of E/3G and Q/3G increase with 
draw ratio; at draw ratio six, E/3G and Q/3G are 2.84 
and 3.13 for nylon 66, and 5.70 and 5.62 for Dacron. 
This change in the modulus ratio indicates an increasing 
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Fic. 13. Torsional modulus of Dacron vs reciprocal cross-sectional 
area of filaments at various draw ratios. 


MONTGOMERY, 











AND DUSENBURY 

6000-- 

4000} 
” \** OVERTONE 
v 
a 
S 
> 
oO 
ra 
W 
| 
oS 
WW 
ce 
w 

2000} 

FUNDAMENTAL 
1 i l 1 i i 
° 6 


VLENGTH (cm ) 
Fic. 14. Effect of filament length on the bending frequency of 


the fundamental and the first overtone (1-mil drawn tungsten 
wire). 


degree of filament anisotropy with increasing draw 
ratio. 

(6) The high values of the mean deviations for Q 
and G for nylon 66 and Dacron result from filament 
inhomogeneities introduced by the drawing process. 
Comparable measurements on 1-mil drawn tungsten 
wires for Q and G show that their mean deviations are 
significantly lower than those for nylon 66 and Dacron 
and reflect the higher degree of uniformity of the 
tungsten wires. 
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The relaxation process of viscous flow may be visualized as the sudden shifting of some small patch on one 
side of a shear surface with respect to the neighboring material on the other side of the shear surface. Any 
shear surface will divide a mosaic of such patches lying on the two sides of the surface. Except for the 
simplest systems, this mosaic of patches will be heterogeneous and can be described by groups each character- 
ized by its mean relaxation time 8,, by x, the fractional area of the shear surface which the group occupies 
and by an, a characteristic shear volume divided by kT. The resulting generalized expression for viscosity is 


% XnBn sinh"'8,8 
= Z4 aD, 


n=1 Gn 


Bn8 


where § is the rate of shear. This equation is applied to masticated natural rubber, polystyrene, X-672 GR-S, 
X-518 GR-S rubber, and Vistanex LM-S polyisobutylene. All applications give good agreement with experi- 
ment. The known criticisms of Eyring’s simple relaxation theory for viscous flow are reviewed, and are 


apparently taken care of in this general treatment. 





INTRODUCTION 


ECENTLY the technique for the measurement of 
flow rates, especially for non-Newtonian systems, 
has been greatly improved. Data are available from 
various sources as the references in this and subsequent 
papers show. Several theories have been proposed to 
explain the non-Newtonian behavior in condensed 
systems.' Most of the theories, however, only attempt 
to explain special cases on the basis of special assump- 
tions. 

Generally, the flow rate of a system is a function of 
(i) the relaxation times of the flow units which con- 
tribute in the flow process, (ii) the distribution of such 
relaxation times, and (iii) the deformation of the system 
with stress. Introducing these three factors in our theory 
we obtain a general equation for flow. The third factor 
is only important when the system changes its structure 
with stress, i.e., in thixotropy, and in anisotropy caused 
by stress, etc. In our paper III, we treat such cases. 
In papers I and II, solid plastic systems and solution 
systems of high polymers will be considered, respectively, 
the deformation factor not being important in these two 
cases. 


MECHANICAL MODEL 


(a) There are ” groups of flow units which must be 
considered, and which differ in relaxation times and in 
geometrical dimensions. Actually, each of these assumed 
relaxation times is itself a statistical mean value for a 
distribution. 


1 (a) M. Reiner, Deformation and Flow (K. H. Lewis and Com- 
pany, Ltd., London, 1949), p. 56-131; (b) R. S. Spencer, J. Polymer 
Sci. 5, 591 (1950); (c) G. De Wind and J. J. Hermans, Rec. trav. 
chim. 70, 521 (1951); (d) A. Peterlin, J. Polymer Sci. 8, 621 (1952) ; 
(e) W. Kuhn and H. Kuhn, Helv. Chim. Acta 28, 97, 1533, 1572 
(1946), J. Colloid Sci. 3, 11 (1948); (f) R. E. Powell and H. Eyring, 
Nature 154, 427 (1944); (g) A. V. Tobolsky and H. Eyring, J. 
Chem. Phys. 11, 131 (1943); Tobolsky, Powell, and Eyring’s 
article in Burk and Grummitt’s The Chemistry of Large Molecules, 
Frontiers in Chemistry (Interscience Publishers, Inc., New York, 
1943),*®Vol. 1, pp. 125-190. 


(b) Let the fractional area on a shear surface of the 
various units be x, v2, ---, X,, and let the shear stresses 
per unit area acting on these areas be fi, fo, «++, fn, 
where the subscripts indicate the groups of flow units. 

(c) All the units on the same shear plane are obliged 
to move with the same shear rate &. 


If one likes to visualize this model, although it is not 
necessary, he may imagine a shear surface with the 
following two types of flow units: the first type is such 
units which are not immediately bonded to other units 
on the opposite side of the shear surface, while a second 
type of flow unit will be attached to other units on the 
other side of the shear surface. 

These flow species will have different relaxation times, 
i.e., the second type will shear with difficulty, while the 
first shears easily. The assumption (c) is natural, be- 
cause otherwise the slowly moving units would be left 
behind. This does not happen in general. In order to 
move with the same shear rate, the difficultly movable 
unit are subjected to a larger stress than the easily 
movable units. Thus, assumption (b) is a natural one. 
That is, the stresses acting on the units which belong to 
different groups are not equal. 


DERIVATION OF VISCOSITY EQUATION 
According to Eyring’s equation of shear rate,’ 
$= (A/A1) 22k’ sinhanfn, (1) 


where, k,, is the rate constant for the flow process of a 
unit which belongs to the nth group of units (see 
following section), a,= (AA23) n/(2RT), Ai, A2, Az, and A 
are the familiar molecular parameters in this theory of 
viscosity,” and the subscript outside the parentheses 
indicates that the inside quantities belong to a flow 
unit of the mth group. 


2 (a) H. Eyring, J. Chem. Phys. 4, 283 (1936); (b) Glasstone, 
Laidler, and Eyring, The Theory of Rate Processes (McGraw-Hill 
Book Company, Inc., New York, 1942), p. 483. 
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The force acting on the units of the nth group is 
Xnfn; thus, for stress f, we have, 


fu x nf (2) 


If we introduce f,’s from Eq. (1) into Eq. (2), the 
following equation results: 


n Xn 
f=X —sinh“'B,8, (3) 
n=1 An 


where 8,,= 1/{ (A/A1) 22k,’}, which is proportional to the 
relaxation time of the mth kind. Consequently, viscosity 
n is given as follows: 


n X,8, sinh '8,8 
8,8 


The property of the function, sinh~'X/X, is as follows: 











(4) 


o= 
n=l Qy 








sinh'8s 
Bs=0 Bs 
and 
sinh gs 
ion ————-, (6) 
Bs Bs 


Thus, Eq. (4) is a generalized viscosity formula, since it 
describes correctly the variation of viscosity with the 
rate of shear. 


DISTRIBUTION OF FLOW UNITS 


As we have assumed in the preceding sections, a flow 
system is composed of several groups of flow units. Each 
group is characterized by an average relaxation time, 
8,, which differ appreciably from each other, i.e., 
B:KB2<KB;3, etc. A single group is also composed of 
many kinds of flow units which have different relaxation 
times, but are sufficiently well described by an average 
value for the group. Thus, the relaxation time spectrum 


(A) 2 


Probability of occurrence 














Rate of shear ($) 


Fic. 1. (A) Probability of the occurrence of flow units versus 
relaxation time. (B) Viscosity versus shear rate. Actual viscosity is 
composed of the contribution from three groups of flow units. 
Curve 1: 7=218:/a). Curve 2: = (x282/a2) sinh™'828/ (628). Curve 
3: n= (x383/a3) sinh83$/ (838). Curve 4: Superposition of Curves 
1, 2, and 3. 
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is as shown in Fig. 1(A), where a near Gaussian type 
distribution probably exists in each group. 

We assume that through the whole range of & in an 
actual experiment, the following conditions are satisfied : 








(I) Bas, 
(III) 8,8>>4, “) 
(IV) 8,8)))1 (for n> 4). 
Then, Eq. (4) is written as follows: 
4181 %2B2sinh'B8 2383 sinh—'B3s 
qu} np cee, ied 
a1 ae B2s a3 B38 


where, the relations represented by Eqs. (5) and (6) 
were introduced. The group 1 for condition I behaves as 
Newtonian units while other groups are non-Newtonian. 
The group 2 for condition (IL) behaves differently from 
other non-Newtonian groups. It acts as Newtonian in 
the low range of s while it acts as non-Newtonian in the 
high range. In solid plastic systems, frequently the 
group 1 becomes non-Newtonian just as group 2 does, 
but at higher § than for the latter group. Thus in 
plastics, condition I usually does not hold. 

The viscosities for plastics are thus given by the 
following formula: 
x18) sinh!6,8 
qe + 

a) Bis a2 B28 


X82 sinh~'B2s 





333 sinh—'!838 
————.._ (8) 
az B38 

Generally, Eq. (8a) holds for solution and for finely 
milled rubber, while Eq. (8b) usually holds for solid 
plastic systems. Conceivably, more than three groups of 
flow units may be required, but to account for the data 
examined so far no more have been found necessary. 

Equation (8a) shows that the total viscosity 7 is a 
superposition of three curves in a plot of 9 versus 8, as is 
schematically shown in Fig. 1(B). 


DETERMINATION OF THE PARAMETERS 


We can resolve an experimental curve of n versus 8 
into its component curves using Eqs. (8a) and (8b). We 
mention below the procedures for this resolution in the 
various cases. 


(1) Complete Newtonian System 


The case where the plot of n versus § gives a straight 
line which is parallel to the s-axis is the simplest case; 
i.e., the system behaves as a completely Newtonian 
system. In this case, 7=%19;/a1. 


(2) Non-Newtonian System without Units 
of Group 3 


In a non-Newtonian case, we first need to determine 
the Newtonian term, +18;/a:, by extrapolating the curve 








nine 
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of n versus 1/8 to a zero value of 1/8; for this reason, the 
Newtonian term is often represented by n.. in our papers, 
the «© indicating the infinite shear rate. 

Using the following equation, 


X28 sinh82 
—-.e— ——, (9) 
Qe Bos 

which is derived from Eq. (8a) for the case, +3=0, we 
can determine Be. The value of x282/a2 is the value 
which the quantity (y—7.) takes at s=0. If the param- 
eters, Nx, B2, and x282/a2, thus determined reproduces the 
original experimental curve in good agreement, it is 
concluded that the system does not have units belonging 
to group 3. 


(3) Non-Newtonian System with Both Group 2 
and 3 in Addition to Group 1 


In this case, an experimental curve of 7 versus § rises 
sharply in the low range of §. There are several ways to 
obtain curves 2 and 3 corresponding to groups 2 and 3, 
respectively, from the experimental data. The simplest 
procedure is as follows: the part of the experimental 
curve which would depend purely on groups 1 and 2 is 
extrapolated to the zero value of §; this is shown in 
Fig. 1(B) by the dotted line ab extrapolating curve 4 for 
large § back to s=0. 

The curve abc, so obtained, is due to the units 1 and 
2. From this curve, the values of 8B. and 2x282/a2 are 
obtained by the same procedure as in case (2). The 
contribution of group 3 to the total viscosity is repre- 
sented in Fig. 1(B) by the shaded area. Thus, the 
length of the vertical line between curves ab and db is 
the contribution of the flow unit of group 3 at the value 
of s. Consequently, we have 





X82 sinh Bs %383 sinh'838 
es ( ——) Sa 
cale 


a2 Bos a3 B38 


the values of x383/a3; and f3 are calculated as before, 
since the values of all terms on the left side of Eq. (10) 
are known, and the value of x383/a; is obtained from 
the value of the left side at s=0. 


(4) Non-Newtonian System without 
Newtonian Group 


In some cases, the extrapolation of the curve n versus 
1/s to the zero of 1/8 gives an extremely small value. 
This is the evidence for the absence of the group 1, 
Newtonian units. Even in this case, the experimental 
curve in the lower range of is well fitted by Eq. (9) for 
case (2), a system composed of Newtonian units and 
non-Newtonian units of group 2. This illustrates the 
fact that the Newtonian units became non-Newtonian 
in the higher range of 8. 

Assuming there is no group 3, the viscosity formula 
in this case is derived from Eq. (8b) as follows: 





418, sinh 8,38 x82 sinh1828 
aa eemndemarement: demmeniemmerce. (11) 


n 
a1 Bis a2 Bos 


From Eg. (11), one obtains the following equation: 
4181 Xe Xe 
f=—s+— |n2s+— In’), (12) 
Qa Qe a, 
where Eq. (5) and the following relation, 
sinh~'B.s~1n 2628, (13) 


are introduced into Eq. (11). Equation (13) holds only 
for large values of 8, while Eq. (5) holds for small values 
of §. That is, the two paradoxial relations are introduced 
into the same equation, Eq. (11). Although Eq. (11) 
thus may seem illogical, it is in fact very useful in deter- 
mining the approximate values for the parameters, 
4181/1, *2/a2, and B2 in Eq. (11). These approximate 
values are then introduced in Eq. (9) to make fit the 
experimental curve in the low range of s. Using the best 
values for the parameters, the viscosity 7’ is calculated 
from Eq. (9) for the whole range of s. The value of 7’ 
deviates in the high range of § from the experimental 
n which fits Eq. (11). From Eqs. (9) and (11), the 
deviation n’—n may be written as follows: 











, X18) sinh8,8 
n’ —n=—( 1-———_}. (14) 
a Bis 
45 50 55 60 
P om | | I 
Natural Rubber i 
(8) Mooney's Data +7 
Experiment 
e—-;"* 
x140° 90° * A 
5t—  01247° 80° + to—-x * —ég 
4110° 69° P 
o 100° C 
6 
= —Theory ~ Le 
ry fe> 2sinn 6,5 ° sf 
a n ; 4a * oe ° “ao 
a Qt ae / —5 
4 
« 
\) 
Se . 
» 
\ 
; = Experiment __\4 
—- ite x 140° o 80° 
_ ° © 120° *60° 
& al0o® e50° 
| a een Theory 
x A, x ie . 
fe——— - = sinh" 8,$ 
= _s | a | 2 
| 
45 50 55 6.0 





log f(dynes/cm?) 


Fic. 2. Logarithm of reduced shear rate versus logarithm of 
shear stress for masticated rubber. The data of Saunder and 
Treloar (see reference 3) are referred to the right and bottom 
coordinates while Mooney’s data (see reference 4) are referred to 
the left and upper coordinates. To avoid the complexity caused by 
the superposition of many data around the same point, the follow- 
ing procedure was adopted in this figure. Those data which could 
not be plotted in their real position, because of the superposition, 
were put outside the points, and arrows were used to show where 
the data belonged. 
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TABLE I. Values of the parameters in the viscosity formula for solid plastic systems.* 

















i 





(x1/a1) Bi 
Temperature sec dynes xi/ai x2/a2 x3,/a3 Bi Be B; AHt 
Sample c cm? dynes/cm? dynes/cm? dynes ‘cm? sec sec sec kcal/mole 

Natural rubber 140, 120, 100 2.25 1.31 K105 0 0.500 X 107% 8.1 
(Treloar data) 80, 60, 50 
Natural rubber 140, 124, 110 1.50 X10 1.80 &105 0 6.01 XK10°5 0.680 X10~2 7.9 
(Mooney data) 100, 90, 80, 69 
Polvstyrene 253 to 165 4.30 X10° 1.23 K105 0 1.77 X10°5 0.800 X10~5 
Molecular wt =3.60 «10° 
X-672 GR-S 93.3 65.6 6.17 K10° 3.10 10° 0 1.51 xK10™4 0.957 X10? 8.85 
Molecular Wt =2.00 X105 37.8 
X-518 GR-S* 50, 40 2.71 X10 5.68 K 105 0 0.927 X10"? 0.405 X10~ 12.5 
Molecular Wt =2.00 105 
LM-S polyisobutylene 149, 83, 38 1.59 X10* 4.50 X10? 73.7 0.264 X10°5 0.250 X10°¢ 1.51 X1075 11.7 


Molecular wt =7.00 X10* 





+ A copolymer of 21 percent styrene and 


79 percent of butadiene. 
¢ A copolymer of 24 percent styrene and 


76 percent of butadiene. 


The value of 8; can now be calculated, since +18;/a; is 
already known. 

Applying the principles previously outlined, one can 
determine the parameters in the case where three non- 
Newtonian units are present [see Eq. (8b) ]. The details 
will not be given here. 


RESULTS 
(1) Natural Rubber 


Saunder and Treloar* obtained § versus f curves for 
masticated rubber at temperatures form 50° to 140°C. 
They found that the so-called Ostwald-de Waele 
equation, 8=k/f" (k and m are constant), does not 
adequately represent their curves. They found also 
that the activation heat for the flow process was 8.1 
kcal/mole. We calculate a reduced shear rate, § exp(AH*/ 
RT), from their curves using their activation heat; the 
logarithms of the reduced shear rates &, are plotted 
against log/f in Fig. 2(A). We see that the reduced rates 
calculated from the data at various temperatures agree 
very well except at 50°C. The deviation of the data at 
50°C may be due to some second-order transition which 
takes place around this temperature.* The full curve 
was obtained by calculation from Eq. (9), using the 
values of the parameters in Table I, where the param- 
eters for other samples are also summarized. We see 
that the agreement between theory and experiment are 
satisfactory, except for the data at 50°C. 

Mooney‘ measured flow-rates of lightly milled crepe 
at temperatures from 69° to 140°C. The heat of activa- 
tion was found to be 7.9 kcal by Saunder and Treloar* 
from Mooney’s data. This value agrees very closely 
with 8.1 kcal which was obtained by them from their 
own data. Using this value, 7.9 kcal, we calculate 
8 exp(4H*/ RT), and the results are shown in Fig. 2(B). 


3 (a) D. W. Saunder and L. R. G. Treloar, I. R. I. Trans. 24, 92 
(1948); (b) L. R. G. Treloar, The Physics of Rubber Elasticity, 
(Oxford University Press, 1949), p. 198. 

* If this is true, this transition is different from that which takes 
place at —73°C. See Mark and Tobolsky, Physical Chemistry of 
High Polymeric Systems, (Interscience Publishers, Inc., New York, 
1950), p. 346. 

4M. Mooney, Physics 7, 413 (1936). 


y at 


One sees that the value of 7.9 kcal gives good reduced 
shear rates except for the rates at shear stresses higher 
than 5.5X10° dynes/cm?, where some irregularity 
appears. The theoretical curve for the Mooney data is 
obtained from Eq. (11) using the values of the param- 
eters in Table I. 

The main difference of the Mooney data from that of 
Saunder-Treloar is the following: (i) The latter shows 
distinctly the presence of Newtonian flow units, while 
the former shows that the Newtonian units which act as 
such at low stresses become non-Newtonian at high 
stresses. (ii) The Mooney data yields values of 82 and 
x18;/a, which are larger by a factor of ten and four, 
respectively, than the values from the Saunder-Treloar 
data. It is interesting that in spite of these differences the 
heats of activation and the values of x2/a2 are the same 
for the two sets of experiments. The differences men- 
tioned are due to differences in the samples used by 
Mooney and by Saunder and Terloar. The latter authors 
claim that the Mooney sample was less severely broken 
down,’ and therefore had a higher molecular weight 
than did their sample. The agreement in the AH? values 
in the two series of experiments indicates that the flow 
process is performed by independent segmental motions 
under their coordination. On the other hand, the dis- 
crepancies in the 6 values illustrate the fact that the 
larger the size of the flow molecules (i.e., the higher the 
degree of polymerization), the more difficult the coor- 
dination of the segmental motions; this, in turn, pro- 
duces a large negative activation entropy. The rela- 
tively large value of 8, in Mooney’s sample leads 
Newtonian units to non-Newtonian behavior at high 
stresses. 

Smallwood® analyzed Mooney’s data by applying 
Eyring’s simple hyperbolic sine formula,” and found that 
the activation heat was 10.2 kcal. When this value was 
used for the calculation of reduced shear rates, a reduced 
curve, such as that found in Fig. 2(B), was not obtain- 
able. The difference between Smallwood’s activation 
heat and Saunder-Treloar’s is owing to a difference in 
analyses of the same data. The failure in obtaining a 


6H. M. Smallwood, J. Appl. Phys. 8, 505 (1937). 
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Fic. 3. Logarithm of reduced shear rate versus shear stress for 
polystyrene of viscosity-averaged molecular weight of 3.60 105 


reduced curve shows that Smallwood’s value for AH? 
must be examined further. This matter will be discussed 
later. 


(2) Polystyrene 


Spencer and Dillon® measured flow rates of polysty- 
rene using capillary viscometers at temperatures from 
165° to 250°C. The experimental points in Fig. 3, were 
taken from their results for a polymer of molecular 
weight 3.60X10°. As reduced shear rates, they used 
n&, Where 7, is the viscosity at small §. The theoretical 
curve was obtained using Eq. (11). Namely, the system 
is composed of flow units of two non-Newtonian groups. 
The parameters are tabulated in Table I. The agreement 
between theory and experiment is surprisingly good 
except at extremely high shear rates, where the experi- 
mental data are not accurate. Spencer! explained this 
flow curve from a different viewpoint. 


(3) X-672 GR-S and X-518 GR-S Rubber 


The symbol X-672 GR-S rubber indicates a copoly- 
mer 21 percent styrene and 79 percent butadiene. Its 
viscosity-average molecular weight M, is about 2X 10°. 
The rubber X-518 GR-S is a copolymer containing 24 
percent styrene and 76 percent butadiene. Its M, is 
about 210°. Bestul and Belcher’ measured flow rates 
of these systems using a McKee consistometer, at 
various temperatures ranging from 37.8° to 93.3°C. 

We calculate reduced shear rates [s,=8 exp(AH? 
RT) | from their data using the activation heats which 





®R. S. Spencer and R. E. Dillon, J. Colloid Sci. 3, 163 (1948) ; 
4, 241 (1949). 

7 (a) A. B. Bestul and H. V. Belcher, J. Appl. Phys. 24, 696 
(1953) ; (b) Bestul, Belcher, Quinn, and Brayant, J. Phys. Chem. 
56, 432 (1952). 
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they reported (8.85 kcal for X-672, 12.5 kcal for X-518 
GR-S rubber). The experimental points in Fig. 4 (see 
curve A and B) are calculated from their flow curves. 
The same formula as in polystyrene is applicable to 
both X-672 and X-518 GR-S rubber. Curve A and B in 
Fig. 4 are the calculated results for the polymers, 
respectively. 


(4) Vistanex LM-S Polyisobutylene 


The molecular weight M, of this substance is about 
7X10*. Bestul and Belcher’? measured the flow-rates at 
38°, 93° and 149°C. The experimental points for curve 
C in Fig. 4 were obtained for their data. In the cal- 
culation of &,, the activation heat 11.7 kcal was used, 
which was the authors’ reported value. This case is 
described by Eq. (8b) with the parameters in Table I. 
That is, this system is composed of flow units of three 
non-Newtonian groups. We see that the agreement be- 
tween theory and experiment is exceedingly good. Be- 
fore reaching this good agreement, we tried fewer 
parameters, but failed to obtain good agreement. 


DISCUSSIONS 
(1) Segmental Motion 


The fact that a reduced viscosity equation for temper- 
ature is found in many cases even where the viscosity 
involving more than one relaxation time shows that the 
slower relaxation times are due to greater negative 
entropies rather than to increased activation heats. 
This is what one would expect for long molecules pro- 
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Fic. 4. Logarithm of reduced shear rate versus logarithm of 
shear-stress. Full curves were theoretically calculated. Curve A 
is referred to the right and bottom axes. Sample: X-672 GR-S 
rubber with viscosity-averaged molecular weight of 2X 10°; solid 
circles, open circles, and squares are the data at 93.3°, 65.6°, and 
37.8°C, respectively. Curve B is referred to the inlet axes. Sample: 
X-518 GR-S rubber with viscosity-averaged molecular weight of 
2X 10°; crosses and circles are the data at 50° and 40°C, respec- 
tively. Curve C is referred to the left and upper axes. Sample: 
LM-S polyisobutylene with viscosity-averaged moelcular weight 
of 7.00X 10*; crosses, circles, and triangles are the data at 149°, 
93°, and 38°C, respectively. 
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gressing by segmental motion. Thus a segment in the 
shear surface may be supposed to require no bigger hole 
to move into than do the molecules. On the other hand, 
a flow segment will frequently be prevented from flowing 
by attached segments, thus giving rise to a larger nega- 
tive entropy of activation in the large molecules. This, in 
turn, leads to a larger relaxation time. 


(2) Temperature-Independence of a 


The parameter a is \A2A3/(2kT) as previously men- 
tioned, where AA.A; is a parameter belonging to a flow 
unit. Kauzmann*® analyzed the creep data of tin, lead, 
zinc, steel, and alloys at various temperatures using 
Eyring’s hyperbolic sine function (Eq. 1), and found 
that the factor, AAzA;, increased linearly with tempera- 
ture, i.e., that a is independent of temperature. Sherby 
and Dorn’ analyzed their creep data for aluminum and 
its alloys in the light of the hyperbolic sine function. 
They found that their curves of the reduced shear rates 
(s expAH*/RT) versus f at different temperatures were 
brought together into one curve, and found a to be 
independent of temperature. We also found the same 
result :'° From Tobolsky and Andrew’s" stress relaxation 
curves for polyisobutylene, we calculated the factor, 
AA2A3, and found it increased linearly with temperature. 
In the present paper, we have shown that reduce 
curves are obtained when reduced shear rates are plotted 
against stresses. This fact is due to the constancy of a 
with temperature. Thus, the constancy of the factor a 
for temperature is a well-founded experimental fact. We 
will refer to this fact later. 


(3) The Experimental Activation Heats at 
Constant Stress and at Constant Strain 


It is a matter of common experience that in non- 
Newtonian flow the variation of viscosity with tempera- 
ture at fixed shear stress is higher than that at fixed rate 
of shear, i.e., (Z);>(£); where the former represents 
the experimental activation heat at fixed stress while 
the latter represents that at fixed shear rate. Bestul 
and Belcher?“ showed that this was mathematically 
possible provided the viscosity decreased with increasing 
temperature. We show in the following that from our 
theory the fact, (Z);>(£);, is a consequence of a’s 
independence of temperature. 

If the relation, 6,3=sinha,f,, is introduced in Eq. 
(4), one obtains, 

m XnBn Onfn 
an? heeeekeranaeas 
wt a, sinhanf 


(15) 


8 W. Kauzmann, Am. Inst. 
(1941). 

*0O. D. Sherby and J. 
Metals 5, 324 (1953). 

0 T. Ree and H. E yring, University of Utah Technical Report 
XXXVIII, December 1, 1952. 

1! (a) Andrews, Hofman-Bang, and Tobolsky, J. Polymer Sci. 5, 
669 (1948); (b) R. D. Andrews and A. V. Tobolsky, J. Polymer 
Sci. 7, 221 (1951), and the allied papers. 


Min. Met. Eng. Trans. 143, 57 


E. Dorn, J. Metals 4, 959 (1952); J. 
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From Eq. (15), the following equation is easily derived 
ad ’ 


| 0 \nn AH? 
——| =—-+1, (1 
0(1/T)J, R 


using the fact that a is independent of temperature. 
By differentiation of Eq. (4) with respect to 1/T at 
$=constant, one obtains, 


0 Inn AH? 
(pm) 
a(1/T)7; R 


( n XnBrn’ 1 sinh” 14, 
too 4 
| m=l Gy (i+. 12)) 4 


x Br’ = — i 





’) i+ mac teats 
* : ln 
( n=l Qn 
where 
Bn’ s  exp(AH? RT) 
a™ T 
and 
1 
B,'= oe — 


A\ k mi 
(-) 2— exp(AS,?/R) 
Ai n h 
On the right side of Eq. (17), the second term inside the 
curled bracket is negative, because of the relation. 
1 sinh“!A,, 
—----< —<1, 
(1+4A,7)} As 





and the absolute value of the second term is less than 
unity. Therefore, (E);>(£);, and (£); will never be 
negative. 

Under the assumption that the factor AAA; rather 
than @ is constant for temperature, Bestul and Bel- 
cher’ calculated (Z),; and (Z£); using Eyring’s simple 
hyperbolic sine function,? and found that the two 
experimental activation heats were negative simul- 
taneously above a certain value of f. Substituting 
numerical values for the parameters appearing in their 
equations for (EZ), and (£);, they found that the stress 
at which both activation heats were zero was 10’ 
dynes/cm*. They thought this value for the stress to be 
unreasonably low, and claimed the inadequacy of the 
hyperbolic sine equation. As we mentioned above, how- 
ever, the two activation heats can never be negative. 
The difficulty of these authors all goes back to the ne- 
glect of the increase of AAA; with temperature. 

The assumption that Ad2A; is constant for temperature 
was also made by Smallwood? in using the simple hyper- 
bolic sine equation. This again led Smallwood to a value 
of AH*); (10.2 kcal/mole)*® which is higher than that of 
Saunder and Treloar (7.9 kcal/mole),’“ regardless of 
the fact that both parties used the same experimental 
data of Mooney. Accordingly, when Smallwood’s value 
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of the (AH*); is used, a reduced flow curve for tempera- 
ture is not obtained. 

More recently, Whitfield and Baron” analyzed their 
flow data for Paraplex applying the simple hyperbolic 
sine function. These authors assumed also that Ad2A; is 
constant for temperature, and calculated AH* and 
\oAz, using the same method as Smallwood. 


(4) The Magnitude of 22.2; 


In our theory, this factor comes together with x 
making one quantity x,/a, which is determined by 
experiment. Information is lacking to separately deter- 
mine x, and a,. However, if we assume a reasonable 
value for x», it is possible to calculate the factor (AX2A3) n- 
By way of example, we consider polystyrene: As the 
factor (AA2A3)n is proportional to absolute temperature 
T, we can write (A\2A3),=CrT, where C, is a constant. 
From the values of x:/a; and x2/a2 which we found 
previously for the polystyrene, C; and C2 are given as 
follows: 


Qkx 
C,=——_ = (0.641 107"'x, 
4.30 10° 
2kx» 
C2=—— = 2.24X 10-7!x2. 
1.23 10° 


If we assume x;~x2~0.5, the values of the factors, 
(\AoA3)1 and (AAzsA3)2, at 25°C are 0.955X 10-" and 3.34 
X10~" cc, respectively. There are frequent discussions 
of the magnitude of the calculated value of AA2A; from 
the simple hyperbolic sine function.!“): !(#), 5, 12-14 


(5) Other Problems Concerning the Hyperbolic 
Sine Function 


There are several criticisms for the simple hyperbolic 
sine function beside those in the aforementioned. Most 
of the criticisms, however, have neglected the distribu- 
tion factor, i.e., their main difficulty has originated from 
this point. Eley and Pepper" found that in their experi- 
ment on the flow properties of plasticized cellulose deriv- 
atives, the flow-rate has an exponential dependence of f 
at moderate stresses just as the simple relaxation theory, 
Eq. (1), predicts, but that at higher stresses the flow- 
rate approaches linearity with stress. This linearity at 
high stress caused them to reject the hyperbolic sine 
theory. As Powell and Eyring!" pointed out the diffi- 
culty arose from neglect of the Newtonian units in their 
system. Spencer and Dillon® pointed out that their 


2N. B. Whitfield and T. Baron, J. Colloid Soc. 7, 268 (1952). 

8S. S. Kistler, J. Appl. Phys. 11, 769 (1940). 

4 T. H. Greenbalt and D. Fensom, Ind. Eng. Chem. 39, 1037 
(1947). 

6 (a) D. D. Eley and D. C. Pepper, Nature 154, 52 (1944); (b) 
D. D. Eley and D. C. Pepper, Nature 154, 428 (1944). 
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observed behavior of polystyrene was not in agreement 
with the Eyring equation. Spencer!) claimed that the 
hyperbolic sine function did not give a satisfactory fit 
of Saunder and Treloar’s data on the flow of masticated 
rubber.* As this paper shows, our generalized flow 
equation gives excellent agreement with the experi- 
mental data in both cases. It has often been pointed out 
that any existing theories of non-Newtonian flow was 
not applicable to flow of high polymer solutions.').'6 
The reason is as follows: Most of the investigators ob- 
served that as the shear stress is raised early deviations 
from Newtonian flow come about through a term which 
contained the first power of the shear stress. The ex- 
pansion of the hyperbolic sine function in a power series 
shows that these early deviations should be due to a 
term containing the square of f. In paper II where solu- 
tion systems are considered, this difficulty is resolved by 
introducing a distribution function. 

The shear volume, Ad2A3, decreases with increasing 
percent of stretch for solid materials as was noted very 
early by Kistler’ for the stress relaxation in polyvinyl 
acetate and for the creep of latex. This fact has been 
noted also by Tobolsky and Eyring'’ for the stress 
relaxation in steel and raw rubber, by Tobolsky and 
Andrews'* for the stress relaxation in GR-S rubber and 
Hevea gum, and by Ree and Eyring” for the stress 
relaxation in polyisobutylenes. The change of the shear 
volume with the percent stretch has been held to be a 
defect of the simple hyperbolic sine function theory.'®? 

Applying the virial theorem, recently, we have de- 
rived the equation,” 


fogddd3= Ys) (18) 


where fo is a local micro-stress which is frequently 
simply related to the applied stress f, g is a constant 
which is approximately equal to the ratio of sound 
velocity in a gas to that in a solid, and y, is the mean 
available energy of a flow unit equilibrating with the 
reaction coordinate of the activated complex. When the 
flow units are equilibrating with the ambient tempera- 
ture, y,=kT. Thus we obtain, 


Meadzs=kT/g fo. ; (19) 


According to Eq. (19), the shear volume, Adz2A;, is 
proportional to temperature 7 and is inversely propor- 
tional to the microstress fo, which is frequently found 
proportional to the initial stress fo in relaxation experi- 
ments.'*-"8 Thus, the constancy of the factor a with 
temperature, and the decrease of the shear volume with 
the percent stretch, are a natural consequence from 
q. (19). 


16 Fox, Fox, and Flory, J. Am. Chem. Soc. 73, 1901 (1951). 

17 A. V. Tobolsky and H. Eyring, J. Chem. Phys. 11, 125 (1943). 

18 A. V. Tobolsky and R. D. Andrews, ibid. 13, 3 (1945). 

19H. Eyring and T. Ree, Proc. Natl. Acad. Sci. U. S. 41, 
118 (1955). 
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(6) Characteristics of Solid Flow Systems 


It is interesting to note that in Table I the parameters 
Xn/@n, Of all the materials are of the same order of 
magnitude (except for LM-S polyisobutylene) while the 
8, values differ remarkably for the different substances. 
In solution systems (see paper II), the 8, parameters do 
not change appreciably with solvent and concentration 
(except for very high concentration), while the factors, 
¥n/@n, Change remarkably. By changing the molecular 
weights of the solutes of a homologous series, both 
factors, x,/a, and 8,, change; however, the former 
changes much more than the latter. 


AND 
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Another characteristic of solid flow system is that it is 
rare to have a Newtonian group in addition to non-New. 
tonian groups of flow units. Treloar’s data on masticated 
natural rubber (Fig. 2(A) ] is an exceptional case where 
the Newtonian group appeared. The converse is true for 
solution systems (see paper II). That is, except for very 
concentrated solutions, the Newtonian groups are 
generally accompanied by non-Newtonian groups. 
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The authors’ theory developed in the preceding paper I is applied to solutions of polystyrene, polyiso- 
butylene, X-518 GR-S rubber, and lime base grease with good agreement with experiment. The parameters, 
Xn/ap and 8, (see the abstract of the paper I), were calculated, and are tabulated; these parameters are pro- 
portional to the surface concentration and the relaxation time of the mth group of flow units, respectively. 
The effects of the molecular weights of polymers, concentration, solvent, and temperature on these param- 
eters were studied. Our results establish the following facts: 


(1) The heterogeneity of flow units increases with increasing molecular weight. 
(2) In the range of low concentration, 8, (relaxation time) is independent of concentration, while the 
areal concentration of non-Newtonian units increases more rapidly than proportional to the bulk concentra- 


tion of a polymer. 


(3) A “good” solvent increases the concentration of non-Newtonian units, while the contrary is true for a 


“poor” solvent. 


(4) In poor solvent solutions, the concentration of non-Newtonian units increases with increasing tempera- 
ture, while the concentration is independent of temperature in good solvents. 


INTRODUCTION 


N THE preceding paper I,' we derived a general 
formula for viscosity, 7, 

n x,6, sinh '8,8 
= ——— (1) 


n=l Qn B,8 


where x, is the fractional area on a shear surface occu- 
pied by the nth group of flow units; & is shear rate; 
Oin= (AAaA3) n/(2RT); Bn=1/{(A/A1)2k'} nn; R’ is the rate 
constant for the flow process; Ai, A2, As, A are the molec- 
ular parameters in Eyring’s viscosity formula; and the 
subscript # outside the parentheses indicates that the 
inside quantities belong to a flow unit in the mth group. 
Equation (1) is applicable to solutions. The solvent 
molecules are designated the zeroth group of flow units. 
Equation (1) is thus written for the solution system as 
follows: 

n *X,8, sinh'8,s 

12= > —————_. (2) 
n=O Ay 8,8 
''T, Ree and H. Eyring, J. Appl. Phys. 26, 793 (1955). 


In this paper, we treat solution flow systems using 
Eq. (2), and discuss the allied problems. 


VISCOSITY FORMULAS FOR SOLUTION SYSTEM 


The solvent molecules generally flow more easily than 
do the high polymer solute molecules. In most cases 
treated here, the solvent molecules are Newtonian. The 
relative viscosity 7,, which is equal to n/n, is thus found 
from Eq. (2) to be 


n 8, sinh7'g,8 
B,8 





+ Xo, (3) 


where the relation, no>=o0/ao, has been introduced. If 
the relation, *o=1—2x1—%2::-—X,, is substituted in 
Eq. (3), one obtains for the specific viscosity 7,,, which 
is n-—1, the following formula, 


8, sinh'8,s 
esa -1). (4 
QnNo BnS8 
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The intrinsic viscosity 7; is defined as y,,/c, where c is 
concentration. The quantity 7; is given as follows: 


n Xnf By sinh""'8,8 
wf 4} 
n=l ¢ Q@n0 B,8 


If the concentration is very low, i.e., xo~1, then the 
following equation results from Eq. (3), 





(5) 


n Xn Bn sinh, 
nie eee. (6) 


n=l € QnNo ns 


1i=~ 


From the definition of the limiting intrinsic viscosity 
[7], the following formula is given: 





_  & Xn Ba sinh™'B,s8 
[n]=lim 5 — naa 


c0 n=l C Ano ns 


Inherent viscosity, ninn, is defined as (Inn,)/c. There- 
fore, the limiting inherent viscosity at c—0 is equal to 
(|. Frequently data are presented in terms of inherent 
viscosities. The formula for the latter is obtained from 
Eq. (3) as follows: 


Inn, 1 
——— In( 0+ 
Cc Cc 


When the concentration is very small, and the summa- 
tion term in Eq. (8) <1, one obtains from Eq. (8), 


Inn, 1 = x,8, sinh'8,s 
—~- > ——=, (9) 
Cc C n=1 AnNo B,S 


n xX,6, sinh '8,8 
mw 


n=l Ano B,8 





The theoretical Eqs. (4) and (5) for specific and 
intrinsic viscosities, respectively, are represented in the 
following compact forms: 


n 


Nsp— - XnNsp(n) 


n=l 


(10) 


n 


3; > VnNi(n) 


n=l 


(11) 


where, 7sp(n) and ni.) are the general specific viscosity 
and the general intrinsic viscosity of the mth group of 
flow units, respectively, and their expressions are seen 
from Eqs. (4) and (5) to have the following values: 


8B, sinh'6,8 


Nsp(n) = Nr(n) — 1 =- — = —1, (12) 
QnNo ns 
1 1/ 8, sinh"'£,s 
Ni(n) >= (nr(ny— 1) = (— er 1). (13) 
c C\anno ns 


In Eqs. (12) and (13), npn) is the general relative vis- 
cosity of the nth group. If 


n 


> Xatep(nyK2 


n=l 
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and 
n 


y XnNi(ny<2, 


n=l 


one obtains from Eqs. (10) and (11). 


Innsp™ } i rnin )=1 (14) 
n=l 

Inm=( ram) )=1. (15) 
n=1 


We can predict from our theory the following relations: 


Inn, 1+ 1nysp 


V~ ~~ 


c c 


(16) 


which hold at low concentrations where 


n *X,8, sinh'8,8 
—_— ————_ <I. 
n=l QnNo B28 


The first equality in Eq. (16) is obtained from Eqs. (6) 
and (9), and the equality between the first and third 
members is obtained from Eqs. (5) and (14). 

As in paper I, we classify the polymer flow units into 
three groups, 1, 2, and 3, where group 1 is Newtonian. 
Thus from Eq. (8) we have, 


% 181 


ain0 


Inn, 1 
—i In( sv 
ae 


We denote by 7,,s) and ,(~) the relative viscosity at 
small and large shear rate, respectively. From Eq. (17) 
and the properties of the function, sinh~'X/X, men- 
tioned in paper I, the following equations are derived: 





/ 


3 x,8, sinh'8,8 
hs ee 


n=2 @ nNo n> 



















Innr(s) 1 x18, XoBo X38 
== In xo+—+—+— (18) 
Cc C Qino Geno Aso 
Ingrie) 1 x18) 
pe SE In Xot+ a me (19) 
Cc Cc aio 
T T 
10;- Polystyrene 
Solvent: Benzene Exp @ 
Conc: 004 
T — 
Temp. 25°C —_ 
2 
= [+ 7 
= Pp > ——1—__, 22217 
o-0e s 1 24 10° 
2.88 10 
= 1 
% 5 10 


$x10™* (sec') 


Fic. 1. Effects of molecular weight on inherent viscosity versus 
shear-rate curves. Solute, polystyrene fractions with various 
molecular weights; solvent, benzene; concentration, 0.04 g/100 cc; 
temperature, 25°C. The theoretical curves are calculated from 
Eq. (17) using the parameters in Table I. 
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TABLE I. The effects of molecular weight. Solution system: solute, various polystyrene fractions; solvent, benzene; 
concentration, 0.04 g/100 cc; temperature, 25°C ; n9>=6.01X 10°? poise. 

















(2042-1) (=) (=) 











Molecular x2/a2 x3/a3 a@ino Cc > 
weight xiBi dynes dynes c dynes cm dynes cm 

M, «10-6 ate ~~ cm? cm? B:/no B:/no cm?/g g g 
6.5 1.168 20.1 0.0129 0.0795 1.57 4.20 503 0.323 
. 1.138 1.81 0.00421 0.0669 . 2.01 3.45 45.3 0.105 
2.22 1.094 1.94 0.0 0.0521 see 2.35 48.5 0.0 
1.24 1.092 0.601 0.0 0.0466 2.30 15.0 0.0 
0.288 1.043 0.0 0.0 see 1.08 0.0 0.0 











At low concentrations, i.e., xx~1, we have from Eqs. 
(17), (18), and (19), the following formulas: 





Inn, 1/2181 3 2,8, sinh@,8 

ied dS ——) (20) 
c € \aino n=2 QnNo ns 

Innrcs) 1/4181 X2B2 x38 ; 

ae bel 
c CXNQ1N0 Geno 3H 

In + (20) 1 x18) 

——~ —), (21b) 
c €X\Q@iNo 


In the application of these approximate equations, one 
must be careful that the conditions for the approxima- 
tion are satisfied by the experiments. 


RESULTS 
(1) Polystyrene Solutions 


Sherman, Sones, and Cragg? measured the viscosities 
of the solutions of polystyrene fractions by a capillary 
viscometer specially designed for their investigation. 
We analyze their data by the method described in 
paper I, and represent the results in Figs. 1, 2, 3, 4, and 
5. 


(A) The Effect of Molecular W eight 


—— 
—= 


In Fig. 1, the results for the benzene solutions of 
polystyrene fractions at 25°C are represented. The theo- 
retical curves are obtained from Eq. (17), using the 
values of the parameters in Table I. In our work, the 
necessary viscosities of solvents are obtained from 
Timmermans’ tables.* From Fig. 1 one sees that the 
theoretical curves accord well with experiment. Table I 
shows that more types of flow units are involved as the 
molecular weight increases. Thus, in the solution of 
polystyrene with molecular weight 0.288X10-°, only 
the Newtonian group is present; in the solution of 
polystyrene with molecular weights 1.24 10® and 2.22 
X 10° two types of flow units are present. Finally in the 
case of the fractions with M,=5.5X 10° and 6.5X 105, all 
three types of flow units are acting. We also observe the 
following facts: in the first case, the curve of (Iny,)/c 
versus § is a straight line parallel to the s axis; in the 
second case, the curve is nearly a straight line with 
negative slope, whose absolute value is a function of 8, 
and which increases with increasing molecular weight; 
in the third case, this straight line makes a curve at the 
low values of s, the curvature of this curve increases with 
increasing molecular weight. 


TABLE II. The effects of molecular weight. Solution system: solute, various polystyrene fractions; solvent, cyclohexane; 





concentration, 0.06 g/100 cc; temperature, 65°C and 35°C. 




















X2/a? X3'a3 
Molecular x2/a2 x3/a3 1 wifi Cc a 
weight xiBi dynes dynes A(0+ - -1) dynes cm dynes cm 
- xo+ : —= ; ( m7 —<= ——— 
MvX10°¢ aino cm? cm? B2/no B3/no cm! /g g 
65°C. no=5.00X 10" poise. 
9.2 1.158 2.25 0.101 0.0590 0.506 2.63 Ry 1.68 
5.2 1.132 2.07 0.0149 0.0454 0.872 2.20 34.5 0.248 
2.4 1.114 0.777 0.0 0.0386 ‘° 1.90 13.0 0.0 
1.5 1.094 0.0 0.0 see 1.57 0.0 0.0 
0.70 1.066 0.0 0.0 1.10 0.0 0.0 
0.30 1.041 0.0 0.0 0.683 0.0 0.0 
35°C. no=7.52X 10 poise. 
9.2 1.120 0.384 ~0 0.0834 2.00 6.40 ~~ 
5.2 1.111 0.150 0 <0.0665 tee 1.85 2.50 0 
2.4 1.080 0.0 0 tee tee 1.33 0.0 0 
1.5 1.060 0.0 0 1.00 0.0 0 
0.70 1.044 0.0 0 0.733 0.0 0 
0.30 1.029 0.0 0 0.483 0.0 0 


? Sherman, Sones, and Cragg, J. Appl. Phys. 24, 703 (1953). 








3 J. Timmermans, Physico-Chemical Constants of Pure Organic Compounds (Elsevier Publishing Company, Inc., New York, 1950). 
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TABLE III. The effects of concentration. Solution system: solute, polyystrene fraction with M,=6.5X 10°; 
solvent, toluene; concentration, varied; temperature, 85° and 15°C. 








(x2/a2) (x3/as) 





Concentration 




















x2/a2 x3/a3 1 xiBi c c 
g xipi dynes dynes c ate -1) dynes cm dynes cm 
100 cc al cm? cm? B2/no Bs/no cm?/g g g 
85°C. =2.99K10- poise. 
0.0145 1.051 0.972 0.0151 0.0679 1.39 3.52 67.0 1.04 
0.0290 1.087 2.28 0.0338 0.0679 1.39 3.00 78.6 1.17 
0.0581 1.162 5.18 0.0726 0.0679 1.39 2.79 89.2 1.25 
0.1162 1.353 11.7 0.186 0.0679 1.39 3.04 100.7 1.60 
15°C. »=6.23X10- poise. 
0.0157 1.056 1.09 0.0226 0.0562 1.86 3.57 69.4 1.44 
0.0314 1.118 2.23 0.0516 0.0562 1.86 3.76 71.0 1.64 
0.0628 1.230 5.25 0.106 0.0562 1.86 3.66 83.6 1.69 
0.1257 1.372 13.8 0.279 0.0562 1.86 2.96 109.8 2.22 








The data of Sherman, Sones, and Cragg? for poly- 
styrene fractions at 65° and 35°C dissolved in cyclo- 
hexane exhibit the changes of the slopes of inherent 
viscosity versus shear-rate curves in a like manner as in 
the case of polystyrene fractions dissolved in benzene. 
The parameters are tabulated in Table II. Using these 
values, the experimental. curves are fitted as well as in 
Fig. 1. 


(B) The Effect of Concentration 


The viscosities of the toluene solutions of the poly- 
styrene fraction with M,=6.5X10® in various con- 
centrations were measured at 85° and 15°C by Sherman, 
Sones, and Cragg.? The experimental data of (Inn,)/c 
at 85°C are plotted against $ in Fig. 2. The theoretical 
curves are obtained from Eq. (17) using the parameters 
in Table III. The agreement between theory and experi- 
ment is satisfactory. The same degree of agreement was 
also obtained for the data at 15°, using the parameters 
in Table III. Sherman, Sones, and Cragg measured the 
flow rates of the cyclohexane solutions of the polysty- 
rene fraction with M,=9.2X10® at 50°C in various 
concentrations. The determined parameters are tabu- 
lated in Table IV. In this case also, the agreement be- 
tween theory and experiment was as good as in Fig. 2. 
The figures of the two cases are not shown here, because 


%1/a, and 1/7 is impossible. However, we may assume 
that 6:/no is independent of concentration as in the 
groups 2 and 3. Thus, the value of x;/ca; for the group 1 
does not increase with concentration, while the values 
for the groups 2 and 3 increases rapidly. 


(C) The Effect of Solvents 


It is a well-known fact that the viscosities of the 
solutions of a high polymer in good solvents are higher 
than those in poor solvents. This is true for polystyrene 
solutions as Fig. 3 shows, where, the inherent viscosities 
of the solutions of the polystyrene fraction with 
M,=2.22X10® in benzene, toluene, and butanone are 
plotted against §.? Both benzene and toluene are good 
solvents for polystyrene, while butanone is a poor one. 
The theoretical curves are calculated from Eq. (17) 
using the values of the parameters in Table V. The 
values of B2/no are about the same for these three sol- 
vents, while the values of x2/a, for the first two are 
higher by a factor of 3.7 than the value for butanone. 
Thus, the difference in a good and a poor solvent is in 
the factors, x,/an, rather than in the factors 8,,/no. 

The experimental curves? of (Inn,)/c versus § for the 
toluene and butanone solutions of the polystyrene 



























the trends of the curves of (Inn,)/c versus § at different —_"  *:- ‘aa = bh i ’ 
concentrations are the same as those in Fig. 2. - ane” 4 
As one sees from Fig. 2, the slopes of the curves are } sae onile——~ai + 
constant irrespective of the concentrations. In Tables 8F 7 
II and IV, the values of 82/0 and 83/0 are independent eS pre 1 
of concentration. The first fact is a natural consequence = ¢ ee a 
of the second, because according to our theory, the slopes E i 7 
of the curves of (Inn,)/c versus § are solely determined by + 0.000) eres 4 
the @’s. The values of x,/a, increase with increasing 7 7 
concentration. As the values of (x,/a,)/c in Table III A Se 2 
and IV indicate, the increase is more than linear. The piitititiits ha ta ptt ita 
values of {20+ (%18:/aim)—1}/c show an apparent & 10°* (secm') 


constancy for concentration. At low concentrations, the 
latter values are nearly equal to (x1:/ca:)(@:/mo), since 
xg™1. For the group 1, the separation of the two factors 


Fic. 2. Effects of concentration on inherent viscosity versus 
shear-rate curves. Solute, polystyrene fraction with M,=6.5X 10°; 
solvent, toluene; temperature, 85°C. The theoretical curves are 
calculated from Eq. (17) using the parameters in Table III. 
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TABLE IV. The effects of concentration. Solution system: solute, polystyrene fraction with M,=9.2X 108; 
solvent, cyclohexane; concentration, varied; temperature, 50°C ; no>=6.11X 10° poise. 


























xiBi (x2/a2) (x3/a3) 

Concentration x2/a2 x2/a3 (x * “ ) i ad c 
On mop = Sree 7 ¢ dynesem = dynes cm 
100 cc ano cm? cm? B2/no B3/no cm?3/g g — 
0.029 1.079 0.516 0.0169 0.0678 0.712 2.72 17.8 0.583 
0.057 1.161 1.02 0.0309 0.0678 0.712 2.82 17.9 0.542 
0.115 1.324 2.63 0.0941 0.0678 0.712 2.82 22.9 0.818 
0.153 1.427 4.02 0.171 0.0678 0.712 2.79 26.3 1.12 
0.230 1.64 7.28 0.416 0.0678 0.712 2.78 





31.7 1.81 








TABLE V. The effects of solvents. Solution system: solute, polystyrene fraction with M,=2.22X 10°; 
solvent, varied; concentration, 0.04 g/100 cc; temperature 25°C. 














en 
——— 


| eB 
+. , 
(042% ) (x2/a2)/c (x3/a3)/c 





x2/a2 x3/a3 
no X10 nt Sense a ¢ Gynescm dynes cm 
Solvent poises aino cm? cm? B2/no B3/no cm3/g zg g 
Benzene 6.01 1.094 1.94 0.0521 2.35 48.5 0 
Toluene 5.52 1.090 1.83 0.0487 2.25 45.8 0 
Butanone* 3.93" 1.050 0.518 0.0501 1.25 13.0 0 








fractions with M,=5.510® and 5.210° were com- 
pared with the theoretical curves which were calculated 
from Eq. (17) using the values for the parameters in 
Table VI. The agreement was satisfactory. One sees 
from this table that the aforementioned conclusion is 
also true for this case. That is, the 82/no values for the 
two solvents are approximately equal, while the x2/a2 
value for toluene is larger by a factor of 8.2 than the 
value for butanone. The most striking thing is that the 
value of x /a for toluene is 0.851 while for butanone it 
is nearly zero. We will discuss the effect of solvents in 
detail later. 


(D) The Effect of Temperature 


In Fig. 4, the experimental data? of (Iny,)/c and [7 ] 
at various temperatures for the benzene and toluene 
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Fic. 3. Effects of solvent on inherent viscosity versus shear-rate 
curves. Solute, polystyrene fraction with M,=2.22X 10*; concen- 
tration, 0.04 g/100 cc; temperature, 25°C. The theoretical curves 
are calculated from Eq. (17) using the parameters in Table V. 


* Methyl-ethyl ketone. N. Friend and W. D. Hargreaves, Phil. Mag. 34, 643 (1943). 


solutions of the polystyrene fractions with M,=2.22 
10° and M,=9.2X10° are plotted against reduced 
shear rates, no’. One sees that reduced curves for tem- 
perature are obtainable. That is, the parameters, 
Xo+ (%181/a1N0), Xn/an, and B,/no are independent of 
temperature. The theoretical curves are obtained from 
Eq. (17) using the values of the parameters in Table 
VII. The agreement between theory and experiment is 
well within experimental error. 

The experimental values? of [7 ] at 65°, 50°, and 35°C 
for the cylcohexane solution of the polystyrene fraction 
with M,=5.2X10° are plotted against mos in Fig. 5. 
One sees that in this case a reduced curve for tempera- 
ture such as in Fig. 4 is not obtainable. In the whole 
range of reduced shear rates, the higher the temperature 
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Fic. 4. Effects of temperature on inherent viscosity versus 


reduced shear-rate curves for the polystyrene solution in_ “good” 
solvents. Curve A: solute, polystyrene fraction with M,=2.22 
X10*; solvent, benzene; concentration, 0.04 g/100 cc. Curve B: 
solute, polystyrene fraction with M,=2.22X 10°; solvent toluene; 
concentration, infinite dilution. Curve C: solute, polystyrene 
fraction with M,=9.2X10*; solvent, toluene; concentration, 
0.075 g/cc. Theoretical curves are calculated from Eq. (17) using 
the parameters in Table VII. 
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Fic. 5. Effects of temperature on inherent viscosity versus re- 
duced shear-rate curves for the polystyrene_solutions in a “poor” 
solvent. Solute, polystyrene fraction with M,=5.2X 10°; solvent, 
cyclohexane; concentration, infinite dilution. The theoretical 
curves are calculated from Eq. (17) using the parameters in Table 
VIII. 


the larger is the limiting intrinsic viscosity. The theo- 
retical curves in Fig. 5 are obtained from Eq. (17) using 
the values of the parameters in Table VIII. One sees 
from this table the fact that 22/a2 increases with in- 
creasing temperature. This is in sharp contrast with the 
good solvent solutions like benzene and toluene solu- 
tions of polystyrene, where the values of x,/a, are 
independent of temperature, as mentioned in the be- 
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Fic. 6. Effects of concentration on the curve for lognsp versus 
shear rate. Solute, polyisobutylene fraction with M,=1.46X 108; 
solvent, cyclohexane; temperature, 40°C. The theoretical curves 
are calculated from Eq. (22) using the parameters in Table IX. 


ginning of this section. We will discuss the effect of 
temperature later. 


(2) Polyisobutylene Solutions 


The non-Newtonian behavior of polyisobutylene 
solutions was observed by Fox, Fox, and Flory.* We 
analyzed the experimental data of these authors using 


TABLE VI. The effects of solvents. Solution system: solute, polystyrene fractions with M,=5.5X 10° and 5.2X 108; 


solvent, varied; concentration, 0.03 g/100 cc; temperature, 65°C. 










































































( xiBi ) (x2/a2) (x3/a3) 
apf.) 2S AS 
X2/a2 X3/a3 aino c c 
no X103 + riBi dynes dynes ——..©””-_.-—s dyes cm dynes cm 
Solvent poises is aino cm? cm? B2/no B3/no cm3/g g g 
Toluene* 3.57 1.075 2.19 0.851 0.0552 4.12 2.50 73.0 28.4 
Butanone®* 2.74 1.079 0.268 ~0 0.127 - 2.63 8.93 tee 
® The solutes of the toluene and butanone solutions are the polystyrene fractions with My =5.5 X10, and My =5.2 X10°, respectively. 
TABLE VII. The effects of temperature. Solution system: solute, polystyrene fraction with M,=2.22X 105; 
solvent, benzene; concentration, 0.04 g/100 cc; the parameters are reduced for temperatures. 
‘( x81 ) (x2/a2) (x3/as) 
. 4 nt —1 ——— = 
Experimental X2/a2 X3/a3 ¢c ano ¢ ¢ 
temperatures no X103 wei dynes dynes cm’ dynes cm dynes cm 
be poises ; ano cm? cm? Bo/no B3/no g g : 4 
65 45 3.76, 4.65 
25 15 6.01, 7.00 1.094 1.94 0 0.0521 2.35 48.5 0 


Solution system: solute, polystyrene fraction with M,=2.22X 108; solvent, toluene; concentration, infinite dilution; 
the parameters are reduced for temperatures. 


Solution system: solute, polystyrene fraction with M,=9. 


Limit Limit Limit 
value at value at value at 
c—0 c-0 c—0 
0.0367 1.88 2.28 0 


2X 10*; solvent, toluene; concentration, 0.075 g¢/100 cc; 


the parameters are reduced for temperatures. 


2.44 0.243 


‘Fox, Jr., Fox, and Flory, J. Am. Chem. Soc. 73, 1901 (1951). 


0.129 1.34 5.73 32.5 3.24 
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TABLE VIII. The effects of temperature. Solution system: solute, polystyrene fraction with M,=5.2X 108; 
solvent, cyclohexane ; concentration, infinite dilution; temperature, varied. 




















1 xB: (x2/a2) (x3/a:) 
fa fa a aes oe —— 
Temperature - xB) dynes dynes ( cm! ) dynes cm dynes cm 
_ iS. > no X10° ain cm? cm? B2/no B:/no g g i emis 
65 5.00 0.0600 2.43 1.98 ~~ is 
50 6.11 0.0524 2.17 1.68 0 
35 7.52 0.0385 1.60 0.527 0 
the following equation: Fox, Fox, and Flory‘ studied the solvent dependence : 
, of logy.» of the solutions of the polyisobutylene fractio 
x 3 XnBn —13 8 te 4 . ; n ' 
lognsp=log} xo+ Wey ¥nB, sinh "Bus . (22) with M,=1.46X10°. The theoretical curves which are . 
ano n= anno Bnd not shown here were calculated from Eq. (22) using the d 
- ; ; ; ; ; values of the parameters in Table X. The agreement P 
Equation (22) is obtained from Eq. (17) if the relation, petween theory and experiment is good also in this case. ir 
Nep=1—1 is introduced. T he values of the parameters The solvent power of the solvents in Table X for poly- fl 
obtained from the data of Fox, Fox, and Flory* for the isobutylene is in the order, carbon tetrachloride>di- 
cyclohexane solutions of the polyisobutylene fraction isobutylene>toluene>benzene. From Table X, one 
, sn ~_ } ; 
with M,= 1.46X 10° in various concentrations are sees that the values of 62/0 are approximately constant 
tabulated in Table IX. In Fig. 6, the theoretical curves for the four solutions while the values of (x2/a2)/c are in 
are reproduced from Eq. (22) using the parameters in the order of the solvent power. We have already ob- 
Table IX. One sees that the agreement between theory cerved this same fact in the solutions of the polystyrene 
and experiment is satisfactory. As in the case of the fractions in benzene. toluene and butanone (see 
polystyrene solutions in Fig. 2 and Table III, the value apie y and VI). 
of 82 is independent of concentration, consequently, the Another example of the solvent effect is found in the | P 
slope of the theoretical curves is also independent of jiterature.t The solute is the polyisobutylene fraction : 
concentration. The experimental points approximate with §f7,=15>< 108, and the solvents are cyclohexane and | 
straight lines with a constant slope over the experimental —¢ojyuene. The values of the parameters for the theoretical 
range of shear rates. In fact, however, the theoretical curves which are not shown here are tabulated in Table | - 
curves are not straight lines as one sees from Fig. 6, yy. Again the difference between a better (CeHi2) anda 


although they describe the experiments very well. 
Ferry® found non-Newtonian flow in the system, poly- 
styrene xylene, in the concentrations of 15.4 to 52.3 
percent polymer, and noticed the linearity between the 
viscosities and shear stresses. The approximate linearity 
has often been mentioned as evidence against the simple 
hyperbolic sine function theory of viscosity, because 
according to the latter, the early deviation from 
Newtonian flow should be due to a term containing the 
square of the shear rate or shear stress.*:* The so-called 
linearity is, however, of an approximate nature as 
already mentioned, and is explained very well from our 
theory. 


poorer solvent (CsHs-CH;) does not appear in the values 
of 8,/no, but only in those for x,/an. 


(3) X-518 GR-S Rubber Solutions 


Bestul and Belcher’ measured the flow rates of the 
solutions of X-518 GR-S rubber (24 percent styrene and 
76 percent butadiene copolymer) in alpha-methy]- 
naphthalene. We calculate the reduced shear rates &, by 
multiplying their shear rates by exp(AH*/RT). The 
activation heat AH? is 3.9 and 9.75 kcal for the 10 
percent and 50 percent polymer solution, respectively. 
The experimental data of logs, are plotted against the 


TABLE IX. The effects of concentration. Solution system: solute, polyisobutylene fraction with M,=1.46X 105; 
solvent, cyclohexane; concentration, varied; temperature, 40°C. mo>=7.01X 10. 














x81 
(2042 1) (x2/a2) 











(x3/as) 
x2/a2 x3/aa c c c 
Concentration pe xii dynes dynes cm? dynes cm dynes cm 

2/100 cc aine cm? cm? B2/no Bs/no g g £ 
0.05 1.274 0.119 0 0.264 5.48 2.38 0 
0.06 1.339 0.143 0 0.264 5.65 2.38 0 
0.08 1.428 0.170 0 0.264 5.35 2.12 0 
0.13 1.732 0.291 0 0.264 5.63 2.24 0 


—t —_—- seeepoanmmeae =.s.lUMmelUlUeUlUC(C KS. «26 














§ J. D. Ferry, J. Am. Chem. Soc. 64, 1330 (1942). 
*R. S. Spencer, J. Polymer Sci. 5, 591 (1950). 
7A. B. Bestul and H. V. Belcher, J. Appl. Phys. 24, 696 (1953). 
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TABLE X. The effects of solvent. Solution system: solute, polyisobutylene fraction with M,=1.46X 108; 
solvent, varied; concentration, 0.08~0.12 g/100 cc; temperature, 40°C. 


























xii (x2/a2) (x3/as) 
Conc. x2/a2 x3/as (+27) a t) c c 
no X103 g - zhi dynes dynes dynescm dynes cm 

Solvent poises 100 cc ano cm? cm? B2/no B3/no wah / 2 g ¥ 
CCl, 7.39 0.10 1.453 0.687 0 0.135 see 4.53 6.87 0 
C;H;CH; 4.67 . 0.12 1.377 0.0673 0 0.248 tee 3.14 0.561 0 
DIB* 4.22* 0.09 1.301 0.0936 0 0.236 tee 3.34 1.04 0 
C.He 4.94 0.08 1.163 0.0221 0 0.217 tee 2.04 0.276 0 








s Diisobutylene. E. B. Evans, J. Inst. Petroleum Technol. 24, 321 (1938). 


values of logf; reduced curves for temperature were 
obtained for the 50 percent and for the 10 percent 

lymer solutions. Using the values of the parameters 
in Table XII, these two curves were exactly reproduced 
from the following two equations, respectively : 


Xe v1 
f=— sinh~'8.s+— sinh~'8;8, 














(23) 
ae a1 
x3 ; x2 : x18, 
f=— sinh~'83s+— sinh—'8.s+-——. (24) 
a3 ae Qa 
TaBLE XI. The effects of solvent. Solution system: solute, 
polyisobutylene fraction with M,=15X10*; solvent, varied; 
temperature, 40°C. 
x2/a2 x3/a3 
noX108 428i dynes dynes 
Solvent poises . aino cm? cm? Bo/no B3/no 
CcHiz 7.01 1.292 0.755 0.0478 0.220 2.51 
CsHsCHs 4.67 1.207 0.381 0.0271 0.244 2.29 








Equations (23) and (24) are derived from Eq. (2) (see 
also Eqs. (11) and (8a) in paper I). In Table XII, the 
data for the pure X-518 GR-S, which was reported in 
paper I, is included for the comparison with the solution 
data. The 10 percent solution has the Newtonian group, 
while the 50 percent solution and the pure polymer do 
not have this group. Thus the concentrated solution 
behaves like the solid plastic, while the dilute solution 
behaves similar to the solutions of polystyrene fractions 
with the three groups of flow units [see Sec. (1) of 
Results |. From Table XII, we see also the following facts: 


(i) the factors, 2;/a; and x2/a2, increase with concen- 
tration. (ii) The activation heats i increase with concen- 
tration. (iii) The reduced values of the 8; and {2 factors 
decrease with concentration.* If we assume that the 
factors, a; and a2, do not change with concentration, the 
increase of the parameters, x;/a; and x2/a2, with con- 
centration is natural. The number of bonds between a 
flow unit and its neighbors increases with concentration. 
Consequently, the heat of activation increases with 
concentration. The 8,,.,) parameter which is the quantity 
reduced for temperature is given as follows: 


AS,? 
exp(- ) 
RT 


wT alan 


2(kT/h)(X/d1) n_ 











The decrease of 8, with increasing concentration in- 
dicates that AS,* increases with concentration. This 
fact indicates that in activated states, the higher the 
concentration the more bonds are broken. This will be 
natural if one considers that the activation heat in- 
creases with concentration, and that this increase is due 
to the increase of the bonds between a flow unit and its 
neighbors with increasing concentration. 


(4) Lime Base Grease 


Blott and Samuel’ measured the flow rates of the lime 
base greases which are a kind of colloidal solution of 
calcium soap in oil. Their results are well explained by 
one Newtonian and one non-Newtonian group of flow 
units. The experimental curves are exactly calculable 


TABLE XII. The values of the parameters.* Solution system: solute, X-518 GR-S rubber with M,=2X 105; 
solvent ; alpha-methylnaphthalene; temperature, varied. 














10-5 10-5 *3\5 09-3 
Concen- Experimental (=)s: G ¥ G :) (=) AHt 
tration temperatures a dyne dynes dynes Bir) 107 Barry +105 Bar) -108 kcal 
percent i poises “em? “em? cm? sec sec sec mol 
10 50, 40, 30 0.535 0.0745 2.29 tee 13.7 2.97 3.9 
50 50, 40 eee 1.44 1.09 0.0 4.23 2.45 tee 9.75 
100 50, 40 eee 2.71 5.68 0.0 0.927 0.405 tee 12.5 








*The parameters 8n(r) in this table are reduced for temperature by dividing the ordinary 8, which is equal to 1/(2dk’/A1)n, by exp(AHt/RT). The 
activation heat, 3.9 kcal for the 10 percent solution, is approximately equal to the activation heat for the viscous flow of alpha-methylnaphthalene. 


where the values of AH? and 8 are independent of concentration [see Secs. (1B) and (2) of Results 


* The facts, (ii) and (iii), are contrasted with the case in dilute solutions (1~13 percent) of er and polyisobutylene, 


8 J. F. T. Blott and D. L. Samuel, Ind. Eng. Chem. 32, 68 (1940). 
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TABLE XIII. The parameters for the lime-base greases at 25°C. 














Kind of Percentage oii at 25° (x1/a1)81 dons B2X1073 
grease of lime poises poises “cm? sec 
A 7 2.74 9.94 115 0.0456 
B 11.5 0.29 4.80 140 86.6 
( 13.25 1.52 12.6 475 0.152 
D 15.0 0.29 11.34 297 2.68 








using the parameters in Table XIII from the following 
formula: 
418, Xe 
f=—+— sinh“,, 


ai ae 


(25) 


which is derived from Eq. (2) (see also Eq. (9) in paper 
I). They used four different kinds of grease, A, B, C, and 
D; the composition of the greases is shown in Table 
XIII. The viscosities of the four greases are in the order 
C>D>B>A, in the range of § covered by these ex- 
periments. Among the factors in Table XIII, only the 
values of x2/a2 accord with this order, while the factor 8 
bears no relation to this order. We reached the same 
conclusion as this before regarding the effect of solvents 
on the viscosities of the solutions of sytrene and poly- 
isobutylene [see Secs. 1(C) and (2) ]. 

Stevens’ measured flow rates of 15 percent Napalm in 
kerosene, 3 percent sodium carboxymethy] cellulose in 
water, and 33 percent hydrated lime in water, and ex- 
plained his flow curves by Powell-Eyring equation” 
which is an approximate formula of Eq. (25). 


DISCUSSION 
(1) Viscosity Equation Reduced for Temperature 


The viscosities of high polymeric systems dissolved 
in good solvents are generally reduced for temperature 
by dividing them by the viscosities of solvents. Three 
examples for this are shown in Fig. 4. The reducibility 
indicates that the activation heat for the flow process of 
polymeric flow units is the same as that for the solvent. 
That is, the rate determining step for the solute unit 
involves the jump of the solvent molecule. The solvent 
molecule must move in the opposite direction, while the 
flow unit moves forward to fill out the space vacated by 
the solvent molecule. The same phenomenon occurs in 
the diffusion of a large molecule in a solvent of small 
molecules." This will be likewise true in poor solvents 
for polystyrene such as cyclohexane. The nonreduci- 
bility in this case (see Fig. 5) is due to the structure 
change accompanying the unfolding of polystyrene 
molecules with increasing temperature. 

The reducibility of relative viscosities, 7/7, is limited 
to low concentrations. Thus we found that the s data 
for the 10 percent solution of the X-518 GR-S rubber 





®°W. E. Stevens, dissertation, University of Utah, 1953. 

 R. E. Powell and H. Eyring, Nature 154, 427 (1944). 

“ Glasstone, Laidler, and Eyring, Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941), p. 520. 
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with M,=2X10° in alpha-methylnaphthalene are 
reducedf by so, while the § data for the 50 percent 
solution of the polymer are not reduced by mo, but are 
reduced by § exp(AH*/RT), where AH? is the activa- 
tion heat for the flow of the solutions, but not of the 
solvent (see Table XII). The irreducibility of the quantity 
n/no, for temperature in concentrated solutions and the 
increase of the activation heat for the flow of the solu- 
tions with concentration shows that the solvent mole- 
cules trapped between the polymer molecules flow with 
difficulty. In highly concentrated solutions, the solvent 
molecules will move together with the polymer flow 
units. Thus the 50 percent solution behaves like the pure 
solid of X-518 GR-S rubber. 


(2) Changes in the Types of Flow Units 
with Conditions 


We have already seen examples in which the distri- 
bution over types of flow units changes with conditions, 
Thus, the number of types in a flow process is a function 
of the molecular weights of polymer molecules, solvents, 
temperature, and concentration. We have pointed out 
the fact that molecules of low molecular weights behave 
as Newtonian flow units while those of high molecular 
weights show in addition the non-Newtonian behavior of 
groups 2 and 3 (see Fig. 1 and Tables I and II). In paper 
I, we postulated that the group 1 units are bonded 
loosely with their neighbors, the group 2 units are bonded 
firmly, and the group 3 units are still more firmly 
bonded. One may readily see that the larger the mole- 
cule, the more the bonds formed with the neighbors. 
Thus, the probability for having all three types of flow 
units is larger for the molecules with high molecular 
weights than those with low molecular weights. In 
other words, the probability for the appearance of the 
groups 2 and 3 decreases with decreasing molecular 
weight. 

We have seen that in a good solvent a polymer 
molecule has larger x,,/a, values than in a poor solvent 
(see Fig. 3 and Tables V, VI, X, and XI). We assume 
that the factor a, is about constant irrespective of the 
solvents, i.e., that the cross-sectional area, AzA3, of a 
flow unit and the jumping distance, A, are about con- 
stant in different solvents. Then, the factor, x,/a, is 
proportional to the surface concentration of the nth 
type of flow unit. Thus, the increase of the x,/a, value 
in a good solvent implies the increase of the flow units. 
This is only possible if a nonbonded (folded) flow unit 
unfolds, and if it makes bonds with its neighbors. Thus, 
a polymer molecule extends more in a good solvent than 
in a poor one. Consequently, the polymer molecule in a 
good solvent has more probability of making firm bonds 
with the neighbors. We saw in Table VI that in toluene 


t The viscosities, no, of alpha-methylnaphthalene at 50°, 40°, 
and 30°C are 1.74X10-?, 2:11K10-*, and 2.61X10~ poise, 
ro Nie [E. B. Evans, J. Inst. Petroleum Technol. 24, 573 
(1938) ]. 
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the polystyrene fraction with about M ,=5.4X 10° shows 
the non-Newtonian behavior of flow units of group 3 
as well as groups 1 and 2, while in butanone it shows 
only the behaviors of groups 1 and 2. This will be a 
natural phenomena from the foregoing viewpoint. 

We have seen that the x,/a, value for a polymer solu- 
tion in a poor solvent increased with temperature, while 
they remained constant in a good solvent. We assume 
that as in solid plastic systems in paper I, the a, factor 
does not change with temperature. (This is also theo- 
retically true as mentioned in paper I.) Then, the x,,/a, 
value is proportional to the surface concentration of the 
nth type of flow unit. Thus, the increase of the xn/an 
value with temperature indicates that in a poor solvent, 
the polymer molecules unfold at high temperatures, 
while they fold with decreasing temperatures. Thus, one 
may expect that at sufficiently high temperatures a 
polymer molecule in a poor solvent will behave quite 
differently than at low temperatures. In an extreme 
case, the polymer molecule will show non-Newtonian 
nature at high temperatures while it behaves as a 
Newtonian unit at low temperatures. This is clearly seen 
from Table II, that is, comparison of the flow data of 
folution of the polystyrene fraction with M,=2.4x 10° 
in cyclohexane at 35° and 65°C shows that at the lower 


temperature the solution is a Newtonian fluid while at 
the higher temperature it is non-Newtonian. The data 
for the fraction of M,=5.2X 10° at 35° and 65°C show 
that the solution at 35° shows a slightly non-Newtonian 
nature due to group 2 while it exhibits pronounced non- 
Newtonian nature due to both group 2 and group 3 at 
65°C. The same conclusion is obtained from a com- 
parison of the two data for the fraction with M,=9.2 
X 10°. 

We have known that the values of x2/a2 and x3/a3 
increase at a rate more than proportional to the concen- 
tration of the polymer. Consequently, one may predict 
that the number of types of flow units will change with 
polymer concentration. The comparison of the flow 
data for the fraction with M,=5.2X 10° at 65° in Table 
II and the corresponding data in Table VIII indicates 
that this is true. One sees that the former, which are 
the data at the concentration of 0.06 g/100 cc are due to 
the presence of groups 1, 2, and 3, while the latter, which 
are the data at infinite dilution, involve only groups 1 
and 2. 
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Creep measurements were carried out at 80°C on cellulose acetate fractions characterized as to molecular 
weight distribution by the equilibrium ultracentrifuge. Stress levels were low enough that linear viscoelastic 
behavior was observed. Although the effect of molecular weight was not marked, the presence of low molec- 
ular weight material in a sample decreased the amount of permanent set and increased the recoverable de- 
formation. In all cases, more than half of the recoverable deformation occurred in less than 10 sec. The results 
suggest that there was present some sort of a network, although no direct x-ray evidence for crystallinity 


could be seen. 





INTRODUCTION 


HE creep behavior of viscoelastic materials, 
which includes the elongation under stress and 
the subsequent relaxation on the removal of the stress, 
gives valuable information about the solid plastic 
material. Creep and recovery are brought about by a 
complex set of interactions between molecular segments 
which depends upon the manner in which the molecules 
making up the sample are arranged. Not only crystal- 
lization but also short-range order must be important 
in this connection. 

Theories of viscoelastic behavior of linear polymers 
predict a distinct dependence upon molecular weight 
distribution of the polymers tested, assuming that 
whole chains and segments of chains are free to move. 
Alfrey' postulated that maximum relaxation or retarda- 
tion times corresponded to the length of the segment 
or linear molecule whose motion was excited. More 
recently, Bueche? derived an expression for the relaxa- 
tion time of each mode of motion which is proportional 
to the mean-square chain length. However, data on 
mechanical properties of samples characterized as to 
molecular weight distribution, which might serve to 
test these theories, are needed. Van Holde and Williams? 
have investigated the creep and recovery behavior of 
polyisobutylene toward this end. They showed that 
creep depended to a marked degree on the width of the 
molecular weight distribution. The present work, which 
was carried out at about the same time, may indicate 
an appreciably different effect of molecular weight 
distribution on the creep of cellulose acetate. 


EXPERIMENTAL 
Materials 


The cellulose acetate used was Eastman Kodak 
Company “Low Viscosity High Acetyl” grade contain- 


* Taken in part from a thesis submitted by D. L. Swanson to the 
Graduate School of the University of Wisconsin (1951). 

t Now at American Cyanamid Company, Stamford, Con- 
necticut. 

'T. Alfrey, The Mechanical Behavior of High Polymers (Inter- 
science Publishers, Inc., New York, 1948). 

2 F. Bueche, J. Chem. Phys. 22, 603 (1954). 

3K. Van Holde and J. W. Williams, J. Polymer Sci. 11, 243 
(1953). 


ing 39.1 percent acetyl determined by the method 
of Malm et al.‘ which corresponds to a degree of substi- 
tution of 2.38 and a monomer weight of 261. It had an 
intrinsic viscosity of 1.10 at 25°C and an ash content 
of 0.03 percent. This material is hereafter referred to 
as the “whole polymer.” The acetone used was purified 
by distillation. 


Fractionation 


Fractional precipitation by ethanol from dilute 
acetone solution was employed’ to prepare five fractions 
for the creep experiments. Their acetyl contents were 
checked and found to be identical with that of the 
parent polymer. The lowest molecular weight fraction 
was not studied for reasons to be discussed later. 


Film Casting 


The cellulose acetate films were cast from an acetone 
solution of 8.2 percent by weight in cellulose acetate, 
35 ml of solution being employed at a time. The casting 
apparatus consisted of a 7-in. crystallization dish in a 
vacuum desiccator connected to a water aspirator by 
which the pressure was reduced carefully to prevent 
bubbling. The films were removed after being left in the 
casting apparatus for 48 hr and inspected for holes 
left by solvent bubbles. If bubbles were found, the 
film was recast. 


Annealing 


The films were cut into strips of about 3X15 cm, 
clamped between two glass plates, and heated in 
vacuum for 1} hr at 190°C. At this temperature the 
cellulose acetate films readily relaxed into an unstrained 
state. As a check on possible degradation it was found 
that there was no change in relative viscosity brought 
about by heating for three hours at this temperature. 
Less drastic annealing procedures failed to give repro- 
ducible creep experiments with different films of the 
whole polymer, as the films may not have been strain- 
free after these other annealing procedures. Since 


‘Malm, Genung, Williams, and Pile, Ind. Eng. Chem. Anal. 
Ed. 16, 501 (1944). 

5 Sookne, Rutherford, Mark, and Harris, J. Research Natl. 
Bur. Standards 29, 123 (1942). 
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CREEP OF CELLULOSE 


looking at the films with crossed polaroids did not dis- 
tinguish differences, the only workable criterion for a 
strain-free film was that it follow the same creep and 
recovery curve as other samples of the same material. 
By this process the annealing procedure was established. 

It seemed conceivable from the work of Baker, Fuller, 
and Pape’ that crystallinity might have been introduced 
by the annealing process; however, x-ray diffraction 
measurements made on films before and after annealing 
show no indications of crystallinity with the exception 
of Fraction 1, the highest molecular weight fraction. 
The pattern of the whole polymer and of Fractions 2, 3, 
and 4 are typical of amorphous polymers. Hence, of this 
group only the pattern obtained in the whole polymer 
is shown in Fig. 1. Also shown is the pattern for Fraction 
1, where there appears to be some crystallinity present. 
However, the important point is that in this case, as well 
as the others, crystallinity is not increased due to the 
annealing. Since cellulose acetate is a relatively easily 
crystallized material, we must admit that on a local 
basis there may be alignment of chains in such a way 
that the segments are effectively prevented from moving 
though the order may not extend far enough to yield 
discernible crystallites. 

It is felt that this annealing process either removes 
all traces of solvent or at least reduces the solvent 
content to the point where there remains only a small 
systematic error, which would not invalidate results 
of differences between fractions. After the annealing 
process, the samples were cut into strips 2.712 cm 
and hung in the creep apparatus for a week or more 
before testing. 


Creep Apparatus 


The creep apparatus consisted of an air thermostat 
with a double glass window in front. It was connected 
to a source of dried air which was kept flowing into the 
apparatus at a pressure of about 1 cm of mercury. 
The heating elements and circulating fan were above 
the sample clamps and separated from the main body 
of the air thermostat by baffle plates. Positions for 
three simultaneous experiments were provided. Weights 
were connected to the sample clamps by 35-inch rods 
passing through holes in the floor of the apparatus. 
It was, therefore, possible to connect and remove 
weights without opening the thermostat door. The 
lower clamps which weighed about 13.6 g (an amount 
which could have produced an elongation of not more 
than one-half a micron in two weeks) were always left 
on the sample while it was in the creep apparatus. 
Temperature was controlled to +0.3°C. 

Data were recorded photographically by a camera 
which could be slid transversely before the creep ap- 
paratus so that data from any one of the three experi- 
ments could be taken. The light source was a 12-in. 
light bulb placed behind a frosted glass plate and behind 





* Baker, Fuller, and Pape, J. Am. Chem. Soc. 64, 776 (1942). 
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Fic. 1. X-ray diffraction patterns. (a) Whole polymer before 
annealing, (b) whole polymer after annealing, (c) Fraction 1 
before annealing, and (d) Fraction 1 after annealing. 


the sample clamps. Two bench marks inked upon the 
film about 4 cm apart were photographed and the dis- 
tances on the photographic plate were measured to 
plus or minus 5u with a microcomparator. The magnifi- 
cation factor of the system was nearly unity and since 
extensions in the order of 700u were observed, the 
precision of our measurement is somewhat better than 
one percent. This particular method was employed in 
place of a more customary one of following a mark on 
the film clamp for three reasons: (1) end effects from 
slippage due to uneven clamping and from a greater 
strain at the clamps where the cross-sectional area of 
the film is less would not be included; (2) photographs 
could be taken more rapidly than cathetometer readings 
and could therefore give more data during the early 


part of the experiment; and (3) a permanent record 
would be obtained. 


Creep Experiments 


Creep experiments of from six to seven days’ duration 
followed by recovery runs of about the same period 
were made. The elongation appeared to be linear after 
60 to 70 hr, and the recovery appeared to be complete 
after that time had elapsed. 

After completion of the experiment, the samples were 
weighed and their length and width measured. The 
thicknesses of the films were calculated after the density 
had been first determined. The average width between 
bench marks multiplied by the thickness gave the cross- 
sectional area upon which the stress was applied. We 
assumed that the cross-sectional area remains constant 
during the experiment; that is, we maintain the condi- 
tion of constant stress. 
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TABLE I. Centrifuge data. 











Experiment Fraction co(g/100 cc) Speed (rpm) 
171 3 0.2990 4524 
172 4 0.2678 6126 
173 1 0.2857 3606 
174 2 0.3001 4554 








Density Determination 


Solutions of potassium iodide were made up with 
densities near that of the film. A piece of the film was 
placed in a less dense solution and titrated with a more 
concentrated one until the film just remained suspended. 
Densities of the two KI solutions were determined from 
their concentrations and International Critical Tables 
data, a linear extrapolation being performed to deter- 
mine the density of the mixture. By this method the 
density of films of all cellulose acetate fractions was 
found to be 1.310+0.005 g/cu cm. 


Molecular Weight Determinations 


All molecular weight data on the fractions were 
determined in acetone solutions by means of the direct- 
drive equilibrium ultracentrifuge.’"* The procedure is 
completely described in these references. Necessary 
data for determining molecular weight distributions of 
the fractions as well as the distribution of the whole 
polymer have been reported by Wales ef al.® These 
data are 


dn/dc=0.0113 (g/100 cc), 
V =0.675 (cc/g); p=0.7844 (g/cc) at 25°C, 
B=8.4X10~-*(100 cc/g/g). 
The concentrations of the acetone solutions of the 


fractions and the rotor speeds employed are given in 
Table I. 
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Fic. 2. Molecular weight distribution functions. 


7T. Svedberg and K. O. Pederson, The Uliracentrifuge (Oxford 
University Press, London, 1940). 

8M. Wales, J. Phys. & Colloid Chem. 52, 235 (1948). 

® Wales, Adler, and Van Holde, J. Phys. & Colloid Chem. 
55, 145 (1951). 
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WILLIAMS 
Calculation of the Molecular Weight 
Distribution Functions 


The differential distribution function is defined as 


{(M)=dW/dM=limitaW/AM 


AM-0, 


where AW is the weight fraction of material with molec- 
ular weight lying between M and M+AM. 

By the Lansing-Kraemer method,” the value of the 
function for a given M is calculated by the formula 


(M) (<1 aa ‘iM 
S pn), a) 


where @ is defined by the ratios 


M. Miss 


M, M. M., 











and My)=M,, exp(—16°). 

If the ratios M,/M,, and M.,,/M., are the same with- 
in the experimental error of the measurements, the 
Lansing-Kraemer distribution function is applicable. 
The probable error in M.,, is estimated at +25 per- 
cent," hence, the Lansing-Kraemer scheme was em- 
ployed for those fractions with calculated [M,,, 
= M, exp}8?] and observed values of M,,, differing by 
less than that amount, namely fractions 2, 3, and 4 
and the whole polymer.t 

The first fraction which contains much of the as- 
sociation producing materials,” did not approximate 
a Lansing-Kraemer distribution. The sedimentation 
experiment on this fraction exhibited an extremely 
high slope in the M,,, versus cz curve due to the high 
concentration of associated material near the bottom 
of the cell. Hence, the Wales-Adler-Van Holde® method 
was applied to the sedimentation data for this fraction 
and probably gives a fairly accurate picture of the 
amounts of material with molecular weights less than 
half a million. 

The molecular weight data are summarized in Table 
II and the Lansing-Kraemer distributions are plotted 
in Fig. 2. 








Creep Experiments | 


Since Wiley” reports a second-order temperature for | 
cellulose acetate in the vicinity of 60°C, it was decided 


to carry out measurements at 80°C to be safely above } 


% W. D. Lansing and E. O. Kraemer, J. Am. Chem. Soc. 57, 
1369 (1935). 

1M. Wales, J. Phys. & Colloid Chem. 55, 282 (1951). | 

t Wales et al. (reference 9) calculated the distribution function 
for the whole polymer by using a more general method based upon 
Laguerre polynomials and employing the osmotically determined 
number average molecular weight. The two functions are suff- 
ciently similar for this discussion. ) 

12M. Wales and D. L. Swanson, J. Phys. & Colloid Chem. 55, 
203 (1951). 

%T. E. Wiley,"Ind. Eng. Chem. 34, 1052 (1942). 
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TABLE ITI. Molecular weight data. 








Percent by weight 








Sample of whole polymer Mw X1073 M:X1073 M:/Mw Cale Obs Percent error 
Whole polymer 100.0 55.9 91.1 1.63 161 150 7.3 
Fraction 1 7.8 176.3 561.0 3.18 1785 1310 36.3 
Fraction 2 14.1 120.1 146.7 1.22 179 200 15.5 
Fraction 3 20.9 68.8 99.0 1.44 142 182 21.9 
Fraction 4 27.0 39.8 48.9 1.23 60 56 6.9 

- = Lansing-Kraemer constants 

Sample Mn X1073 B Mo X1073 
Whole polymer 34.2 0.988 26.9 
Fraction 1 120.0 see see 
Fraction 2 98.2 0.631 88.9 
Fraction 3 47.9 0.854 39.9 
Fraction 4 32.4 0.643 29.2 








® Mn =27 000 by osmotic pressure. 
b Estimated. 


the transition range.§ Higher temperatures had to be 
avoided to prevent a serious change in composition due 
to degradation." 

A number of preliminary experiments had to be 
carried out to determine a satisfactory annealing tech- 
nique and these data need not be reported here. After 
the recovery had proceeded a week on some of these 
preliminary runs, the temperature in the thermostat 
was raised about ten degrees for a period of two days to 
determine if any additional relaxation occurred. On 
the return of the temperature of the thermostat to that 
at which the run was made, photographs taken showed 
no further decrease in length. 

Another point which received some consideration 
was that of history effects in the samples; principally, 
the “‘work hardening” effect observed by Leaderman.'® 
Reruns using the same stress in one case and a different 
stress in another indicated that parallel paths were 
followed by the strain/stress versus time plots, a slight 
difference occurring in the instantaneous elastic elonga- 
tions due, perhaps, to some curling in the films. It was 
adjudged at the time that linear viscoelastic behavior 
with both recoverable and nonrecoverable components 
was to be observed with the films and only one creep and 
recovery curve per sample was obtained thereafter. 

Admittedly, more work could have been expended in 
looking for a temperature which would cause a recovery 
of all of the deformation that was nonrecoverable at 
80°C and for an effect of ‘“‘work hardening” after more 
than two cyclings of the creep-relaxation curve. How- 
ever, we were interested primarily in the effect of 
molecular weight distribution on the time-dependent 
recoverable behavior, and did not need to be concerned 
with the nonrecoverable portion of the creep curve. 

Three or four observations were made of the creep 


§ Dr. L. E. Neilson has commented that there may be other 
second-order transitions of cellulose acetate at temperatures above 
C 


(19. E. F. Evans and L. F. McBurney, Ind. Eng. Chem. 41, 1260 
949). 

1° H. Leaderman, Elastic and Creep Properties of Filamentous 
Materials and Other High Polymers (The Textile Foundation, 
Washington, D. C., 1943). 


phenomena exhibited by the whole polymer and each 
of the first four fractions. The fifth (low molecular 
weight) fraction proved to be so brittle that the films 
broke each time a study was attempted. 


Analysis of Creep Data 


Data were taken linearly on the log time scale for 
about the first 10* sec. Thereafter usually two photo- 
graphs were taken each day. Stress was calculated from 
the weight applied and the cross-sectional area of the 
film, and the ratio of strain to stress was plotted against 
log time. A smooth curve between abscissas of unity and 
three determined an ordinate at ten seconds. This 
value of the ratio is arbitrarily taken as an “‘instan- 
taneous elastic compliance.”’ That is, 


(y/S)10= 1/Eo=Jo, (1) 
where y=strain, S=stress, Ey= Young’s modulus, and 
Jo=instantaneous elastic compliance. 

Next, y/S was plotted against linear time. As had 
been stated these data determined a straight line after 
about 60 hr (log ‘-~5.3). The amount of flow calculated 
from the best straight line and the instantaneous elastic 
compliance were subtracted from the total compliance: 


¥/S—t/n—Jo= IVb) (2) 
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Fic. 3. Recoverable deformation Jy plotted against 
log time in seconds for whole polymer. 
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Fic. 4. Recoverable deformation Jy plotted against 
log time in seconds for Fraction 1. 


in the notation of Leaderman,'* where =viscosity, 
and Jy(/) = retarded elastic deformation. The functions, 
Jy(t), calculated from creep and from recovery for 
each film were in reasonably good agreement. These 
functions for the replicate experiments on each sample 
are superposed in Figs. 3 to 7. The superposition in- 
dicated that the condition of linear viscoelastic behavior 
is met at these stress levels, which were in the range of 
2X 10° to 4X 10° dynes per square centimeter. 


TABLE III. Creep data. 











JoX10'2 J X10 

Initial elastic Retarded n X107'6 

Material response response viscosity 
Whole polymer 31.8+2.2 21.2 10.3 
Fraction 1 27.942.3 14.8 6.1 
Fraction 2 29.3%2.1 16.9 5.6 
Fraction 3 29.7+1.1 20.5 8.6 
Fraction 4 29.6+1.2 21.0 12.9 








A summary of the creep data is given in Table III.|| 
Included are data on the initial elastic response Jo 
of each material together with a root-mean-square 
deviation of the experimental results from which the 
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Fic. 5. Recoverable deformation Jy plotted against 
log time in seconds for Fraction 2. 


16H. Leaderman, J. Polymer Sci. 13, 371 (1954); Leaderman, 
Smith, and Jones, J. Polymer Sci. 14, 471 (1954). 

|| The complete data are given in the Ph.D. thesis of D. L. 
Swanson, University of Wisconsin, 1951. 


Fic. 6. Recoverable deformation Jy plotted against 
log time in seconds for Fraction 3. 


average is obtained in each case. The retarded response 
of each material is the maximum value of the Jy curve 
drawn as judged to best represent the graphical repre- 
sentations of the data (Figs. 3 to 7). Viscosities were 
calculated from the linear portions of the y/S versus 
time curves and are included in the last column of 
Table III. Uncertainties in these latter data are rather 
large. Trustworthy viscosity data could only have been 
obtained in experiments of doubled or tripled duration. 

The normalized functions ¥(¢) for the samples are 
shown in Fig. 8. The curves for the fractions are shown 
wherever they veer away from that of the whole 
polymer. It is very apparent from Fig. 8 that no signi- 
ficant difference exists between these creep functions. 


DISCUSSION 


Considering Eq. (2), we will want to ask if there is 
any evident effect of molecular weight or molecular 
weight distribution on each of the three parameters 
Jo, J, and yn. The parameter Jo can be dispatched 
quickly, since Jo is nearly 29X10~" dyne™ cm? 
within experimental error in all cases. This result is 
not unexpected since relaxation times of ten seconds or 
less must include motions of only short segments. 

The “‘viscosities” calculated from the nonrecoverable 
deformations reverse the typical trend and appear to 
decrease with increasing molecular weight. This is 
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Fic. 7. Recoverable deformation Jy plotted against 
log time in seconds for Fraction 4. 
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probably as strong an evidence as any that we are 
dealing with something other than linear polymer 
behavior. It may well be that this “flow” is a mani- 
festation of Leaderman’s “work hardening” effect.{ 

The only significant difference in creep behavior, 
therefore, is in the magnitude of the equilibrium re- 
tarded response J. There seems to be a real trend in 
values in this parameter. However, it is not in the 
direction of greater compliance with wider distribution 
as found by Van Holde and Williams.* 

The results are in many ways similar to those re- 
ported by Buchdahl and associates.’ The cellulose 
acetate film, like any other plastic material, is composed 
of a maze of strands of the long molecules. This en- 
tanglement in many cases may represent a temporary 
network structure. As similarity of the creep functions 
indicates essentially the same relaxation mechanism 
in all cases, the creep behavior represents disentangle- 
ment of segments, whatever the nature of the network. 
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Fic. 8. Normalized creep functions y for the 
cellulose acetate fractions. 

§ The reviewer, Dr. M. T. O’Shaughnessy, made the following 
comments pertinent to this discussion. “The fact that the viscosity 
of these fractions exhibited the reverse behavior is doubtless 
associated with the departure of cellulose acetate from the model 
of an amorphous network of flexible chains. While the x-ray data 
do not show it, one suspects differences of lateral order or in the 
sizes of regions of relative order, among the fractions. It is not 
clear . . . that the phenomenon under observation is a true 
viscous flow rather than the beginnings of an irreversible process 
of network orientation .. . . After all recovery processes are 
completed, is the chain orientation in an extended film wholly 
random in the plane of the film, as it must be presumed to be in 
the unextended film?” 

In addition, Dr. O’Shaughnessy felt that the bend in the Jy 
versus log time plots occurring between log ¢=5 and log t=6 was 
too late in the curve to be completely convincing. However, the 
fact that after the initia] 60-hr period in the recovery experiments, 
the length remained unchanged for 70 or 80 hr in every case and 
unchanged after heating in a few cases, seemed to indicate strongly 
that a plateau in the curve had been reached. 

17 R. Buchdahl, J. Colloid Sci. 3, 87 (1948); L. Neilson and R. 
Buchdahl, J. Chem. Phys. 17, 839 (1949); L. Neilson and R. 
Buchdahl, J. Colloid Sci. 5, 282 (1950); Buchdahl, Neilson, and 
Merz, J. Polymer Sci. 4, 403 (1951). 
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Fic. 9. Retarded response J versus the reciprocal of 
the number average molecular weight. 


Those samples having a higher proportion of smaller 
molecules undergo a greater reversible deformation 
since they have more chain ends which can slip in and 
out of entanglements readily. When the materials 
having more large molecules are extended, this high 
degree of reversible extension is no longer possible. 
The segmental motion under stress involves chain ends 
less often and has a higher activation energy for return: 
hence, there is a tendency to alter the network perma- 
nently. This would lead to the suspicion that a corre- 
lation of the retarded response might be obtained with 
the average number of chain ends per unit volume. This 
is equivalent to plotting retarded response against the 
inverse of the number average molecular weight. 

Figure 9 shows a smooth curve as a result of this 
correlation. Over a range of number average molecular 
weights of 2 to 5X10‘, nearly a constant retarded 
response is obtained. Recalling that a fraction contain- 
ing very low molecular weight material would not sup- 
port the weights used in other experiments, one is led 
to believe that there may be in addition a lower limit 
to the molecular weights making up the “network.” 
It might be speculated that low molecular weight 
cellulose acetates might exhibit the type of viscoelastic 
behavior postulated by Alfrey' or the type of response 
found in polyisobutylenes.* 
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Measurements of the ultrasonic absorption of water have been made up to pressures of 2000 kg/cm’. 
The data show that both the shear and compressional losses decrease as the pressure is raised. Comparison 
of these results with the values predicted by Hall’s theory of sound absorption in water shows that the theory 
must be modified to be in agreement with the experimental data. The modification consists of assuming 
that the open or ice type of packing is associated with the higher free-energy state. If this modification is 
made, the observed data is in excellent agreement with theory. This result leads to the conclusion that 
even at 0°C less than 30 percent of the molecules in water are arranged in the ice type of packing. The 
results also indicate that the free-energy difference between the two states of packing in water is temperature 


dependent. 





I, INTRODUCTION 


NVESTIGATIONS into the absorption of sound 
in liquids have proceeded at a rapid pace in the past 
twenty years, but little attention has been paid to the 
high pressure region. Only two papers on this subject 
appear in the literature. Biquard' made measurements 
of sound absorption in toluene up to pressures of 1000 
atmospheres and Mifsud? reported measurements in 
carbon tetrachloride at pressures up to 2000 kg/cm. 
The purpose of the present work is to study the effects 
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Fic. 1. Design of high 
pressure acoustic system 
showing: (A) ungrounded 
electrical lead-in; (B) 
A quartz crystal transducer; 

6 (C) movable piston; (D) 
pin to keep piston from 
rotating; (E) filler plug for 
loading with liquid; (F) 

rN micrometer screw; (G) 

floating piston; (H) high 

pressure vessel to contain 

acoustic system, and (I) 

Teflon seal around rotating 
shaft. 
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* Also of Physics Department, Catholic University of America. 
' P. Biquard, Compt. rend. 206, 897 (1936). 
2 J. F. Mifsud, Phys. Rev. 94, 812 (1954). 


of pressure on sound absorption in water. These results 
will then be considered in terms of the presently 
accepted theory of sound absorption in water. 

Several authors have investigated the pressure de- 
pendence of the velocity of sound in liquids. Two in 
particular, Holton* and Smith and Lawson,‘ have 
measured the velocity of sound in water up to pressures 
as high as 9000 kg/cm?. Some of these velocity measure- 
ments were repeated, mainly as a check on the tech- 
niques involved. 


Il. APPARATUS 


The sound velocity and absorption are measured at 
frequencies of 25 and 45 Mc by a pulse-echo technique 
similar to that employed by others.*:* The design of the 
acoustic system for use under pressure deserves some 
comment here. In order to obtain the fullest accuracy 
possible with pulse techniques, a variable path acoustic 
system was devised for use up to 2000 kg/cm?. The 
acoustic system used is shown in Fig. 1. The basic 
principle is that of a movable piston in a cylinder. All 
metal parts in contact with the test liquid were made 
of stainless steel. The piston is machined to fit the 
cylinder to within 0.0002 inch in order to maintain 
alignment. The lower end of the piston is ground flat. 
Reflector movement is accomplished by rotation of the 
micrometer screw which is threaded into the back of 
the piston. Grooves in the piston allow liquid flow 
from front to back, and a pin is placed in one of the 
grooves to keep the piston from rotating as the microm- 
eter screw is turned. The quartz crystal transducer is 
held tight by means of a heavy spring and metal backing 
plate against a surface which has been ground flat and 
parallel to the movable reflector. A seal to prevent 
contamination of the test liquid is provided by a 
neoprene O-ring placed in a groove, The pressure 
generated by a Blackhawk pump and an intensifier is 
transmitted by means of oil to a floating piston. This 
floating piston, G, allows separation of oil and test 

3G. Holton, J. Appl. Phys. 22, 1407 (1951). 

* A. H. Smith and A. W. Lawson, J. Chem. Phys. 22, 351 (1954). 

5R. Pellam and J. Galt, J. Chem. Phys. 14, 608 (1946). 


6 Litovitz, Lyon, and Peselnick, J. Acoust. Soc. Am. 26, 566 
(1954). 
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liquids but permits transmission of pressure to the test 
liquid. This is accomplished by means of O-ring seals 
on the inside and outside diameter of the floating 
piston. A rotating shaft is brought out from the high 
pressure region to the atmosphere. This shaft is coupled 
by means of two pins to the micrometer screw, F. Ball 
bearings are used to allow rotation under pressure. A 
Teflon seal, I, is used as a packing gland to eliminate 
leakage around the shaft. The acoustic system is placed 
in a high pressure vessel which is in turn placed in a 
jacket where the temperature is controlled by a thermo- 
stat to within 0.1°C. Pressures were measured with a 
Bourdon tube pressure gauge which was calibrated 
against a dead weight tester to within 100 psi. 

The absorption measurements were made by changing 
the reflector-piston position and comparing the height 
of the returned echo with the output of a standard 
pulsed signal generator. Velocity measurements were 
made with a Dumont 256D oscilloscope using the in- 
ternal 10 usec markers to determine the time interval 
of delay when the piston is moved some known distance. 
An echo was first set on a marker near the driving pulse 
and its position recorded. The piston was then moved 
out until the echo pulse was set on another marker and 
its position was again recorded. From these two settings 
the velocity was obtained. The absorption data were 
found reproducible to within 2 percent. The velocity 
data were reproducible to within 0.2 percent. 


III. RESULTS 


Measurements of sound absorption and velocity 
were made at 0°C and 30°C up to pressures of 2000 
kg/cm*. A frequency of 45 Mc was used at 30°C and 
25 Mc at O°C. The results are plotted in Fig. 2 and 
tabulated in Tables I and IT. It can be seen that at 
both temperatures the observed absorption coefficient 
falls to about one-half the atmospheric value in the 
pressure range studied. 

The absorption due to shear viscosity alone is given 
by the Stokes relation, 


2x? f? 74 
Qshear— (=), (1) 
pe \3 


TABLE I. Sound absorption and velocity in water 
as a function of pressure. 

















(a/ f?) shear (a/ f2)obs (a/ f2)obs** 

¥ Pp € cm! sec? cm! sec? cm!sec?  aob./ Ne 
°C kg/cm? m/sec 21017 =10!7 z10!7 GQshear cCpoise 
0 1 1404 17.0 57.5 40.5 3.40 5.67 
0 500 1492 12.9 47.1 34.2 3.65 5.94 
0 1000 1580 10.6 38.5 27.9 3.63 5.69 
0 1500 1669 9.0 30.5 21.5 3.39 5.30 
0 2000 1757 7.7 24.7 17.0 3.21 §.12 
30 1 1510 6.10 18.5 12.4 3.01 2.15 
30 500 1595 5.30 15.4 10.1 2.91 2.05 
30 1000 1677 4.62 12.7 8.1 2.75 2.02 
30 1500 1756 4.20 11.1 6.9 2.644 1.96 
30 2000 1830 3.63 9.9 6.3 2.75 2.03 








® (a/ f?)obs* is the value of (a/ f2)obs in excess of that due to shear viscosity. 


TABLE IT. Comparison of velocity data in water at 30°C. 








Sound velocity 





kg/cm? m/sec 
Holton Smith and Lawson Authors 
1 1510 1510 1510 
500 1588 1593 1595 
1000 1667 1676 1677 
2000 1822 1833 1830 








where », is the shear viscosity, p the density, and ¢ is the 
sound velocity. 

If a compressional viscosity is present, the observed 
absorption coefficient can be written as the sum of two 


losses : 
2x? f? 4 
Qobs = (r+), (2) 
pc 3 


where 7, is the compressional viscosity. Using Eq. (1) 
to calculate ashear, We see in Table I that both the com- 
pressional and shear contributions to the losses are de- 
creasing as the pressure is raised. 

The relative behavior of the shear and compressional 
viscosity is of interest. At 0°C the shear viscosity 
exhibits a minimum as the pressure is raised. The 
behavior is peculiar to water. In this same pressure 
range the compressional viscosity exhibits a slight 
maximum. At 30°C the shear viscosity rises with 
pressure and the compressional viscosity exhibits a 
slight minimum. 

With regard to the velocity data it is of interest to 
recall that the results of Smith and Lawson were in 
slight disagreement with those of Holton. Though the 
discrepancies were small, they led Smith and Lawson 
to conclude that the maximum in the velocity of sound 
versus temperature moved to higher temperatures as 
the pressure was raised. This is opposite to Holton’s 
conclusions. Though our velocity data is not as ex- 
tensive as either of these authors, it is of interest to 
compare the results where possible. In Table II a 
comparison is made for the 30°C data. It can be seen 
that our data is in closer agreement with Smith and 
Lawson than with Holton. 
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Fic. 2. Absorption coefficient per cm divided by frequency 
squared as a function of pressure at 0°C and 30°C. 
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IV. RELATION OF SOUND ABSORPTION AS A 
FUNCTION OF PRESSURE TO PRESENT 
THEORY OF SOUND ABSORPTION 
IN WATER 


The most generally accepted theory of sound absorp- 
tion in water attributes the loss in excess of that due 
to shear viscosity to a structural relaxation. Hall’ has 
developed this theory on the basis that a lag exists in 
the rearrangement of molecules during an acoustic 
compression or rarefaction. The acoustic wave alters 
the equilibrium between two states of molecular packing 
by perturbing the transition rates to and from sites 
of closer packing. 

In this theory the molal volume of water is assumed 
to be given by 


V=2,Vi+-22.V2= Votax AV. (3) 


V, is the mola! volume of water if all the molecules 
were in state 1, and V, the molal volume of water in 
state 2; AV=V,—V2; x and x2 are the mole fraction 
of molecules in states 1 and 2, respectively. 

In this model, state 1 is characterized by a larger 
volume and lower free energy, and state 2 by a smaller 
volume and higher free energy (see Fig. 3). 

State 1 is typical of the open, ice type of structure 
where each water molecule has four nearest neighbors, 
tetrahedrally arranged about it. State 2 is a closer type 
of packing where there are twelve nearest neighbors. 
AF, is the free energy of state 1 and F; is the free energy 
of state 2. AF is the difference F.— F,. AF, and AF» are 
the activation energies necessary to leave state 1 and 
state 2, respectively. The relation between x, and x2 at 
equilibrium is given by 

Xe 
— = ¢-AFIRT. (4) 
| 


An expression for that part of the sound absorption 
coefficient which is due to structural relaxation is 


given by 
a * 
(<) = 2n*pcB,7, (5) 


. 


7. Hall, Phys. Rev. 73, 775 (1948). 
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where 8, is the relaxational part of the compressibility 
and is equal to 89—8., and 7 the relaxation time. 

The quantities B, and + have been calculated by 
Hall on the basis of the two-state model and are given by 


(Av)? 
B,= ea = (6) 
2RTV (1+ coshAF/RT) 
and 
hNeAF RT 
(7) 


a ° 
RT(1+exp4"/*7) 


Hall suggests that AF; is numerically quite close to 
AF,, the activation energy for shear flow, and that they 
are probably related by the following: 


AF =x, AF \+22,AF AF. (8) 


The evaluation of AF, is accomplished by use of 
Eyring’s equation for the shear viscosity of liquids, 


= AFI RT. (9) 


V 


AF, is obtained by use of Eqs. (8) and (9). 

At 0°C and at atmospheric pressure, the values of 
these quantities which best fit the sound absorption 
data are given by Hall as follows: AF is 500 cal/mole; 
AV is 8.4 cm*/mole. 

The pressure dependence of AF, or (F2—F)), is 
given by 

OAF 0(F.—F)) 
—_— = ————_= V,— V:= —-AV. 
oP oP 


Thus the pressure dependent part of AF is equal to 
— PAV. As the pressure is raised, sincé state 2 has the 
smaller volume, AF decreases and the close-packed 
state becomes more probable. 

In order to calculate the effect of pressure on AF, 
some assumptions must be made regarding the pressure 
dependence of AV. 

It seems reasonable to assume that the open packing 
will be more compressible than the closed packing and 
thus AV should decrease as the pressure is'raised. 

In order to estimate the decrease in AV, Eq. (3) is 
quite useful. The decrease in V at 2000 kg/cm? is 10 
percent. According to the values given by Hall for AF, 
X, can be evaluated from Eq. (4) and is about 0.7. The 
product X,AV is about 30 percent of V. If one assumes 
that the decrease in V at high pressures is mainly due 
to a change in X,AV, then the 10 percent decrease in 
V is brought about by a 30 percent decrease in X,AV. 
The change in X, at high pressures is a decrease of 
approximately 20 percent. Thus a decrease of about 
10 percent in AV at the highest pressure of 2000 kg/cm? 
appears reasonable. 

Assuming that AV varies linearly with pressure and 
is about 10 percent less at 2000 kg/cm?, AF decreases 
to a value of 140 cal/mole at this pressure. 











SOUND 


TaBLE III. Comparison of observed pressure dependence of 
sound absorption in water with those values predicted by Hall’s 
theory. 











B, T (a/ f2)*cale* (a/ ?)*obs® 
T P cm?/d sec sec? cm~! sec? cm™! 
°C kg/cm? 710! =10!2 #10'2 710'2 Difference 
“0 1 358 4.06 40.6 39.8 2% 
0 2000 374 5.60 79.0 17.3 440% 
30 | wes 1.47 12.9 13.0 1% 
30 2000 32.2 2.32 28.8 6.3 450% 


—_—_—— —————— —_——_—— 





* These quantities refer only to those values of a/f? which are in excess 
of the shear losses. 


In Table ITT, the results of Hall’s theory are tabulated 
for 0°C. It can be seen that at atmospheric pressure 
the agreement between the observed and calculated 
absorption coefficient is within 2 percent. However the 
calculated value for a/ f? at 2000 kg/cm? is over four 
times larger than the measured values. In fact, the 
theory in the present form predicts an increase in 
a/f? whereas the absorption actually is decreasing as 
the pressure increases. 

In considering the absorption data at 30°C, one 
finds the same sort of result. A good fit to the observed 
data at atmospheric pressure for Hall’s equation is 
obtained by assuming that AV=8.4cm*/mole and 
AF=675 cal/mole. Again, assuming that AV decreases 
linearly with pressure and is 10 percent less at 2000 
kg/cm?, one can calculate the value of a/ f? at the values 
for 30°C that are high by a factor of 4.5. Again the 
theory predicts an increase in a/ f*, whereas actually a 
decrease is noted. 

It is apparent that some modification of the theory 
is necessary to explain the pressure dependence of the 
sound absorption. If now one arbitrarily assumes that 
the open packing is the higher free-energy state (Hall 
“provisionally” assumed this to be the lower energy 
state), then a much better agreement with the experi- 
mental data is obtained.f In this case AF increases by an 
amount PAV as the pressure is raised and both 8, 
and + decrease in the pressure range measured. In 
Table IV, the results are tabulated assuming that the 
open packing is the higher energy state. These re- 
sults are plotted in Fig. 4. The same assumptions with 
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Fic. 4. Pressure dependence of structural absorption as a 
function of pressure. Solid line is the theoretical value. Experi- 
mental values are indicated by small circles, @. Upper curve 
refers to data at 0°C. The lower curve refers to data at 30°C. 


regard to AF and AV are made in the calculations for 
Table IV as for Table III. The agreement in Table 
IV is within 5 percent for pressures up to 2000 kg/cm? 
at O°C. The agreement is within 6 percent at 
30°C in this same pressure range. Considering the un- 
certainties involved, this is excellent agreement. 


V. MODIFICATIONS NECESSARY IN HALL MODEL 


Theaforementioned results indicate quite conclusively 
that the two-state theory can be used to describe the 
pressure dependence of the compressional losses in 
water. However, the original Hall model must be 
modified to some extent. 

First, the open packing must be considered as 
occupying the higher free energy state. Secondly, some 
temperature dependence must be assigned to AF. 

In Hall’s paper, AF was assumed to be independent 
of temperature. Hall states that he uses constant values 
for 8, and AF as functions of temperature. The varia- 
tion of + with temperature is obtained by assuming 
AF is constant at 500cal/mole. Actually it is not 
possible to obtain a constant 6, as the temperature is 


TaBLe IV. Comparison of observed and calculated pressure dependence of sound absorption using a modified Hall theory. 














a*c a® ¢ 
Bo B, T Stove Teale 
T P V c p* cm?/d na» cm?/d sec sec?/cm sec?/cm 
a kg/cm? cm3 m/sec g/cc z10!2 cpoise 7102 =1012 z10'7 71017 Difference 
0 1 18.02 1410 1.00 50.2 1.79 35.8 4.06 40.5 40.6 0.2% 
0 1000 17.2 1582 1.045 38.3 1.67 37.4 2.88 27.9 26.8 4% 
0 2000 16.8 1755 1.08 30.1 1.70 21.5 2.18 17.0 17.8 5% 
30 1 18.09 1510 0.995 44.1 0.80 29.5 1.47 12.4 12.5 1% 
30 1000 17.46 1665 1.035 34.9 0.84 23.4 1.17 8.1 8.6 6% 
30 2000 16.92 1820 1.07 28.1 0.90 18.2 0.98 6.3 6.4 2% 











*® Taken from P. W. Bridgeman, Proc. Am. Acad. Arts Sci. 49, 1 (1913). 


b Taken from P. W. Bridgeman, Proc. Natl. Acad. Sci. U. S. 61, 57 (1926). 


¢ a*/f2is the value (a/f?)obs in excess of that due to shear viscosity. 


t Note added in proof —This assumption was first suggested for nonassociated by A. W. Nolle. 








varied if one keeps AF constant [see Eq. (6) ]. What Hall 
has done is to use a constant AF in the calculation of 
7 and then tacitly allow a variable AF in the calcula- 
tion of B,. 

The values of AF = 500 cal/moleand AV = 8.4cm*/mole 
fit the observed data quite well at 0°C. Using these 
values to obtain 8, and 7 at 30°C, one obtains a value 
of a/ f? which is over 30 percent high. One concludes 
that the observed data cannot be fitted over any 
temperature range using constant values for AF and AV. 

In trying to fit the data at 30°C one is faced with the 
alternatives of either decreasing AV or increasing AF. 
The high pressure data was used as a guide in making 
this decision. Decreasing AV to fit the acoustic data 
at atmospheric pressure and 30°C resulted in poor agree- 
ment between theory and experiment at high pressures. 
However increasing AF to 650 cal/mole and keeping 
AV constant gave a good fit to the data at 30°C and 
atmospheric pressure and also yielded quite good 
agreement between (a/ f*)op, and (a/ f*)caic at the high 
pressures. 

These results indicate that there is a temperature 
variation in AF and that the 0AF/0p is positive in this 
temperature range. 

Actually, if the open packing is the higher free energy 
state, there seems to be good reason why the dAF/dp 
must be nonzero and positive. 

The x-ray data of Morgan and Warren® in water 
shows that the tetrahedral or ice-like structure breaks 
down as the temperature is raised, and that the number 
of nearest neighbors increases. Thus in the two-state 
model, x) must decrease as the temperature is raised 
if it is to be in agreement with the x-ray analysis. The 
relation between xo, the fraction of molecules in the 
open packing, AF, and T is given by the following: 

Xo 
= g AF RT. 
1 == Ze 


It can be seen that as T increases AF must increase 
at a faster rate than 7, if xo is to decrease with rising 
temperature. 


VI. TWO-STATE MODEL AND PRESENT THEORIES 
OF STRUCTURE OF WATER 


The results obtained above raise the important 
question as to whether or not the open or ice type of 
packing can be the higher free energy state. Assuming 
Eq. (4) to hold, the above hypothesis leads to the 
conclusion that in water at 0°C only about 28.5 percent 
of the water has an open or ice type of packing (as- 


8 J. Morgan and B. E. Warren, J. Chem. Phys. 2, 841 (1934). 
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suming AF= 500 cal/mole). Most of the present theories 
of water structure consider that some “broken down ice 
structure” persists in the liquid state. Bernal and 
Fowler? have assumed that as much as 70 percent of 
the open or ice type of structure still existed near the 
boiling point. However, later x-ray data by Morgan and 
Warren* dispute this hypothesis. Eucken"® has proposed 
a theory which suggests that water consists of a dis- 
tribution of polymers, consisting mainly of (H;0),, 
(H2O)4, and (H2O)s. The (H2O)s molecules would corre- 
spond to the open type of packing. Eucken" has sug- 
gested that about 30 percent of the water molecules 
are in the (HO); form. This is in numerical agreement 
with our results; however one important difference 
exists. Eucken assumes that the (H2O)s form is the 
lowest energy state while our results indicate that it js 
the highest energy state. 

Pople and Lennard-Jones!” have offered another 
viewpoint on the structure of water. According to their 
theory, the explanation of the anomalies in the be- 
havior of water lies not in the breaking of hydrogen 
bonds but in their flexibility. Thus AF is associated with 
the energy necessary to bend a hydrogen bond. The 
closer packing, in their theory, is obtained when these 
bonds are bent. Again we find the view that the closer 
packing is the higher energy state. 

The correlation of the modified Hall model with the 
above views as to the structure of water is not clear 
at this time and deserves further attention. 


VII. CONCLUSIONS 


The results of the measurements of sound propaga- 
tion versus pressure represent the most critical test of 
the two-state theory of water up to the present. A 
criticism of Hall’s theory as pointed out by Markham, 
Beyer, and Lindsay" was the fact that the evaluation 
of AF and AV was very approximate, and since the 
ratio 7./n, is very nearly independent of tempera- 
ture, any theory which deduces a compressional loss 
proportional to the shear viscosity would give the 
right temperature dependence. However, in the case 
of the pressure dependent absorption data, the calcu- 
lated results at high pressures are quite sensitive to 
the values of AF and AV chosen at atmospheric pres- 
sure. The good agreement found here between the ex- 
periment and theory (as modified above) serves as a 
clear support for the two-state model for water. 

9 J. D. Bernal and R. H. Fowler, J. Chem. Phys. 1, 515 (1933). 

1 A. Eucken, Nachr. Ges. Wiss. Gottingen I, 36 (1946). 

"J. A. Pople, Proc. Roy. Soc. (London) A205, 163 (1951). 

2 J. Lennard-Jones and J. A. Pople, Proc. Roy. Soc. (London) 
A205, 155 (1951). 


13 Markham, Beyer, and Lindsay, Revs. Modern Phys. 23, 353 
(1951). 
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Application of the Superposition Principle and Theories of Mechanical Equation of State, 
Strain, and Time Hardening to Creep of Plastics under Changing Loads 
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The superposition principle and the theories of mechanical equation of state, strain, and time hardening 
were applied to the creep under changing loads of four unfilled thermoplastics—polyethylene ; monochloro- 
trifluoroethylene (Kel-F), crystalline; polyvinylchloride (Geon-404), annealed; and polystyrene. 

A comparison of the theoretical results predicted by these theories with the experimental results indicated 
the accuracy with which these theories described the creep behavior under changing loads for the above 


materials. 





INTRODUCTION 


HE creep behavior of three unfilled thermoplastics, 
namely, polyethylene, monochlorotrifluoroethyl- 

ene (Kel-F), crystalline, and polyvinylchloride (Geon- 
404) annealed, were reported in a previous paper! and 
were observed to follow very closely the creep equation 


e=e9 sinho/o.+-m’t" sinho/om, (1) 


where ¢ is total strain; o is stress, ¢ is time, and € 9’, m’, 
0«, Sm, and n were constants. The values found for these 
constants were as follows (given in the order listed): 
(a) polyethylene, 1.530 percent, 0.397 percent, 400 psi, 
185 psi, 0.0890; (b) monochlorotrifluoroethylene, 0.810 
percent, 0.099 percent, 2600 psi, 1475 psi, 0.0872; (c) 
polyvinylchloride, 1.150 percent, 0.018 percent, 6000 
psi, 2100 psi, 0.3109. Creep of polystyrene? was also 
observed to be describable by Eq. (1). 

The creep data presented in the previous paper! were 
for the first time interval of approximately 500 hours of 
a planned program of tests described in the present 
paper. This program of tests was devised to provide 
data from which to test the applicability of several 
theories which have been proposed to describe the time- 
sensitive behavior of materials under changing loads (or 
stresses). This problem arises even in members sub- 
jected to constant loads when the stress distribution 
changes with time.” 

Somewhat similar experiments performed on copper** 
showed that the total time-dependent strain was inde- 
pendent of the order of applying the loads. 

In the present experiments four thermoplastics, poly- 
ethylene, monochlorotrifluoroethylene, polyyinylchlo- 


ride, and polystyrene were tested. 


* Professor of Engineering and Research Assistant, respectively, 
Brown University, formerly University of Illinois. 

1W.N. Findley and G. Khosla, Picatinny Arsenal, Ordnance 
Corps, Department of the Army, Interim Report No. 4 (April 
1954), Contract No. DA-11-022-ORD-401. 

? Findley, Poczatek, and Mathur, Picatinny Arsenal, Ordnance 
Corps, Department of the Army, Interim Report No. 3 (February, 
1954), Contract No. DA-11-022-ORD-401. 

3A. J. Phillips and A. A. Smith, Jr., Proc. Am. Soc. Testing 
Materials 36, 263 (1936). 

*C. C. Davenport, J. Appl. Mech. 60, 55 (A) (1938). 


MATERIAL, SPECIMENS, AND TEST PROCEDURE 


A description of the material, test specimens, and 
procedure for testing polyethylene, Kel-F (crystalline) 
and Geon-404 (annealed), under creep at constant load 
for the first time interval of 504 hr was given in the 
previous paper.! The polystyrene was the same as 
employed previously.® 

In this test series, two specimens each were subjected 
to constant loads during each of seven time intervals. 
Five stress levels were employed: 0, o1=¢, o2=2e, 
o3=30, and o4=40. The two specimens tested at the 
stress o, were subjected to the same constant load 
during the entire test and the specimen at zero stress 
was used as a control to indicate dimensional changes 
resulting from aging and variations in temperature and 
relative humidity. 

The load on specimens originally stressed at a1, a, 
and o3 was changed at the end of each time interval in 
accordance with the diagram given in Fig. 1, which for 
clarity is divided into two parts. The time intervals 
employed in these tests were 504 hr for the first three 
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Fic. 1. Program of stress versus time for creep tests with different 
stress sequences. 


5 W. N. Findley, J. Appl. Phys. 21, 258 (1950). 
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Fic. 2. Diagrammatic creep curves showing creep for sequences 
A, B, and C through three equal time intervals. 


intervals and 168 hr for the remaining four intervals. 
Stress sequences A, B, and C were employed for speci- 
mens originally stressed at 01, 72, and a3 as shown in 
Fig. 1. These sequences were chosen so that at the end of 
the third time interval each specimen had been sub- 
jected to the same three loads for equal durations of time 
but in different orders. Also at the end of the second 
time interval the specimens in sequences A and C had 
been subjected to the same two loads for equal periods 
of time but in reverse order. 

In the fourth time interval all specimens except the 
control were subjected to the same stress; in the fifth 
time interval the stresses in the specimens in sequences 
A, B, and C were decreased to different values; in the 
sixth interval all specimens except the control were 
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again subject to the same load; in the final interval al] 
specimens were subjected to recovery at zero load. 

In order to accomplish the loading and unloading 
quickly and gently, it was necessary to prepare special 
weights in advance which could be added or removed as 
a unit. For the polyethylene tests a special lever was 
employed to facilitate manipulation of the weights. The 
same procedure for taking the data was employed in all 
time intervals. 

All tests were conducted at a constant temperature of 
77+1°F and constant relative humidity of 50+2 
percent. 


RESULTS 


The creep curves for the four plastics are shown 
diagrammatically in Fig. 2, for the first three time 
intervals only. A notation for total strain ¢ was adopted 
in Fig. 2 in order to facilitate the discussion of the 
results. 

The results of the creep tests of Kel-F (crystalline), 
Geon-404 (annealed), polyethylene, and polystyrene are 
given in Figs. 3-6, respectively. 

It was observed for polyethylene that the creep data 
of companion specimens at the highest stress ¢= 300 psi 
differed by 0.10 percent, while for Kel-F (crystalline) an 
initial difference in strain of 0.06 percent between the 
companion specimens at the highest series ¢= 3600 psi 
decreased to zero after about 2000 hours. 

In tests of geon-404 (annealed) a difference of strain 
of 0.03 percent between the companion specimens oc- 
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curred at the lowest stress «= 1000 psi and at the highest 
stress ¢= 4000 psi. The companion specimens, having a 
stress ¢= 3000 psi during the first time interval, did not 
follow the same stress sequences through the proceeding 
time intervals, because of an error in the loading 
procedure. 

The aforementioned discrepancies in the data of 
companion specimens are probably due to slight differ- 


ences of cross section of the specimens and of the loads 
applied to them. 

In tests of polystyrene a difference of strain between 
the companion specimens in the first time interval of 504 
hours increased from higher to lower stresses. At the 
lowest stress = 600 psi this strain difference was about 
0.05 percent, and it decreases to 0.025 percent at the end 
of 1512 hours when one of the specimens fractured. The 
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companion specimens at the initial stress «= 1200 psi in 
the first time interval showed a reverse behavior, i.e., a 
strain difference of about 0.025 percent at time 504 
hours increased to 0.04 percent at time 1512 hours. The 
difference in strain between companion specimens at 
initial stress o= 1800 psi also increased with time and 
became about 0.02 percent at time 1512 hours. 

During the time intervals 1512 hours to 1618 hours 
and 1848 hours to 2016 hours, when all the specimens 
were raised to the highest stress o= 2400 psi, the data 
for the specimen at the highest stress ¢= 2400 psi 
crossed the data for the other specimens. It may also be 
observed that the general irregularity of the data indi- 
cates that polystyrene is very sensitive to slight changes 
in temperature and humidity. 

The creep data of polystyrene for the first time inter- 
val 0 to 504 hours was compared with the creep data 
observed earlier® for the same material. It was observed 
that, except for two tests performed at 1200 psi and one 
test at 600 psi, the other tests showed approximately 
0.06 percent more creep than predicted by the previous 
experiments. In order to explain this discrepancy in the 
observed data, the possible disturbances due to shock or 
slack in the extensometer were investigated. However, 
the discrepancy in the results is much more than could 
be expected from these sources, and so far no other ex- 
planation than aging has been found to account for it. 

It was observed in the previous tests? that polystyrene 
followed the creep equation, Eq. (1), where the values 


of the creep constants were as follows: 


n=0.475 
= 700 psi 

o.= 20 000 psi (a) 
m’' = 4.098 X 10-6 


€o = 4.3077 X10. 


.In the present tests, the values of the constants were 


modified to fit the new experimental data. These 
modified values were: 
n=0.525 
m= 650 psi 
o.= 20 000 psi (b) 
= 4.098 X 10-* 
€) =4.8X10~. 


The values of constants given in set (b) were used to 
test the superposition principle and the theories of 
mechanical equation of state, strain, and time hardening 
for polystyrene. The set of constants (b) was found by 
trial and not by the more accurate method! used for the 
other three plastics. Thus the theoretical results ob- 


tained on the basis of the constants (b) for polystyrene 
can be regarded only as approximate. 
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SUPERPOSITION PRINCIPLE 


The superposition principle, first advanced by Boltz- 
mann® was successfully applied by Leaderman to 
plasticized polyvinyl chloride’ and Bakelite.* 

According to this principle, if various loads P» are 
applied at time 8, previous to a given instant /, then the 
deformation of the material at time ¢ due to the several 
previously applied loads is assumed to be equal to the 
simple summation of the deformations which would 
have been produced independently by the applied loads. 

The superposition principle is usually considered to 
refer to systems in which the deformations are linear 
functions of the load. Since this is not the behavior ob- 
served for plastics the linearity condition will be relaxed 
in the present consideration and the superposition 
principle will be considered to be describable as follows 
when specialized to the problem of creep: the creep of a 
material subjected to a constant load P; from the time 
zero to time ¢; and subsequently subjected to a load P2 
from time /; to é2 is given by the sum of the creep which 
would occur under a constant load P; applied from ‘=0 
to ‘=f, and the creep which would occur under a con- 
stant load (P2—P;) applied from t=, to t=ts. 

This relationship will be called the Modified Super- 
position Principle and is expressed in this paper by 
means of Eq. (2) as follows: 

Of—O;5 





€t2= €9 sinha ;/o.+m'te” sinh Jon sinh 


Oe 





Of—O% 
+m! (te—t,)” sinh | (2) 


om 


where o; is the stress produced by the initial load P; and 
a, the stress produced by the final load P». 

The term in brackets will accurately represent the 
creep resulting from stress oy—o; if the material is not 
altered by the creep preceding the change in stress. 
Since it is likely that the material is altered somewhat 
by prior creep it is possible that the constants €9', 7, m’, 
and o» in the bracketed term will differ from those in the 
first part of Eq. (2). 

Another method of handling the nonlinearity in stress 
was considered. It consisted of substituting sinho;/o, 
—sinho;/o, for sinh(¢;—;)/o, in the bracketed terms of 
Eq. (2). This expression was not employed in the 
subsequent analysis because a few check calculations 
showed it to give less accurate predictions than Eq. (2). 
Also the form of the expression in brackets would then 
differ from that preceding the brackets, thus departing 
further from the superposition principle. 

Using Eq. (2), the strains shown in Table I were 
computed at the end of the first two intervals, i.e., at fe 
in the creep tests for all the plastics. The values of initial 
and final stresses o; and, oy are given by three stress 


6 L. Boltzmann, Pogg. Ann. Physik 7, 624 (1876). 
7H. Leaderman, Ind. Eng. Chem. 35, 374 (1943). 
8H. Leaderman, J. Appl. Mech., 79(A)-85(A) (1939). 
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sequences, namely, o;=01, o7=03, oi=02, o¢=03 and 
o;= 03, ¢f=0;. The notation for the total strain ¢ used in 
Table I is indicated in Fig. 2. 

The superposition principle can also be used to predict 
strains at time /;. For this purpose, three stress sequences 
as shown in Fig. 2 were chosen. For the first sequence A, 
a stress o, was kept constant for a time interval 0 to 4, 
raised to stress o3 for a time interval ¢; to f2, and then 
lowered to a stress o2 for another time interval fz to fs. 
For the second sequence B, a stress a2 was kept constant 
for a time interval 0 to ¢;, raised to stress o3; for a time 
interval f; to fz, and then lowered to a stress o; for 
another time interval f, to ¢3. For the third stress 
sequence C, a stress o; kept constant for time interval 
0 to ¢; was changed to stress o; for another time interval 
t, to fz, and then again changed to stress o2 for the next 
time interval /, to ¢;3. Using creep Eq. (1) and the modi- 
fied superposition principle of Eq. (2), the three stress 
sequences predict the following strains at time 43. 

By stress sequence A: 


€3.4= €o| sinh2e;/o, |+-m’t,"[ (3"—1) sinho;/om 


+2" sinh20;/om]. (3) 
By stress sequence B: 


€3 p= €o| Sinha,/o, |+-m’t,"[(3"—1) sinh2o;/om 


+2" sinho;/om]. (4) 
By stress sequence C: 


€3 c= €o sinh3a;/o,—sinh20;/o,+sinho;/o, | 
+ m’ty"[_ 3" sinh3o;/om 
— 2" sinh2e;/om+sinho;/om]. (5) 


These expressions are not identical (even though the 
time at each stress is the same) because the stress 
sequence is different. 

In Eqs. (3) to (5), stresses 73 and a2 have been re- 
placed by 3c; and 20,1, respectively, and time intervals 4; 
to ¢2 and fz to ¢3 are both assumed to be equal to the time 
interval 0 to 4. 

The values of strains €34, €32, and €3¢ obtained from 
Eqs. (3) to (5) are given in Table I and also in Table II 
for a general comparison with results obtained by strain 
and time-hardening theories. 

It may be observed from Eqs. (3) and (5) that strain 
34 is always greater than strain esc. 

Further, for small values of stress o;, both the stress 
sequences A and C, give strains which approach the 
value of strain predicted for a constant stress o2 from 
time zero to time /3, that is, 


€3= €o Sinh20;/o, |+m’t,"[3" sinh2c;/om]. (6) 


A comparison of the strains at times /2 and ¢; obtained 
from Eqs. (2) to (5) through the assumption of the 
modified superposition principle, and those obtained 
experimentally by the creep tests of the four plastics is 
shown in Table I. 

Except for stress sequence A for Kel-F (crystalline) 
the over-all comparison of experimental and theoretical 
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TABLE I. Total strains predicted by the superposition principle at times ¢, and & (see Fig. 2). 








Error, percent 














Stress (theoret. —exp) X100 
sequence, Time, Strains, percent _—_—_— 
Materials psi hours At time f2 At time és theoret. 
(A)o,=900 t,=478 €24= 1.273 (theoret.) —20.9 
o3;= 2700 = 1.550; 1.530 (exp) 
(B)o2= 1800 t, =987 €2 3 = 1.283 (theoret.) —12.2 
o3;=2700 = 1.430; 1.450 (exp) 
(C)o3=2700 €2¢=0.679 (theoret.) 14.5 
o1=900 =0.590; 0.570 (exp) 
Kel-F o,=900 t;=478 €34= 0.896 (theoret.) —21.1 
(crystalline) (A)o3;=2700 lo =987 = 1.100; 1.070 (exp) 
o2=1 
o2= 1800 i= 1470 €3 3 = 0.430 (theoret.) — 20.9 
(B)o3;= 2700 =0.520; 0.540 (exp) 
o,:=900 
o3= 2700 €3c= 1.085 (theoret.) 8.3 
a,=900 =0.950; 1.040 (exp) 
o2> 1800 
(A)o,= 1000 €24=0.797 (theoret.) —2.2 
o3;=3000 =0.840; 0.790 (exp) 
(B)o2= 2000 t,= 504 €23=0.816 (theoret.) —5.4 
a3;=3000 t2= 1008 =0.870; 0.850 (exp) 
(C)o;=3000 €2¢=0.376 (theoret.) 6.5 
o,= 1000 =0.350; --- (exp) 
Geon-404 o1= 1000 €34= 0.586 (theoret.) 
(annealed) (A)o3= 3000 =0.620; 0.586 (exp) —2.9 
o2> 2000 
o2= 2000 t,= 504 €337= 0.325 (theoret.) 
(B)o3= 3000 t2= 1008 =0.350; 0.360 (exp) —7.7 
o> 1000 i= 1512 
o3;= 3000 €3c = 0.637 (theoret.) 
(C)o,= 1000 =0.610; --- (exp) 4.2 
o2= 2000 





data shows an error of approximately + 10 percent. Such 
an error can be expected as the modified superposition 
principle expressed by Eq. (2) is an approximation. It is 
an approximation because the creep of plastics under 
consideration is a nonlinear function of stress. This fact 
is illustrated below for Kel-F crystalline with the help of 
Eq. (2) and Table I. 

In Eq. (2), if tat; the predicted strain is expressed 
as 

os—O; 





e= (€9 sinha ;/o.+m't;" sinha ;/om)+ 0’ sinh 
Te 
_  Of-0% 
= €t) +9 sinh . (7) 


Ce 





where ¢ is the strain just after the change in stress and 
€t; is the strain just before the change in stress. Consider 
stress sequence A. According to Eq. (7) if a stress 
7:=900 psi for time interval ¢, is raised to stress 
a;=2700 psi at the end of time interval ¢,, then the 
additional elastic strain due to this increase of load will 


be €0’ sinh(es—o;)/o.= 0’ sinh1800/¢, at the beginning 
of the time interval f. Or in other words, this additional 
elastic strain at the beginning of time interval / is the 
tame as would occur if the material were initially stressed 
to ¢= 1800, beginning from time zero. This happens for 
she case of stress sequence B wherein a stress c= 1800 
psi starts at time zero for the first time interval 4. 

From the experimental values of elastic strains, 
recorded for each load or change in load in Table III of 
reference 9, this was not found to be the case. While from 
stress sequence A the additional elastic strain at the end 
of time interval ¢, due to change of stress from «= 900 to 
2700 psi is an average of 0.7856 percent for the two 
specimens in sequence A, that from stress sequence B, 
due to an initial stress ¢= 1800 psi starting at time zero 
is an average of 0.7032 percent for the two specimens in 
sequence B. 

Thus, the predicted additional strain when stress is 


®W. N. Findley and Gautam Khosla, Picatinny Arsenal, Ord- 
nance Corps, Department of the Army, Interim Report No. 5 
(Apr. 1954), Contract No. DA-11-022-ORD-401. 
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TABLE I.—Continued. 





Error, percent 


Stress (theoret. —exp) X100 


sequence, 


Time, 
Materials psi 


Strains, percent 
hours 





At time ¢2 At time és theoret. 





(A )oi= 75 


o3=225 


€24= 1.701 (theoret.) 
= 1.930; 1.900 (exp) 


(B)o2.= 150 t,=480 €2B 


.721 (theoret.) 


—12.5 


—9.8 


1 
o3=225 t2=980 1.900; 1.880 (exp) 
(C)o3=225 0.787 (theoret.) 2.4 


#275 =0.750; 0.787 (exp) 





o=75 €34=1.211 (theoret.) 
atl = = 1.360; 1.360 (exp) 
o2>= 


Polyethylene ~123 


o2=150 
(B)o3=225 
g> 75 


th; = 480 
t2= 980 
k= 1480 


€33= 0.623 (theoret.) 


=0.720; 0.720 (exp) —19.2 


o3= 225 €3¢ 
(C)o,=75 
o2> 150 


= 1.332 (theoret.) 
= 1.300; 1.300 (exp) 2.4 


- 
5 





Polystyrene 


(A )oi= 600 


o3= 1800 


(B)o2= 1200 
o3> 1800 


(C)o3;= 1800 


o> 


€24=0.481 (theoret.) 
=0.535; 0.565 (exp) 


i= 504 
t2= 1008 


€23= 0.490 (theoret.) 
=0.525; 0.570 (exp) 


€2¢=0.233 (theoret.) 
=0.225; 0.205 (exp) 


—14.5 


—11.6 


7.7 





o,=600 
(A)o3= 1800 
o2= 1200 


o2> 1200 
(B)o3= 1800 


o1= 


o3;= 1800 
(C)o,= 600 
o2= 1200 


€3 4 = 0.344 (theoret.) 
=0.400; 0.420 (exp) 


t;= 504 
= 1512 


€33= 0.186 (theoret.) 
= 0.230; 0.260 (exp) 


€s= 0.403 (theoret.) 
=0.350; 0.365 (exp) 


—19.1 


—23.7 


11.4 











TABLE IT. Total strains predicted by the superposition principle 


and theories of strain- and time-hardening at time /3. 








Total strain at time fs, percent 





raised from ¢=900 psi to c= 2700 psi at the end of time 
interval ¢; is less than the experimental value by 0.0824 
percent strain. 

The foregoing analysis was also made for the other 


Experi- Super- Strain- Time- 7 
Stress mental position hardening hardening _ plastics. It was found that for stress sequences A and B, 
Material sequence values principle theory theory - ‘ se “ > . 
____ in which an increase in stress was involved, the theo- 
car A 1.085 0.896 1.122 0.759 retical values of strain predicted from the modified 
Sa B 0.530 0.430 0.802 0.585 superposition principle were lower than the experimental 
(cxystaliine) C 0995 1085 1.196 1.213 eee 
, , —_ values, while for stress sequence C, in which a decrease 
— A 0.603 0.586 0.648 0.534 in initial stress was involved, these theoretical values 
rem B 0.355 0.325 0.450 0.399 — were higher than the experimental ones. This fact is also 
(annealed) C 0.610 0.637—«0.659 0.685 a 
' . shown in Table II where errors between theoretical and 
A 1360 1211 1.578 0.897 experimental strains for stress sequences A and B on the 
Polyethylene B 0.720 0.623 1.314 0.956 one hand and C on the other hand are positive and 
These data suggest that the use of sinha ;/o,—sinho;/o, 
Polystyrene B 0.245 0.186 0.237 0.218 in q. ( ) may ave given a closer peo iction ot the test 
c 0.357 0403 0.381 0.389 results than sinh(os—o;)/o,, at least in the interval just 








after a change in load. 
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MECHANICAL EQUATION OF STATE 


A mechanical equation of state for solids is analogous 
to the thermodynamic equation of state for gases; i.e., it 
considers the stress to be a function of the simultaneous 
values of strain, strain rate, and temperature, and inde- 
pendent of the path followed by the variables in arriving 
at a given point. Further, for an application of the 
mechanical equation of state, it must be assumed that 
no structural changes occur in the material under test. 

The mechanical equation of state was first proposed 
by Ludwik,” and later utilized by Zener and Holloman." 

The present creep tests of plastics can be employed to 
verify the mechanical equation of state. According to 
the equation of state, two specimens of a plastic which 
are under the same stress and temperature conditions 
should have the same strain rate at the same strain, 
regardless of their stress and time history. 

The following observations were made for each of the 
plastics: 


1. Specimens tested at a constant stress o; for a time 
interval 0 to ¢; and then raised to stress o; for a time 
interval ¢,; to fg show the same strain rate é during the 
latter part of the time interval ¢,; to /2 as the specimens at 
stress o; in the time interval 0 to /,; at the same values of 
strain. 

2. Specimens tested at a constant stress a2 for a time 
interval 0 to ¢; and then raised to stress o3 for a time 
interval ¢, to 42 show the same strain rate é during the 
latter part of the time interval /, to /2 as the specimens of 
stress 3 in the time interval 0 to ¢; at the same values of 
strain. 

3. In the fourth time interval /; to ¢4 and sixth time 
interval ¢, to ¢s, all specimens were raised to the same 
constant stress o4. The strain rates for these specimens 
were approximately the same in the latter part of these 
time intervals as the strain rates of the specimens tested 
at stress o, for the time periods zero to ¢, at the same 
values of strain. 
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Fic. 7. Diagrammatic creep curves showing that e, is not a single- 
valued function of ¢ and ¢. 


” P. Ludwik, Elements der Technologischen Mechanik (Verlag 
Julius Springer, Berlin, 1909). 
" C. Zener and J. H. Holloman, J. Appl. Phys. 17, 69 (1946). 
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From the foregoing observations, it was concluded 
that the three plastics followed the mechanical equation 
of state, satisfactorily when the change in load was from 
a smaller to a larger load. 

However, it is evident that the mechanical equation 
of state did not apply within the time intervals tested 
when the change in load was from a larger to a smaller 
load. The creep rate after a decrease in load not only 
was not the same as that at the same final stress when 
the load had not been decreased, but was also of oppo- 
site sense. 


STRAIN AND TIME-HARDENING THEORIES 


Equation (1) indicates that at a constant stress a, the 
time-dependent part e, of the total strain e is given by 
the expression 

€p=m'l” sinha/om. (8) 


Equation (8) states that there exists a single value of e, 
for each value of ¢ and each value of ¢. As pointed out by 
Roberts,” €, is not a single valued function of o and f, 
since by changing the stress history of the specimen 
during the creep process, many values of e, can be made 
to occur at the same values of o and ¢. This is illustrated 
in Fig. 7. If three specimens of the same material are 
subjected to different stresses o1, 72, and o; for a time 
interval zero to ¢;, and at the end of this time interval] 
stresses 7, and a; in two of the specimens are changed to 
a2 while stress a2 on the third specimen is kept constant, 
then at subsequent values of time during which all 
specimens have the same stress, the time-dependent 
strain will probably be different. 

Thus, Eq. (8) is probably incorrect except when e, is 
determined at a constant stress and starting at zero 
time and zero €,. However, equations like this can be 
viewed as a result of an integration at constant stress of 
an unknown differential creep law between the time 
limits 0 and ¢, and between the strain limits 0 and €,, as 
described by Roberts” and others. 

To obtain the differential creep law, therefore, Eq. (8) 
is differentiated at constant stress o. However, this 
yields an infinite number of solutions as previously 
pointed out.” For example, if we take the mth root of 
both sides of Eq. (8) and then differentiate, we obtain 











de, n(m’ sinha/c,,)'!" 
— = —, (9) 
dt o=const (e,)o/—-! 
Again, a direct differentiation of Eq. (8) yields 
dey 
a = m'nt™ sinha/om, (10) 
dt o=const 





or if both sides of Eq. (8) are squared and then differ- 
entiated, we obtain 


dey 
dt 


n(m’ sinha/om)??"— 


o=const €p 








etc. 
J. Roberts, Proc. Am. Soc. Testing Materials 51, 811 (1951). 
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Equations (9) to (11) are different so their integration 
at constant o between the limits /; and ¢2 and the limits 
€p, and €pe will yield different results. The problem is to 
choose the correct one of this infinite number of possible 
differential equations which describes the behavior of 
the four plastics. 


STRAIN-HARDENING THEORY 


The theory of strain hardening is expressed by Eq. 
(9) since the time-dependent strain rate is a function of 
variable stress o and the time-dependent strain e, only. 
This theory was used to predict strains at time /; 
obtained from the three stress sequences A, B, and C 
mentioned earlier in connection with the superposition 
principle. 

In Figs. 2 and 8, schematics of the total strains and 
the time-dependent strains are shown for the three time 
intervals 0 to /;, t; to ta, and f, to ¢; for stress sequences 
A, B, and C. 

It may be observed that time /; is equal to three times 
the time ¢; and time f2 is twice the time /;. Also stress o3 
is three times the stress o; while stress a2 is twice the 
stress o;. Further, in order to simplify the expressions 
for time-dependent strains, the following notation will 
be used for Eq. (1): 


e= €e.+ €pk where 


€pp=l"S x, (12) 


S,=m' sinhko/om, 


(13) 


€e,= €o. sinhka/o,, 


where k=1, 2, 3 for multiples of stress o. 


Stress Sequence A 


Integrating Eq. (9) between time limits zero to /; we 
find 
€p/*= §;'/"1,, (14) 


and integrating between time limits /; to /2 for sequence 
A we find 


€po!/™— €py!/ = Sy!" (to—t) = Sg"). (15) 


Adding Eqs. (14) and (15) and raising to the mth power 
we find the time-dependent strain at time f2: 


€po= (Sy/"+- S3!/") "ty" 

‘ =[(sinho/om)/"+ (sinh3o/om)"/"]"m'ty". (16) 
Integrating Eq. (9) between the time limits /. to /; we 
find 

Eps!" — Epa! ™= Sol!" (t3— te) = So! "ty. (17) 


Adding Eqs. (16) and (17) and taking the mth root we 
find 


€p3= (Sy/"+ Sol/"+ S3!/") 2," 
=[ (sinho;/o,,)!/"+ (sinh2o;/om)'!" 
ao (sinh3o1/om)!/" |"m'ty". (18) 
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Fic. 8. Diagrammatic creep curves showing the time dependent 
strain for stress sequences A, B, and C through three equal time 
intervals. 


These integrations tell nothing about the time-inde- 
pendent strain, but assuming that Eq. (12) applies in 
the interval /, to ¢3, we find 


€3= €e3+ EP3,y (19) 


and assuming that the time-independent strain at time 
ts is the sum of those strains resulting from each load or 
change in load, computed in the same manner as in 
Eq. (2), we have 


€e3= €9 (sinho,/o,.+sinh2¢;/o,—sinho;/c,) 
= €9 sinh2e;/o-.. (20) 


Substituting Eqs. (16) and (18) in (17) we find the total 
strain at time ¢; for sequence A is 


€34=€9 sinh2o;/o,.+m’'t,"[ (sinho;/om)"” 
+ (sinh2o;/om)'/"+ (sinh3o;/om)!/" |". (21) 
Stress Sequence B 


In a manner similar to that used for stress sequence A, 
the time-dependent strain at time ¢2 for stress sequence 
B was found to be 


€p2= (S2!/"+-S3!/")"1,", (22) 
and that at time /3; was 
€p3 = (Sy'/"+-So!/"+ S53! " "ly *, (23) 


Likewise, the strain ¢; at time /; for sequence B was 
found to be 


€3 = €0 [| sinho;/o, |+m’t;"[_(sinho;/om)"/” 
+ (sinh2o;/om)"/"+ (sinh3o;/om)'/" |". (24) 
Stress Sequence C 


For stress sequence C, the same procedure was em- 
ployed as for stress sequences A and B, and the following 
expressions were obtained: 


time dependent strain at time 2, 


€po= (Sy/"+-S3!/")t,", (25) 
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time-dependent strain at time ¢;, 
€pg=(S/™4So/™4-Sylm)tyn, (26) 


total strain at time /;, 


€3¢= €) | sinh3e,/o,—sinh2e,/o,4+sinho;/o, | 
+ mt," (sinho;/om)'/"+ (sinh2e,/a,,)'/" 
+ (sinh3e;/o)'/" |". (27) 


The total strains €; obtained by the two different 
stress sequences A and C are given by Eqs. (21) and (27) 
and indicate that the strain for sequence A is less than 
that for sequence C. 

The total strains for each sequence were evaluated 
from Eqs. (21), (24), and (27) for all the plastics, and 
are given in Table II. It was observed that values 
predicted from the strain-hardening theory were usually 
higher than the experimental values. 

After expressing the creep strain at any time subse- 
quent to the change in load, by means of the strain- 
hardening theory in the manner of Eqs. (14) to (21), 
and taking the time derivative it is found that the 
derivative is always positive for positive stresses. Hence 
the negative creep rates observed following a decrease in 
stress are not predicted by the strain-hardening theory. 


TIME-HARDENING THEORY 


The theory of time hardening is expressed by Eq. (10) 
where the time-dependent strain rate is a function only 
of variable stress a and time ¢. 

This theory was also used to predict strains at time /; 
obtained from the three stress sequences A, B, and C. 

Referring to Figs. 6 and 8, and using the notation of 
Eq. (13), we find the total strains at time /; predicted 
by the three stress sequences are as follows: 


Stress Sequence A 


Integrating Eq. (10) between time limits zero and ¢; 
we find 
€mp = Sih", (28) 


and integrating between time limits /; and fs, we find 
€p2— Ep = $3(to"— t,”) = §3/,;"(2"— 1 ). (29) 
Adding Eqs. (28) and (29) we have 


€p2= [S:+5;(2"— 1) Jt,” 
=[sinho;/om+ (2"—1) sinh3o;/o» |m’t;". (30) 


When Eq. (10) is integrated between time limits ¢, 
and ls 
€p3— €p2= So(t3"— lo") = Sol,"(3"%— 2"). (31) 


Adding Eqs. (30) and (31) we have 


érs=[S:+S2(3"— 2") +55(2"—1) Jn" 
=[ sinho;/om+ (3"— 2") sinh2o;/om 
+ (2"—1) sinh3o;/om |m’t;". (32) 
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Using Eq. (32) with Eqs. (19) and (20) by assuming 
that creep Eq. (1) or (12) holds through all the time 
intervals, we find the total strain ¢; is given by 
63> €o'[ sinh2o, la, | 
+m’ ty"[sinho;/om+ (3"—2") sinh2e;/om) 
+ (2"—1) sinh3e;/on]. (33) 


Stress Sequence B 


In a manner similar to that used for stress sequence A 
the time-dependent strain at time /2 was observed to be 


€p2>= [S2+S;(2"— 1) }t:", (34) 
and that at time 23, 
évs=[(3"—2*)Si+ Set (2"—1)S3]h". (35) 


Likewise, the total strain €; observed by use of Eq. 
(35) with Eqs. (19) and (20) was found to be 


€3= €0 | sinha/o, }+m’t,"[(3"— 2") (sinha; /om) 
+ (sinh2o;/om)+(2"—1)(sinh3e;/am)]. (36) 


Stress Sequence C 


Following the same procedure as used for stress 
sequences A and B, we obtained the following strains 
for stress sequence C: 


time-dependent strain at time fs, 
€p2=([.S,(2"—1)+S3 ]t1", (37) 
time-dependent strain at time /s, 
€p3=[.S1(2"—1)+S2(3"— 2") + $3 |i", (38) 
total strain at time ¢;, 


€;= €0 [ sinh3e,/o,—sinh20,/o,.4+sinho;/e, | 
+ m’t,"[ (2"— 1) sinho,; ‘om 
+ (3"—2") sinh2e;/on+sinh3e;/om]. (39) 


It was observed that the time-hardening theory did 
not predict the same time-dependent strains at time f, 
and time /; for the three stress sequences as observed 
from Eqs. (30), (34), and (37) and Eqs. (32), (35), and 
(38), respectively. Again the total strain ¢; given by 
stress sequence A was lower than that given by stress 
sequence C. 

It was also observed that in Eqs. (33) and (39), a 
small enough value of stress o, tends to equalize the 
elastic strains, but the plastic strains remain unequal so 
that total strains are unequal. 

The total strains ¢; for the three stress sequences A, 
B, and C were evaluated from Eqs. (33), (36), and (39), 
respectively, forall the plastics and are given in Table II. 

It was observed that the values of ¢€; computed 
through stress sequence A were lower, while for stress 
sequences B and C, they were higher than the experi- 
mental values of strain at time /3. 
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CREEP OF 


If the creep strain at any time subsequent to the 
change in load is expressed by means of the strain- 
hardening theory in the manner of Eqs. (28) to (33) and 
the time derivative is formed, it is found that the 
derivative is always positive for positive stresses. Hence 
the negative creep rate observed after a decrease in 
stress is not predicted by the time-hardening theory. 


COMBINED TIME- AND STRAIN-HARDENING THEORY 


One of the possible theories of combined time- and 
strain-hardening is represented by Eq. (11) where the 
time-dependent strain rate is a function of variable 
stress o, time-dependent strain e, and time /. 

Referring to Figs. 6 and 8, and using the notation of 
Eq. (13), we find the total strains ¢; at time /; predicted 
by the three stress sequences A, B, and C are as follows. 


Stress Sequence A 


Integrating Eq. (11) between time limits zero and 4, 
we find 


epP=S/t?" or €p, = Syl", (40) 
and integrating between time limits ¢; and f, we find 
€p2” — ep = S37- (te? "— 1,2") = S37 - 4,2" (2?"— 1) 
=S$2-12"(4"—1). (41) 
When Eqs. (40) and (41) are added, 


€p” => [S?+S$32(22" _ 1 )] . t,?" 
or 


€p2=[_(sinho,/om)?+ (4"—1)(sinh3o;/om)? }}m’-t,". (42) 


Integrating Eq. (11) between time limits /, and 3, we 
find 
€ps— ep = S2? (t3?°"— to?”) on S2*- t;?" (3?"— 22”) 


= §,?-4;2"(9"—4"). (43) 
When Eqs. (42) and (43) are added, 


ep; = [S2+S? (2? n—] )+- S$? (32"— 2? ») |m"t? - 
or 


€p3 >= [ (sinho; lam)?+ (9"— 4”) (sinh2o;/om)? 
+ (4"—1)(sinh3o;/o,,)? }!m’-ty". (44) 


Again when Eq. (44) with Eqs. (19) and (20) are used, 
the total strain ¢; is given by 


€3 = €9 [ sinh20,/o, |+m’t,"{ (sinho;/om)* 
4 (9"—4") (sinh2o,/om)? 
+ (4"—1)(sinh3e;/om)* }*. (45) 


Stress Sequence B 


In a manner similar to that used for stress sequence A 
the time-dependent strain at time /2 was observed to be 


€p2=[S2?+ (4"—1)S3]!-4" (46) 
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and that at time /s, 
eps=(SP+S2(4"—1)+57(9"—4") ]h-y", (47) 


Likewise, the total strain ¢; observed by using Eq. 
(47) with Eqs. (19) and (20) was observed to be 


é3= €o'[ sinho, Lae \Am’ ty" (sinh2o, om)? 
+ (4" —_ 1 )(sinh3o;/om)* 
+ (9"—4")(sinho;/om)? ]!. (48) 


Stress Sequence C 


Following the same procedure as for the case of stress 
sequences A and B, we obtained the following values of 
strains for the stress sequence C: 


time-dependent strain at time fo, 
epo=[SP+S2(4"—1) ]§t1", (49) 
time-dependent strain at time /s, 
€p3=(_S2+S$2(4"—1)4+S2(9"—4") }-t:", (50) 
total strain at time /s, 


€3= €9[ sinh3o,/o,—sinh2e,/o,.4+sinho,/o, | 
+m’ty"{ (4"—1)(sinho;/om)? 
+ (9"—4") (sinh2o;/om)?+ (sinh3o;/om)* |. (51) 


It can be shown that total strains e; predicted by 
Eqs. (45), (48), and (51) fall between those observed by 
assuming the strain-hardening theory and the time- 
hardening theory, and do not contribute to a closer 
approach to the observed values of strain in the creep 
tests. 


CONCLUSIONS 


An application of the superposition principle, me- 
chanical equation of state, and theories of strain and 
time hardening to creep data obtained under different 
load sequences for four unfilled thermoplastics, poly- 
ethylene, Kel-F (crystalline), Geon-404 (annealed), and 
polystyrene revealed the following results: 


(a) The mechanical equation of state is applicable to 
all four plastics when the load is constant or increased. 

(b) The strain- and time-hardening theories do not 
predict the negative creep rate observed following a 
decrease in stress. 

(c) The strains predicted by the superposition prin- 
ciple and the strain- and time-hardening theories give 
average errors of 10 percent, 13 percent, and 36 percent, 
respectively, from the experimental results. Thus, 
whereas the superposition principle gives results closest 
to the experimental ones, the time-hardening theory is 
hardly applicable. 

This is a portion of a project which was conducted in 
the Department of Theoretical and Applied Mechanics, 
as a part of the work ‘of the Engineering Experiment 
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The action of water solutions of dimethyl formamide on Dinitrile A fibers was studied using the stress- 
relaxation technique. After prior conditioning and stress relaxation in water, the addition of dimethyl 
formamide-water solutions produced an exponential stress relaxation. It was found that the rate and 
extent of stress relaxation in dimethyl formamide-water solutions is dependent on the dimethyl formamide 
concentration. The rate of stress relaxation in dimethyl formamide-water solutions is also dependent on 
the cross-sectional area and the state of orientation of the fiber. These data can best be explained by postu- 
lating that the rate of diffusion of the dimethyl formamide-water solution into the fiber controls the rate 
of stress relaxation. The diffusion coefficient is found to be concentration dependent, and the diffusion 


process has an activation energy of 14 kcal. 


INTRODUCTION 


HE experimental technique used in the investiga- 
tions presented here consists of extending the fiber 
under investigation by a predetermined amount and 
observing the subsequent decay of stress as a function of 
time. If, in a suitable apparatus, reagents that influence 
the rate of stress relaxation are added to the fiber, it is 
sometimes possible to analyze the data obtained in 
terms of physical chemical processes. The stress- 
relaxation technique has been used in this way to in- 
vestigate the behavior of polysulfide rubbers,'? the 
scission and cross-linking effects of molecular oxygen 
on hydrocarbon rubbers,*~* and the action of reducing 
agents and other chemicals on wool keratin.” 

In general, three successive processes must be taken 
into account in any attempt to interpret the stress 
relaxation at constant strain when it is used as a tech- 
nique for measuring the kinetics of a reaction between 


1M. Mochulsky and A. V. Tobolsky, Ind. Eng. Chem. 40, 2155 
(1948). 

2M. D. Stern and A. V. Tobolsky, J. Chem. Phys. 14, 93 (1946), 

3A. V. Tobolsky and R. D. Andrews, J. Chem. Phys. 13, 3 
(1945). 

* Tobolsky, Metz, and Mesrobian, J. Am. Chem. Soc. 72, 1942 
(1950). 

5 Tobolsky, Prettyman, and Dillon, J. Appl. Phys. 15, 380 
(1944). 

6 FE. T. Kubu, Textile Research J. 22, 765 (1952). 

7E. T. Kubu and D. J. Montgomery, Textile Research J. 22, 
778 (1952). 

® Kubu, Frei, and Montgomery, Textile Research J. 24, 659 
(1954). 

* J. B. Speakman, Proc. Roy. Soc. (London) B103, 377 (1928). 

” G. C. Wood, J. Textile Inst. 45, T462 (1954). 


the polymeric material under consideration and a 
chemical reagent. These processes are: (1) diffusion of 
the penetrant into the material to cross-link bond 
sites, (2) reaction of the penetrant with these bond 
sites to produce a bond scission, and (3) rearrangement 
of the polymer molecule after bond scission to a 
preferred configuration under the conditions of the 
imposed strain. If two of these processes are very rapid 
compared to the third, the stress-relaxation technique 
will measure the slow process. 

If diffusion is the rate controlling process, and Fick’s 
second law, dP/di= DV*P, applies, it can be shown!" 
that the concentration of penetrant P inside an infinitely 
long cylindrical fiber at time / and at a distance r from 
the center of the fiber is given by 


2Py = 
P=Py--— ¥ exp(—Da/*) 


a I=! 


J (rai) 





(1) 


ays; (eas) 


where a is the fiber radius, Jo(ra;) is the zeroth-order 
Bessel function, J;(aa;) is the first-order Bessel function, 
aa; is the /th root of Jo(aa,)=0, D is the diffusion 
coefficient, and Pp is the concentration of penetrant 
in the infinite reservoir outside the fiber. This series is 
known to converge rapidly." A rough calculation for the 
case of a typical fiber indicated that the sum of the 
second and subsequent terms contributed only a few 
percent to the summation. Hence, considering only the 


" Carslaw and Jaeger, Conduction of Heat in Solids (Oxford 
University Press, London, 1948), p. 175 ff. 





ar 





Se OCT i NNN Er —i‘“lelrwrrrwrwétOitw 


os 8 Oo Wnecrepe 


— 





DIFFUSION CONTROLLED STRESS RELAXATION 833 


first term 


2Po J (ra) 
P= P,.—— exp(— Day") 
a aJ 1 (aa) 


(2) 


and the half-life ¢; is given by 


( a ) In2 3) 
h=(—) —, (3 
“\aal] Dd 


where 2.4 is the first root of Jo(aa;)=0. It is apparent 
that a diffusion controlled process is described by an 
exponential in which the half-life is dependent on the 
radius of the fiber. Equation (1) is based on an over- 
simplification for polymeric materials since the diffusion 
coefficient is frequently a function of concentration'?-“ 
and more complicated expressions have been pro- 
posed.!*-1.16 Nevertheless, Crank” implies that Eqs. (1) 
and (2) can probably be used as an indication of the 
dependence of half-life on fiber radius, and the form of 
the curve relating penetrant concentration to time. 
When the penetrant reaches the cross-link bond site 
the reaction is assumed to go by the following scheme: 


ky 
« penetrant+bond site—broken bond 


+. penetrant on bond site, (4) 


where k, and k, are the rates of the forward and reverse 
reactions, respectively. In the case where this reaction 
controls the rate of stress relaxation (i.e., diffusion 
and chain rearrangement are very rapid), it is possible 
to make the simplifying assumptions (1) that the re- 
verse reaction (cross linking) occurs in such a fashion 
that bonds are formed in stress-free positions only and 
therefore do not affect the stress decay, and (2) that 
the concentration of penetrant P is essentially constant 
at the initial penetrant concentration Po by experi- 
mental arrangement. Under these circumstances 


db 
——=k,P,*b=kb, (5) 
dt 


where 0} is the total number of cross-link bond sites 
remaining unbroken at time ¢. If the extent of reaction 
is a function of the external penetrant concentration, 
then the number of bonds available for scission by,’ is 
given by, 

bo’ =bo—4;(Po), (6) 


where by is the total number of cross-link bonds at :=0 
and b;(Po) is the number of these bonds not available 


for scission at penetrant concentration P». Then, 


#2 J. Crank, Trans. Faraday Soc. 47, 450 (1951). 

3G. S. Park, J. Polymer Sci. 11, 97 (1953). 

‘4 Hutcheon, Kokes, Hoard, and Long, J. Chem. Phys. 20, 1232 
(1952). 

16H. Fujita, Textile Research J. 22, 757 (1952). 

16 J. Crank, J. Polymer Sci. 11, 151 (1953). 


integrating Eq. (5) under these conditions, 


b=[bo—b,(Po) ] exp(—kol)+b,(Po), (7) 


so that the extent and the rate of the reaction are 
controlled by the external penetrant concentration. 
The dependence of the extent of reaction on penetrant 
concentration in polymeric systems can be visualized 
by making the reasonable assumption that the polymer 
contains a continuous spectrum of regions with different 
degrees of orientation, going from the completely 
ordered to the completely amorphous, and that each 
region has a certain “permeability” to the penetrant 
(the permeability decreasing with increasing orienta- 
tion). Thus, for a given state of orientation, the amor- 
phous regions will be attacked first, and as the external 
penetrant concentration Pp» is increased, the more 
oriented regions will be attacked, until finally, solution 
of the polymer occurs. At a given penetrant concentra- 
tion a definite extent of reaction will occur because all 
the regions permeable to this concentration are at- 
tacked. Thus b; is a function of both external penetrant 
concentration and orientation on the basis of this 
hypothesis. In most cases treated here, only systems in 
a similar state of orientation will be considered. 

It is apparent that if ko>D the rate of diffusion of 
the penetrant will control the rate of bond scission. 

In order to relate the rate of cross-link bond scission 
to the rate of stress decay, the additional assumption 
must be made that the stress o(¢) at the time / is propor- 
tional to the number of bonds remaining unbroken: 


a(t)<b. (8) 
Similarly at /=0, 
(0) « bo, (9) 
and at [= 
a(%) x by(Po). (10) 


Since the fiber cross-sectional area is constant under 
the conditions of the experiment, the stress is propor- 
tional to the measured force f(/). Then, combining 
Eqs. (7), (8), (9), and (10) and dividing through by 
f(0), Eq. (7) becomes 


f(t) | =) f(*) 
——=]| 1———— | exp(— kot) +. (11 
70) LU 70) Jr FF ; 


In the interpretation of the data it will be assumed that 
the rate of chain rearrangement under the imposed 
strain in the presence of the penetrant is much faster 
than either the diffusion or reaction processes. 


EXPERIMENTAL PROCEDURE 


The apparatus and experimental procedure used in 
these experiments is essentially the same as that de- 
scribed previously. For preliminary experiments a 
triple-beam balance-type stress relaxometer, similar to 


that described by Katz and Tobolsky,!” was used. 


17S. M. Katz and A. V. Tobolsky, Textile Research J. 20, 87 
(1950). 
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The fiber samples were mounted in distilled water in 
the reaction chamber at the temperature at which the 
experiment was to be carried out and allowed to remain 
in the unextended condition for a period of time, up 
to 18 hours. The fiber was then extended manually by 
a predetermined amount (generally 10 percent), and 
the stress thus produced was allowed to decay for a 
period of time, up to 24 hours. After the rate of stress 
decay in water had decreased sufficiently, the water was 
removed and replaced by a water solution of dimethy] 
formamide (DMF). When the stress decay under the 
new conditions was considered complete, the clamps 
and reaction chamber were cleaned and rinsed with a 
liberal quantity of tap water followed by a rinse with 
distilled water. 

The DMF used in these experiments was a com- 
mercial grade, not purified further. The DMF solutions 
were made up immediately before they were used, and 
warmed to the desired temperature. 


EXPERIMENTAL ERROR 


Forces obtained during the course of an experiment 
were accurate within +0.02 g while the error in meas- 
urement of time was +15 sec. The scatter between data 
from identical experiments led to an uncertainty of 
+10 percent in ¢; due to fiber-to-fiber variability. 


PRELIMINARY EXPERIMENTS 


Figure 1 shows the stress decay of a Dinitrile A fiber'® 
in water at 59°C plotted in terms of f/f; (force at 
time ¢ normalized to the force at one minute after the 
start of the extension), on a logarithmic time scale. At 
the time indicated by the arrow a 50 percent (by 
volume) DMF-water solution was added. Upon addi- 
tion of the solution, the force first increased rapidly 
and then decreased until an equilibrium value was 
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Fic. 1. Stress relaxation of a Dinitrile A fiber in water and 50 
percent DMF-water solution at 59°C. The arrow indicates the 
time of addition of the DMF-water solution. 


18 An experimental fiber produced from a copolymer of methy- 
lene malononitrile by the B. F. Goodrich Chemical Company. 
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Fic. 2. Stress relaxation of a Dinitrile A fiber in 50 percent 
DNF-water at 59°C. The points are experimental and the solid 
line is calculated from the exponential law [Eq. (11) ]. 


attained. The equilibrium value of relative force finally 
attained remained virtually unchanged over a period of 
about eighteen hours. The additional stress relaxation 
produced by the addition of the 50 percent DMF-water 
solution at 59°C is shown in Fig. 2 where the ratio of 
the force at time ¢ to the maximum force (fimax) after 
the addition of the reagent is plotted against time. 
Zero time is taken at the time of addition of the DMF- 
water solution. The solid line represents an exponential 
curve calculated from Eq. (11) that best fitted the data. 
It is apparent that the stress decay of this Dinitrile A 
fiber in the presence of a 50 percent DMF-water solu- 
tion is closely exponential. The mechanism involved 
in the initial process is not well understood, but is 
believed to be different from that which produces the 
subsequent stress decay and may be related to the 
desorption of water under the new experimental 
condition. 

In order to simplify the collection of data it was 
decided to determine the effect of various factors on the 
form of the stress-relaxation curve in the presence of 
D\MF-water solutions. Dinitrile A fibers were mounted 
in water in an unextended state for various periods of 
time up to 18 hours. Each fiber was extended 10 per- 
cent in water at 56°C and sufficient time allowed for the 
rate of stress decay to become small compared to the 
time required for the subsequent relaxation in 50 
percent DMF-water solution (about 2 hours). It was 
concluded from the data that the form of the stress- 
relaxation curve in the presence of DMF solutions was 
not affected within experimental error by conditioning 
in water in an unextended state. Hence, in all subsequent 
experiments no attempt was made to condition the 
fibers before extension. Similarly, it was found that 
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more than two hours stress relaxation in water had no 
effect on the subsequent relaxation in DMF-water 
solutions. Similar experiments showed that no change 
jn stress relaxation behavior in the presence of DMF- 
water solutions was produced by a change in molecular 
weight or by the presence of finishing agent on the fiber. 
It was found that an increase in elongation from 5 
percent to 20 percent produced a small decrease in the 
rate and no detectable effect on the extent of stress 
relaxation of Dinitrile A in DMF-water solutions. 
However, an error of a few percent in the elongation 
would not introduce a significant change in the half-life 
of the stress-relaxation process in DMF-water solutions. 

On the basis of the preliminary results outlined in the 
aforementioned, the following experimental procedure 
was adopted. The fiber was mounted in water at the 
temperature at which the experiment was to be carried 
out, its length measured, and after a few minutes was 
extended 10 percent. The stress decay in water was 
allowed to continue for about two hours, after which 
the appropriate DMF-water solution was added and 
the stress decay was followed until the reaction was 
complete (usually within three hours). 


RESULTS AND DISCUSSION 


A series of experiments were carried out in an attempt 
to determine whether chain rearrangement plays a 
significant role in the stress-relaxation behavior of 
Dinitrile A fibers in the presence of DMF-water 
solutions. A fiber sample was mounted in the reaction 
cell and allowed to remain in the unextended condition 
in the presence of a DMF-water solution. After a certain 
period of time, the fiber was extended 10 percent and 
the stress decay observed. This experiment was repeated 
with different fibers varying the time of immersion of 
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Fic. 3. Schematic representation of the stress relaxation be- 
havior of Dinitrile A fibers extended after various periods of time 
immersed in a DMF-water solution. The solid line represents the 
normal stress relaxation. The time of elongation of different fibers 
is represented by the dotted lines. 
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Fic. 4. The plot of the observed half-life, 4;, as a function of the 
reciprocal of the absolute temperature for four DMF concentra- 
tions (by volume). Open circles represent data at 20 percent 
DMF, the triangles data at 35 percent, the crosses data at 50 
percent, and solid circles data at 65 percent. 


the fibers in the DMF-water solution prior to extension. 
Figure 3 summarizes qualitatively the results of these 
experiments. The solid line represents the exponential 
stress decay that is observed when the penetrant is 
added to an extended fiber which has been relaxed in 
water. The time of elongation of the fibers after the 
addition of the DMF-water solution is indicated by the 
dotted lines. It was observed that the stress produced 
after 10 percent elongation decreased with increasing 
time of immersion in the DMF-water solution, and that 
the subsequent stress decay then followed the course 
indicated by the solid line. After a period of time in 
contact with the DMF-water solution equivalent to 
that required to reach equilibrium in the normal stress- 
relaxation experiment, the material behaved somewhat 
like a rubber in that no measureable stress decay 
occurred upon extension. These experimental results 
were taken to indicate that chain rearrangement played 
no significant role in the stress-relaxation behavior of 
Dinitrile A fibers in the presence of DMF-water solu- 
tions, and that the interaction of the penetrant with 
the fiber controlled the stress-relaxation behavior. 
Stress-relaxation experiments were carried out to 
determine the effect of temperature and concentration 
on the rate of stress relaxation of Dinitrile A fibers in 
the presence of DMF-water solutions. The data were 
fitted analytically with an exponential equation [Eq. 
(11) ]. The results are summarized in Figs. 4, 5, and 6. 
In Fig. 4 is plotted the logarithm of the half-life, ¢, in 
minutes, against the reciprocal of the absolute tem- 
perature, at four concentrations (by volume) of DMF 
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Fic. 5. The plot of 
the observed half- 
life, 4, as a function 
of DMF concentra- 
tion. The circles rep- 
resent data at 30°C, 
the triangles data at 
45°C, and the crosses 
5 data at 59°C. 
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in water. Although there is some scatter in the data, 
it appears that the activation energy for the process 
is about 14 kcal and is largely independent of the tem- 
perature and concentration. The contribution of the 
DMF concentration Po to 4;, within the experimental 
range studied, is best described by an exponential law, 


ty=ae~ Po, (12) 


as shown in Fig. 5 at three temperatures. 

In Fig. 6 is shown the dependence of the extent of 
relaxation (f/fmax)t<0 On DMF concentration. In 
spite of the scatter of the data it is seen that a trend 


exists wherein the extent of the reaction is directly. 


proportional to the DMF concentration, and is largely 
independent of temperature, within experimental error. 

These data can be explained qualitatively by the 
mechanism used for the derivation of Eqs. (7) and (11). 
Quantitatively, however, these equations require that 
the half-life be proportional to the reciprocal of some 
power of the DMF concentration; but the results 
show an exponential relationship (Fig. 5) and suggest 
that some other process controls the rate of stress relax- 
ation. In the course of the discussion of Eq. (7) it was 
noted that the state of orientation of the fiber would be 
expected to play a role in the form of the stress relax- 
ation curve. Figure 7 shows the stress-relaxation be- 
havior under identical conditions of a Dinitrile A fiber 
drawn 3:1 and another drawn 5:1. These fibers are 
from a different lot than those used previously. In this 
figure, {/fmax is plotted against the logarithm of time 
in minutes. The data clearly indicate that both the rate 
and extent of stress relaxation are dependent on draw 
ratio and, probably, orientation. If a reaction such as 
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that described by Eq. (7) controlled the rate of stress re- 
laxation, it would be expected that the extent, but not 
the rate of the reaction would be affected by orientation, 
unless, of course, the order of the reaction changed with 
orientation. As an alternative possibility, the de- 
pendence of the rate on orientation suggested that the 
diffusion of the penetrant into the fiber controlled the 
rate of stress relaxation, since it is conceivable that the 
diffusion coefficient can be altered by the state of orien- 
tation of the fiber. If this hypothesis is correct, the 
half-life 4; of the stress relaxation is related to the 
diffusion coefficient D by Eq. (3), and according to the 
experimental data (Fig. 5), the diffusion coefficient 
would be concentration dependent. Indeed, as noted 
previously” the diffusion coefficient is observed to be 
concentration dependent in polymeric systems. Crank'* 
has suggested that the relation between the diffusion 
coefficient and the penetrant concentration is similar 
to that given by Eq. (12) which lends some support to 
the application of the diffusion hypothesis to the 
present data. 

In order to test the concept that the rate of diffusion 
controls the rate of stress relaxation, three samples of 
Dinitrile A fibers were obtained with different cross- 
sectional areas. According to Eq. (3) the half-life 4, 
should be directly proportional to the cross-sectional 
area ma*. Although Eq. (3) does not hold for a concen- 
tration dependent diffusion coefficient, it should still 
indicate correctly the qualitative dependence of half- 
life on cross-sectional area in a concentration dependent 
system. Table I summarizes the results of a typical 
experiment. Since the fibers were nearly at the same 
state of orientation as judged from their tensile 
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Fic. 6. The plot of the extent of relaxation (f/fmax):-~ aS a 
function of DMF concentration. The circles represent data at 
30°C, the triangles data at 45°C, and the crosses data at 59°C. 
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TABLE I. 











40% DMF in H20 30.4°C 
area (cm?) ty (min) 
5.6X 1077 18 
23X 1077 23 
53X 1077 27 


— 








strengths, the only way to explain the increase in /; 
with an increase in cross-sectional area is in terms of a 
diffusion controlled process. Further experiments along 
this line of investigation were not attempted because 
the irregular shape of the fiber cross section and the 
concentration dependent diffusion coefficient precluded 
the application of simple theory and the unambiguous 
determination of the diffusion coefficient. Also, differ- 
ences in producing fibers with different cross-sectional 
areas introduced variables which were difficult to 
control. 

In order to check the diffusion coefficient obtained 
from the half-life of the stress-relaxation experiment 
a simple diffusion cell was constructed by clamping a 
polymer strip between two ordinary microscope slides. 
The arrangement was such that when the cell was 
immersed in the penetrant only one pair of surfaces was 
exposed. The Dinitrile A strip used (0.45X0.04X0.015 
inches) was cut from a film that had been drawn 3/1. 
The penetrant was a 50 percent solution of DMF in 
water at 56°C. Following exposure of the film to the 
penetrant solution, the cell was viewed in an optical 
system which permitted observation of differences in 
optical retardation. After a period of time two regions 
appeared in the strip separated by a sharp line of de- 
marcation. This boundary advanced 0.006 cm in 4.1 
+1.5hr. The solution to this diffusion problem has 
been worked out for the corresponding case of thermal 
diffusion.’ A rough calculation, based on an assumption 
of the concentration at the demarcation line of 1 to 16 
percent of the external concentration, gave a diffusion 
coefficient in the range 0.4 to 3.510~-* cm?/hour. 
Assuming a circular cross section for Dinitrile A fibers 
the diffusion coefficient can be obtained from Eq. (3) 
under the same conditions, and is found to be 1.8 10-6 
cm*/hour. Thus, under the assumptions made here, it 
appears that the diffusion coefficients obtained from 
the two techniques agree within an order of magnitude. 

Since the rate of stress relaxation decreased with 
increasing fiber cross-sectioned area and was roughly 
equivalent to the rate of a similar process known to be 
pure diffusion, the control of the rate of stress relaxa- 
tion by the rate of diffusion of penetrant to cross-link 
bond sites was considered well established. Thus, the 
rate constant determined by fitting Eq. (11) to the 
stress-relaxation data must be associated with the rate 
of the diffusion process, rather than with the rate of 


19 See reference 11, p. 43. 
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Fic. 7. Stress relaxation of Dinitrile A fibers as a function of 
orientation. The crosses represent data obtained with a fiber 
drawn 5:1, while the triangles represent data obtained with a 
fiber drawn 3:1. 


chemical reaction. Equation (11) then becomes, 


fl) Aen f(*) 
—-=] 1-—— | exp(—6)+—— (13 
70) UL 7@) 1 tq , 


where 6 is the observed rate constant for diffusion and 
f(~)/f(O) is equivalent to (f/ fmax):-». In general the 
parameters, 6 and f(*)/f(0) would be functions of 
temperature, penetrant concentration, cross-sectional 
area, and orientation. The results obtained here were 
sufficient to show in detail only the dependence of 6 on 
temperature and penetrant concentration, with fiber 
cross-sectional area and orientation held constant. 
From Figs. 4 and 5 it follows that, 


1 06 0 (Iné;) E 
-{——| -| =—=constant (14) 
dLO(1/T)JPyo LO(1/T)JPo R 


and 
1f 06 0 (Infy) 
-|—| -|—] =—C=constant (15) 
bLOP odiyr OPo Jiyr : 


where E is the experimental activation energy and R 
the gas constant. Integrating Eqs. (14) and (15), the 
following expression for 6 is obtained in which A is a 
constant: 





6 = Ae~(EIRT-CPo) (16) 


The extent of relaxation, f()/f(0), varies only with 
the penetrant concentration (Fig. 6) within experi- 
mental error, the relation being, 


f(~)/f(0)=1—BPo, (17) 


where B is a constant. 
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TABLE II. 
Quantity Value 
B 1.4 
A 3.3 10° (min) 
E 14 kcal 
& 9.5 








Combining relations (16) and (17) with Eq. (13) gives 


f 
—-= BP exp(— Ae (¥/27-CP0)s)-1]+4+1, (18) 
f(0) 


Equation (18) expresses the stress relaxation as a 
function of temperature and penetrant concentration 
at constant orientation and cross-sectional area. Values 
for the constants are listed in Table II. Values for rela- 
tive stress computed from Eq. (18) using the constants 
in Table II may be in error by as much as 60 percent. 
This uncertainty arises principally from the scatter 
in the data expressing f(x)/f(0) as a function of 
penetrant concentration (Fig. 6). 

In terms of the diffusion process, it can be seen in 
Eq. (18) that the diffusion coefficient remains finite as 
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the penetrant concentration approaches zero. The effect 
of orientation on the diffusion process has not been 
determined accurately, but there is an indication in the 
data of Fig. 7 that orientation would affect the values 
of B, A, E, and C in Eq. (18). Cross-sectional area 
would be expected to influence only the value of A. 


SUMMARY 


The stress-relaxation behavior of Dinitrile A fibers 
in the presence of DMF-water solutions is best ex- 
plained in terms of a diffusion controlled process. The 
diffusion coefficient is exponentially dependent on the 
penetrant concentration. The diffusion process has an 
activation energy of 14 kcal, and is dependent on the 
state of orientation of the fiber. It is believed 
that the stress-relaxation technique offers a rela- 
tively simple and rapid means of determining relative 
diffusion coefficients. 
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A study of the rheological properties of lubricating oils was made by means of semiquantitative measure- 
ments of the viscosity and elasticity of surface and interfacial films. A torsion-pendulum type, surface vis- 
cometer was used. A refined, uncompounded mineral oil was shown to possess neither surface nor interfacial 
viscosity or elasticity. One additive in mineral oil showed surface viscosity and elasticity, and two additives 
developed these properties at an oil-water interface. The aged, viscous surface and interfacial films studied 


were found to be non-Newtonian. 


INTRODUCTION 


ISCOSITY exists at a liquid-liquid or liquid-vapor 
interface if the interface itself contributes to the 
resistance to motion of a body moving in the plane of 
the interface. Within the experimental error, there 
is no increased shear resistance in the interface of a 
pure liquid against its own vapor. However, many 
surface active contaminants in a liquid orient and pack 
at an interface, imparting appreciable resistance to 
shear. This increased resistance is defined as the surface 
viscosity at that particular interface and is recognized 
as being a function of molecular type, film pressure, 
temperature, and substrate.! 
Many surface studies have been made on the effects 
of surfactants on the surface tension of water, mineral 


1M. Joly, Kolloid-Z. 126, 35 (1952). 


oil-water interfacial tension, and the spreading proper- 
ties of oil on water. However, surface rheological 
properties, such as viscosity and elasticity, are relatively 
unexplored. Most studies on surface rheological proper- 
ties have been made at water-air interfaces.?~® 
Within the authors’ knowledge, nothing has been 
reported previously on viscosity or elasticity of oil-air 
or hydrocarbon-air interfaces. Cumper and Alexander’ 


2 Brown, Thuman, and McBain, J. Colloid Sci. 8, 491 (1953). 

3B. C. Blakey, Nature 170, 232 (1952). 

4 Miles, Ross, and Shedlovsky, J. Am. Oil Chem. Soc. 27, 268 
(1950). 

5W.D. Harkins, Physical Chemistry of Surface Films (Reinhold 
Publishing Corporation, New York, 1952), p. 144. 

§T. Langmuir and V. Schaeffer, J. Am. Chem. Soc. 59, 2400 
(1937). 

7C. W. N. Cumper and A. E. Alexander, Trans. Faraday Soc. 
46, 243 (1950). 
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studied several proteins at an oil-water interface. 
Sherman® utilized a surface viscometer to study inter- 
facial properties of oil soluble emulsifying agents. 
These studies suggested the utility of a torsion-type 
surface viscometer in exploring the surface properties 
of additives in oils. 

Measurements of surface viscosity on water have been 
made using canal-type, rotational torsion-type, and 
pendulum torsion-type viscometers. The last type was 
selected for this study because: (1) it permits the rapid 
investigation of the viscosity versus shear-rate charac- 
teristics of surfaces and interfaces and (2) it permits 
investigation of the elasticity and the work stability 
of a film. 

The elasticity of surface films has been studied by 
several workers.®:?*° Under some conditions, protein 
monolayers were found to possess high elasticity on an 
aqueous substrate. Surface film elasticity of proteins 
was studied by observing the contribution of the elastic 
film to the restoring torque of the oscillating systems.’ 

This paper describes a torsion-pendulum surface 
viscometer capable of measureing a wide range of 
viscosities and elasticities. Data are presented on the 
effects of some conventional additives on these proper- 
ties at oil surfaces and oil-water interfaces. 


EXPERIMENTAL PROCEDURE 


Surface viscosity and elasticity were studied by 
means of a torsion-pendulum surface viscometer similar 
to that of Wilson and Ries" (Fig. 1). The pendulum was 
made to oscillate, and measurements were made of the 
period of the pendulum and the damping effects. Pre- 
liminary tests showed that the size of the dish was im- 
portant when containers less than 4 in. in diameter 





Fic. 1. Surface viscometer and optical system. 





8 P. Sherman, J. Colloid Sci. 8, 35 (1953). 

®T. Tachibana and K. Inokuchi, J. Colloid Sci. 8, 341 (1953). 

”L. Fourt, J. Phys. Chem. 43, 887 (1937). 

"R, E. Wilson and E. D. Ries, Colloid Symposium Monograph 
(Williams and Wilkins, Baltimore, 1923), Vol. I, p. 145. 
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RING VISCOMETER 


Fic. 2. Surface 
viscometer designs. 
Ring, disk, and 
knife-edged disk vis- 
cometers. 





+2" _,, 
KNIFE-EDGED DISK VISCOMETER 





were used. The liquid to be studied was poured into 
a 10-in. diameter dish, and the dish was raised until 
the liquid level touched the bottom of the brass viscom- 
eter (Fig. 2). A two-in. diameter ring viscometer was 
used for the oil-air interfacial studies. A knife-edged 
disk was used for all oil-water interfacial studies except 
those involving blends of oi! and sorbitan monooleate 
(Span 80 of Atlas Powder Company). Previous ex- 
perience showed that the knife-edged disk viscometer 
was more suitable for both surface and interfacial 
studies because this design minimized the possibility 
of air pockets on the bottom of the disk and reduced the 
error due to irreproducible positioning of the disk at 
the interface. 

Oscillation amplitudes were measured by use of an 
optical system which enabled them to be read to 
+0.02°. Oscillation periods were determined with a 
stopwatch to +0.2 sec. The viscometer was enclosed 
in a Lucite-faced box at a temperature of 24+1°C. 

The equipment used in this study (Fig. 1) employed 
a 2-in. diameter brass viscometer loaded with a number 
of 2-in. lead washers to obtain the desired polar moment 
of inertia. The sensitivity and range of the pendulum 
were altered by using different wires and by varying 
the number of lead washers. For oil systems, it was 
found that a pendulum having a period in air of about 
30 sec and a polar moment of inertia of 3000 g-cm* 
was convenient and had the desired sensitivity and 
range. The torsion wire was a 33-cm length of 0.15-mm 
(0.006-in.) diameter steel piano wire. 

Surface viscosity was determined by measuring the 
effect of the surface on the damping of the torsion 
pendulum when the disk was in the plane of the surface. 
Interfacial viscosity determinations involved the same 
type of measurement when the disk was leveled to a 
water surface and oil was carefully poured over the water 
surface to cover the disk to a depth of 2 cm. The water 
layer in these cases was at least 1 cm deep. 

For a given system, observations were made on the 
amplitude of oscillation of successive swings and on the 
period of the pendulum as a function of the age of the 
interface. The age is given as the time since formation 
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TABLE I. Surface rheological properties of some additives in oil. 











Surf i 
be | Interface 
a Percent Percent dynes/em dynes/cm Oil-water Oil-air 
Composition calcium sulfur at 23°C at 23°C Viscosity Elasticity Viscosity Elasticity 
Oil A* 0 0 32 38 0 0 0 0 
A+2.27% Bb 0.067 0.107 32 15 0 0 0 0 
A+3.00% Cs 0 0 32 2.5 High High 0 0 
A+0.010% D4 0 0 ove ove 0 0 0 0 
A+0.94% Ee 0.062 0.042 32 23 High Indeterminable High High 
A+0.010% D and 0.062 0.042 cee ee High Indeterminable 0 0 
0.094% E 








* A =Solvent refined, SAE 10 grade oil; 32.04 cs at 100°F, 5.08 cs at 210°F; 
molecular weight is 390. 

>» B =Neutral calcium petroleum sulfonate, m.wt. about 1000. 

e C =Sorbitan monodleate (Atlas Powder Company), marketed as ‘Span 8 


density at 24°C =0.872 g/cm!; refractive index at 20°C is 1.4805; average 


4 D =Methy!l silicone fluid (Dow Corning), marketed as DC 200 (350 cs at *5°C). 


e E =Sulfurized calcium alkyl phenate. 


of the interface, not the time since the previous measure- 
ment. A plot of the logarithm of the amplitude of 
successive swings against the number of swings gave 
a curve, the slope of which was proportional to the 
damping factor. The damping factor, due to the sur- 
face film, was assumed to be equal to the difference be- 
tween the observed damping factor r,; and that due to 
the bulk damping of the liquid 79. The apparent sur- 
face viscosity o,,, was defined as 


Sapp=No(re—1o)/To, (1) 


where mo was the bulk viscosity of the oil. 

A consideration of the dynamics of a damped torsion 
pendulum gives the following relation’? between the 
period P, the torsion constant C, the polar moment 
of inertia 7, and the damping factor r: 


p=2(——) P (2) 
CI-r 


From this relationship it is seen that, if the damping 
factor is large, the period increases appreciably over 
that in air. In the absence of elasticity of the medium, 
the damping factor could be evaluated directly from 
precise determinations of the period. However, this 
was not done because the period is a sensitive function 
of the damping factor only at large damping factors in 
the range of critical damping. Measurement of the 
damping factor from decrements in amplitude of oscilla- 
tion resulted in a more sensitive damping factor deter- 
mination. The theory" of the torsion pendulum in a 
viscous medium gives the damping factor r as 


r=2.31A/P, (3) 


where A is the difference in the common logarithm of 
the amplitude of successive swings. 

Viscosity and elasticity were evaluated from simul- 
taneous determination of period and damping factor, 
using Eqs. (1)-(3). By using oscillation amplitudes 
small enough so that the oscillations were within the 
elastic region of the film, the viscosity effect was practi- 
cally eliminated, and the elasticity was evaluated 


12 R. J. Myers and W. D. Harkins, J. Chem. Phys. 5, 601 (1937). 


directly from the decrease in period. By using ampli- 
tudes that were large with respect to the elastic limit 
of the film, the elasticity effect was minimized and the 
viscosity was evaluated. The sensitivity of the ampli- 
tude measurements set the lower limit at about 0.05° 
deflection or 0.05 in. of arc using the present equipment. 
The repeatability of the measurements of the damping 
factor of a clean substrate was +5 percent. 


EXPERIMENTAL DATA 


The terminology of the British Rheologists’ Club" 
is used below to describe and classify the rheological 
behavior observed. Using the equipment and procedure 
described above, observations were made on several 
lubricant systems for the amplitude of oscillation of 
successive swings and the period of oscillation. Each 
system was studied as a function of the age of surface 
or interface. In general, refined mineral oil possessed 
negligible surface or interfacial viscosity and elasticity. 
However, when certain chemicals were added to the 
oil in the order of 1 percent concentration, pronounced 
viscosity and elasticity became apparent. Table I 
summarizes the rheological properties of the oil and 
oil-additive systems investigated. The properties of 
the base oil and the additives are also given in Table I. 

The addition of neutral calcium petroleum sulfonate 
to the above base oil was found to have no effect on the 
surface or interfacial viscosity and elasticity. However, 
interfacial tension measurements of this oil blend 
against water showed that, within one minute after 
establishing the interface, the additive had lowered the 
interfacial tension from 30 to 15 dynes/cm. This 
indicates rapid concentration and orientation of the 
additive at the interface. Experience with a variety 
of additives has shown that low interfacial viscosity 
and elasticity are sometimes, but not always, associated 
with low interfacial tension. 

When 1 percent to 3 percent of sorbitan monodleate 
was added to the base oil, no surface viscosity or 
elasticity was detected, but high oil-water interfacial 
viscosity and elasticity were evident (Figs. 3-5). 


13 British Rheologists’ Club, Nature 149, 702 (1942). 
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Figure 3 shows that interfacial viscosity develops more 
rapidly with a higher concentration of sorbitan mono- 
dleate. Figure 4 gives data on the dependence of ap- 
parent interfacial viscosity on shear rate and age of the 
interface; the film was thixotropic when aged 40 min. 
In Fig. 5, the decrease in the period of the oscillating 
pendulum showed an elastic contribution to the re- 
storing torque by this aged interfacial film. Amplitudes 
of oscillation of less than two degrees were used in 
order to stay within the elastic region of the film and to 
avoid or minimize the viscosity effects. Under these 
conditions, the period of the pendulum decreased from 
30 to 9 sec when this film aged for 19 hr (1140 min). 
The present technique, therefore, enabled the investiga- 
tion of the contributions of elasticity and fluidity of 
this interfacial film over a range of deformations. At 
large amplitudes of oscillation, either viscoelastic 
viscous flow, or plastoelastic plastic flow, or a combina- 
tion of these types, characterizes this film. Additional 
observations during the experiments showed that, at 
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Fic. 3. Effect of time on apparent interfacial viscosity. Additives 
in SAE 10 mineral oil. Viscosity at 10° amplitude of oscillation. 


small amplitudes of oscillation, deformation occurs 
which is best described as nonideal, incompletely re- 
coverable, and plastoelastic or viscoelastic. More precise 
measurements are needed to distinguish between the 
plastic or viscous nature of the film at low amplitudes. 

A stress relaxation curve for the interface between 
water and a blend of 3 percent sorbitan monodleate 
in oil is given in Fig. 6. The interface was aged 24 hr 
prior to the determination. For oscillation amplitudes 
of less than one degree, this system had a period of 
9 sec. Stress was applied by rotating the torsion wire 
suspension through a known angle, and the displace- 
ment of the pendulum was plotted as a function of time. 
These data indicate some of the complexities of the 
system, but it is clearly recognized that the present 
equipment permits only an investigation of those relaxa- 
tion mechanisms which are slow compared to the*period 
of the pendulum. 

The addition of sulfurized calcium alkyl phenate to 
mineral oil gave rise to high surface viscosity and elastic- 
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Fic. 4. Effect of shear rate and time on apparent interfacial vis- 
cosity. One percent sorbitan monodleate in SAE 10 mineral oil. 


ity. The interfacial elasticity was indeterminable using 
this equipment because of the high interfacial viscosity. 
Figure 7 shows the apparent surface viscosity of this 
blend as a function of the age of the surface. In this 
system the apparent surface viscosity depended upon 
the amplitude of oscillation and, therefore, upon the 
shear rate. In the terminology of the British Rheologists’ 
Club, this system is classified as a viscoelastic viscous 
film. After this film had aged several hours; it exhibited 
non-Newtonian and false-body behavior, i.e., the 
apparent viscosity was a function of both rate of shear 
and time of rest after shear. 

Measurements of interfacial viscosity of the oil- 
phenate system (Fig. 3) showed a rapid development of 
the oriented film. Even for small amplitudes, the period 
of the viscometer at the interface was always equal to or 
greater than its period“in the base oil; therefore, the 
elasticity in this interface could not be determined by 
the present equipntent. This does not eliminate the 
possibility that,the system may possess interfacial 
elasticity with an elastic recovery time short relative 
to the period of oscillation of the pendulum. 

Dimethy] silicone at 0.01 percent concentration in oil 
exhibited no surface or interfacial viscosity or elasticity. 
Moreover, the addition of 0.01 percent dimethy] silicone 
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Fic. 5. Development of interfacial elasticity. One percent 
sorbitan monodleate in SAE 10 mineral oil. Oscillation amplitudes 
less than two degrees. 
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to the above blend of oil and sulfurized calcium alkyl 
phenate resulted in the elimination of both the surface 
viscosity and elasticity. It also decreased the rate of 
development of interfacial viscosity of the oil-phenate 
blend. Due either to the small elastic limit or to the 
rapid relaxation period, or both, of this interfacial film, 
this equipment was inadequate to determine the inter- 
facial elasticity. In view of the fact that dimethyl 
silicone is a well-known commerical defoaming agent 
for hydrocarbons, this experiment is in harmony with 
current thought that surface viscosity is a factor in 
foaming. 
CONCLUSIONS 


The present data were obtained to ascertain the sur- 
face rheological properties of oil-additive systems. The 
results show that widely differing and readily meas- 
urable surface rheological properties are imparted to 
oil-air and oil-water interfaces by some conventional 
oil additives. It remains to be demonstrated which 
component or group of components in the samples of 
additives are responsible for the surface properties. 
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Fic, 6. Stress relaxation curve. Interface of water and SAF 10 
mineral oil containing 3 percent sorbitan monodleate. Interface 
aged 24 hrs. 
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hic. 7. Apparent surface viscosity. SAE 10 mineral oil containing 
0.94 percent sulfurized calcium alkyl phenate. 


Furthermore, concentration and temperature effects 
remain to be investigated. The work-unstable nature of 
the films, their long recovery period, and their elasticity 
make some of the systems extremely complex. 

The present work demonstrated that a_ torsion- 
pendulum surface and interfacial viscometer is suitable 
for investigating a wide range of surface and interfacial 
viscosities found in oil and additive systems. Utilization 
of this equipment in a study of some conventional 
additives in oil showed the following : 


1. A refined, uncompounded mineral oil did not 
possess surface or interfacial viscosity or elasticity. 

2. One additive in oil was shown to exhibit surface 
viscosity and elasticity, and two additives showed oil- 
water interfacial viscosity and elasticity. 

3. Surface and interfacial viscosity and _ elasticity 
were negligible at all fresh interfaces. These properties 
started to develop in a few minutes and continued to 
increase for many hours. 

4. All viscous films studied were non-Newtonian. 
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Contribution to the Study of Transport Phenomena in Gases at High Densities 


A. Micuets, J. A. M. Cox, ANb A. Botzen, Van der Waals Laboratory, Gemeente University, Amsterdam, The Netherlands 
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ABRAHAM S. FrIEDMAN,* National Bureau of Standards, Washington 25, D. C. 
(Received March 10, 1955) 


The results of recent measurements of the viscosity and thermal conductivity of argon have shown the 
importance of studying these transport phenomena over a large density range in different regions of the 
reduced temperature. It appears that the Chapman-Enskog theory cannot give an adequate description 
of the new experiments. It has not yet been possible to give a full account of the observations. However, 
a less rigorous theoretical discussion demonstrates the relevant physical features of the problem. For the 
moment it serves to indicate a new experimental program. This research may contribute to a more clear 
undersianding of the transport properties in different states of a material, including the difficult inter- 


mediate region between the gas and liquid state. 


N order to give an idea of the general trend of 
measured data on thermal conductivity and_vis- 
cosity of compressed gases, we shall first show some 
results obtained at the Van der Waals laboratory. 
Figure 1 shows the results! on the thermal con- 
ductivity of nitrogen, plotted as a function of density. 
We see that the different isotherms run more or less 
parallel in this figure. The density dependence of the 
viscosity of nitrogen® is shown in Fig. 2. For the vis- 
cosity of hydrogen* and deuterium® we obtain similar 
graphs. 
We shall now consider the theoretical interpretation 
of these data. In the case of dilute gases, we have the 
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Fic. 1. Thermal conductivity of nitrogen vs density, 
at different temperatures. 


* Fulbright Research Fellow, Gemeente University, Amsterdam’ 
The Netherlands, 1951-1952. 

1A. Botzen, thesis, Amsterdam, 1952; A. Michels and A. 
Botzen, Physica 19, 585 (1953). 

24. Michels and R. O. Gibson, Proc. Roy. Soc. (London) (A) 
134, 288 (1931). 

* A.C. J. Schipper, thesis, Amsterdam, 1954; Michels, Schipper, 
and Rintoul, Physica 19, 1011 (1953). 


theory of Chapman and Enskog* which is fairly com- 
plete. The essential assumption in this theory is that 
only the encounters of two molecules at a time need to 
be considered, encounters between more than two 
molecules being negligibly rare. On the other hand, 
calculations have been made with this binary encounter 
theory for a variety of intermolecular potentials. For the 
well-known Lennard-Jones intermolecular potential, 


g(r) = 4e{ (a /r)?— (o/r)*], 


calculations have been carried out by Hirschfelder, Bird, 
and Spotz,® and by De Boer and Van Kranendonk.*® 
With dense gases, the assumption of binary en- 
counters breaks down for real molecules. However, 
this assumption holds for a gas whose molecules are 
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Fic. 2. Viscosity of nitrogen vs density, at different temperatures. 


*S. Chapman and T. G. Cowling, The Mathematical Theory of 
Non-uniform Gases (Cambridge University Press, New York, 
1953), second edition. 

5 Hirschfelder, Bird, and Spotz, J. Chem. Phys. 16, 968 (1948) ; 
17, 1343 (1949); Chem. Revs. 44, 205 (1949). 

6 J. De Boer and J. Van Kranendonk, Physica 14, 442 (1948). 
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Fic. 3. \/p vs density for nitrogen at different temperatures. 


rigid spheres. In fact, this has been done in the Enskog 
theory* for dense gases. 

The transport of momentum and energy in a dense 
gas is due, not only to the motion of the molecules, but 
also to another effect. When two spheres collide, there 
is an instantaneous transport of momentum and energy 
over the distance (¢) at collision between the two 
centers. In a dilute gas this distance is small in com- 
parison to the mean free path between collisions, and 
therefore this mode of transfer of momentum and 
energy is relatively unimportant in comparison to the 
transfer by the motion of the molecules. In a dense gas 
this is no longer true. 

Furthermore, whereas in a dilute rigid-sphere gas 
the number density of molecules in the immediate 
neighborhood of a certain molecule is practically equal 
to the number density at large, this, too, is no longer 
the case in a dense gas, where the former density will 
differ by a certain factor x from the density at large. 
Because of this, the kinetic part of the transfer of 
momentum and energy has to be recalculated for a 
dense gas. Both these effects are taken into account in 
the Enskog theory for dense gases. The formulas for 
the viscosity 7 and the thermal conductivity A, in com- 
parison with the same quantities mo and Ao for dilute 
gases, can be expressed in terms of o (or the Van der 
Waals b= (2x/3)mo*), x and the density p as follows: 


A=Aobp(1/bpx+1.2+0.7574bpx) : 
n= nobp(1/bpx+0.8+0.7614bdp«). 


For the application of the formulas, A» and mo are taken 
to be the experimental thermal conductivity and vis- 
cosity at one atmosphere; the parameters 5 and « are 
calculated by fitting the experimental p—-V—T data 
to the theoretical equation of state derived on the same 
basis by Enskog, 

p=nkT (1+ Dp). 


It appears that the theoretical data agree reasonably 
well, in the case of nitrogen, with the experimental ones. 
The discrepancy at the highest experimental pressures 
is of the order of 10 percent. 
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From the formulas for \ and 7 it follows that, asa func. 
tion of bpx, \/p and n/p show a minimum. This occurs 
indeed in, e.g., the experimental plots of \/p and n/p 
versus p for nitrogen (Figs. 3 and 4). For argon, the 
recently found experimental curves for A and 7 are 
shown in Figs. 5 and 6. 

A comparison with the theory shows qualitatively 
and quantitatively a large discrepancy, which is of the 
order of 100 percent at the highest pressures. The 
remarkable fact exists, that the density of the “maxima” 
of the isotherms of the thermal conductivity in Fig, 5 
is roughly equal to the critical density. Evidently the 
attractive forces between the molecules, which are 
responsible for the occurrence of a critical point, have 
something to do also with this phenomenon. That this 
is not found for nitrogen, may be related to the fact 
that the experimental temperatures for nitrogen are 
higher, relative to the critical temperature. This may 
be made more plausible by comparison of the specific 
heat at constant pressure of argon and nitrogen, where 
for argon there exists a more pronounced maximum than 
for nitrogen at the same temperature. 

Up to now a rigorous theory for dense gases with a 
more general intermolecular potential does not exist. 
Some remarks may illustrate the difficulties. With a 
more general intermolecular field, one obtains, e.g., for 
the pressure tensor the expression.’ 


1 
— f falss8)(E—w) (E—w)d—- f rrr! (r)na(x,2)dr. 


As is well known the significance of the pressure tensor 
is, that dip-d§S is the transfer of momentum during the 
time dt through the surface element dS; therefore p is 
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Fic. 4. n/p vs density for nitrogen at different temperatures. 


? Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases and 
Liquids (John Wiley and Sons, Inc., New York, 1954), Chapter 9. 
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TRANSPORT PHENOMENA 


the sum of the hydrostatic pressure and the viscous 
pressure tensor. 

The first summand of ) is the part due to the motions 
of the molecules (m=mass; &=velocity of the mole- 
cules: u=mean velocity of the gas). The velocity dis- 
tribution function /;(x,&) measures the probability of 
finding a molecule in the volume element dx around the 
position x, with a velocity in the velocity space volume 
element dé around the point &, this probability being 
fi(x,&)dxdé. 

The second summand of ) is due to the intermolecular 
forces. One has to think of two molecules at positions 
x+3r and x—}r, with distance vector r and intermolec- 
ular force d¢(r)/dr. This summand contains further- 
more ”2(x,r), the so-called second distribution function; 
n2(X,r)dx,dX2 is the probability of finding two mole- 
cules in volume elements dx;, dx. around the points 
x+4r. If the positions of two molecules are uncorre- 
lated, then m2 is simply the product m,(x—$r)m,(x+}r) 
of the single-molecule number densities. In a gas 
in equilibrium one can write 


No(X,r) = m1(x—4r)2i(x+3r)g(r), 


with g(r), the “radial distribution function.” Even in 
equilibrium one can not yet rigorously calculate the g; 
for gases not in equilibrium the problem is of course 
still more difficult. 

We want to remark, that, in the case of hard spheres, 
only the value of g(r) for r=o (the collision radius) is 
of interest; this g(a) is nothing else than that factor x 
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Fic. 5. Thermal conductivity of argon vs density, 
at different temperatures. 
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Fic. 6. Viscosity of argon vs density, at different temperatures. 


in the Enskog theory. Furthermore, the rigid sphere 
model gives only an approximate representation of the 
repulsive forces. The contribution of the attractive 
forces to the second summand of » can be held re- 
sponsible for the deviations, in the case of argon, from 
the Enskog theory; it is reasonable, therefore, to expect 
such deviations also in the case of nitrogen, but for 
lower temperatures. 

Though a rigorous theory is not yet possible, the 
above remarks may suffice to allow us to indicate a 
program for further experimental research, namely to 
investigate viscosity and thermal conductivity of dense 
gases nearer (though still above) their critical point, 
either by low-temperature experiments or by taking 
gases with rather high critical temperatures (e.g. 
xenon, carbon dioxide). Of course, the noble gases, 
with their spherically symmetrical molecules, seem to 
be the most desirable objects of investigation, since it 
facilitates the interpretation. These experiments may 
lead to a better understanding of the contribution of 
the different modes of transfer in dependence of the 
state of the gas. By measuring from the diluted gas 
state to the liquid state, the importance of the different 
modes of transfer changes gradually from the effect of 
the molecular motion to the action of the intermolecular 
forces. 
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In order to supplement dynamic measurements in shear and bending, the vibration tester of the Franklin 
Institute Laboratories was used to measure the bulk compressibility of plastics using harmonic vibrations. 
Polyethylene and plasticized polyvinyl chloride were investigated. The values of the compressibility were 
comparable to the static values as far as they are known. A noticeable phase shift between pressure changes 
and volume changes could not be detected with certainty so that the bulk modulus B in dynes/cm? is not a 
complex quantity. Especially for the polyethylene, a temperature range from —25 to +95°C and a frequency 
range from 0.0003 to 5 cps was used. The isothermals obtained could be shifted together using the method of 
reduced variables of Ferry. From the frequency shifts a7, an activation energy of 60 kcal/mole was obtained. 





I. INTRODUCTION 


N classical deformational mechanics, the Lamé 

constants \ and uw determine the behavior of the 
material either in shear, tension, or compression. It is 
now well known that viscoelastic materials stressed by 
harmonic forces can be described as having a complex 
shear modulus, G, identical with u. The question then 
arises how A behaves; does it also become complex? The 
well-known relationship between these two_ basic 
constants and the observable quantities such as 
Young’s modulus, etc., is given in Table I taken from 
Alfrey’s book.! 

The phase angle of \ can be identical with the phase 
angle for G. The same problem, of course, occurs in the 
comparison of Young’s modulus measured in bending 
with the shear modulus because these two quantities 
are both expressed by A and u. In many cases,’ it has 
been proven experimentally that the loss angle for both 
shear modulus and Young’s modulus are identical, 
which would also lead to the same loss angle for X. 
This seems to be especially true in the very ‘“‘hard” 
region, when G is in the neighborhood of 10” 
dynes/cm*. Until now, except for a comparative 
calculation by Marvin,’ there has been no experimental 


Fic. 1. Attachment to the 
vibration tester for measuring 
dynamic compressibilities. 
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'T. Alfrey, Jr., The Mechanical Behavior of High Polymers 
(Interscience Publishers, Inc., New York, 1948), p. 15. 

?Heyboer, Dekking, and Staverman, Second Rheology 
Congress (1953), p. 123, and unpublished measurements at 
Franklin Institute Laboratories. 


3 Marvin, Aldrich, and Sack, J. Appl. Phys. 25, 1213 (1954). 


evidence as to how X behaves at different frequencies 
and temperatures using sinusoidal vibrations. Measure- 
ments in the steady state have shown that the com- 
pressibility A increases somewhat with increasing 
temperature and has no time effects. On the other hand, 
there is some question as to whether the second-order 
transition is caused by time effects. From Table I, one 
can easily deduce what the phase relationship between 
the different constants should be if we call 6 the phase 
angle for the shear modulus and a the similar angle for 
\. The imaginary part of the complex bulk modulus B” 
is usually called “the bulk viscosity” yg multiplied 
by the circular frequency w. 


1/K = B=B' +jong=B'+jB". 
II. EXPERIMENTAL SETUP 


The vibration tester developed under the sponsorship 
of the National Asphalt Research Center‘ allows us to 
measure viscoelastic properties in a wide range of 
frequencies (10~° to 10 cps) and temperatures using 
comparatively large amplitudes or forces. We therefore 
attempted to measure the compressibility A (in this 
case, the possible complex compressibility) using a 
suitable attachment. This is shown in Fig. 1 and 
consists of a hardened-steel pressure chamber attached 
to the existing compressional arrangement, and a 
precision made, lapped, hardened-steel plunger which 
rests on a jack and allows us to pre-stress the system 
by compressing the strain gauge. The strain gauge for 
these particular measurements was exceptionally heavy, 
allowing up to 500 lb weight to be used. After pre- 
stressing the whole arrangement to any desired value, 
the jack was locked in place. 

The main difficulty was to insure that the pressure 
chamber was completely tight for long times at different 
temperatures and dynamic conditions, and at the same 
time not cause any static friction. By oiling the plunger 
with a viscous oil (about 200 poises viscosity) and 
pasting a thin polyethylene film on the inside surface 
surface of the plunger with the same oil, we overcame 
this difficulty. The pressure chamber usually contained 


*W. Philippoff, J. Appl. Phys. 24, 685 (1953). 
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TABLE I. 








Elastic constants expressed in terms of: 











Constant am B, u wy E, v E, up 
ener 2 2uv EE u(E—2y) 
Lamé’s constant, r B 3H i—2 (1-+») (1—2r) mE 
Lamé’s constant, _E = 

(shear modulus G) af ad uw 2+2 m 

2 2u(1+) E 1 Eu 
. 7 - B al , . 
Bulk modulus, B +3 3(1—2r) 31-2 3(Gn—E 

9B 
Young’s modulus, £. Ore 3Bia 2(1+)u E E 
Poisson’s ratio, —— 3B—2y ™ ‘ Ey 
2(A+u) 6B+2p 2u 





mercury which was used to calibrate the instrument. 
After the pressure chamber was first filled with mercury, 
the top parts were attached; excess mercury escaped 
through the vent, which was then closed. This gave a 
completely tight seal under all conditions. Some oil was 
pressed out after mounting the instrument, but after 
a few hours, no significant changes in the internal 
pressure was observed. 

The instrument was first calibrated with mercury to 
determine a correction factor based on the finite 
elasticity of the pressure chamber and the whole 
vibration tester. It is well known that the compressi- 
bility K of mercury at +25°C is 3.92X10~° reciprocal 
atmospheres. The value actually measured was about 
17X10~®, the difference’ being caused by the elasticity 
of the arrangement. For the calculation of the com- 
pressibility, the formula is: 


AV <A-dxA wr /dx 
K =——_ = ——_ -.(—)10- atmos! (1) 
V-P VdF V \df 


where A=area of the plunger, in cm’, r=radius of 
piston in cm, V=volume of the pressure chamber in cc, 
?= hydrostatic pressure, in atmospheres, = force, in 
kg, and dx/dF=slope of the hysteresis curve, in 
microns/kg. The final formula was K=68.5X10~° 
X(dx/dF) since the volume V was 12.51 cc and the 
diameter of the plunger (as measured by a micrometer) 
was 1.916 cm. From this formula, it is obvious that 
only one experimental constant, the diameter of the 
plunger, has to be measured with any degree of pre- 
cision, and this is the dimension most easily measurable. 

Further calibration experiments were done using a 
combination of mercury and water in the pressure 
chamber, the compressibility of water being well 
known and equal to 47.6X10-*. If we fill the pressure 
chamber partly by a plastic of a volume V , and partly 
by mercury, volume (V Hg) formula (1) is modified. 
If G, is the weight in grams of the mercury in the 
pressure chamber without the plastic, G: with the 
plastic, we can calculate the volumes 


V »(Gi—G2)/pug (2) 
V =Gi/pug (3) 





where pug is the density of mercury. The compressi- 
bility of the plastic is then calculated as 


A*{ dx V ug 
K =—| —-—0.154—0.0572—— | (4) 
VL dF V 


The constant 0.0572 is calculated from the known 
compressibility of mercury and V. From the values 
of the compressibility of both water and mercury, the 
correction for the instrument was calculated to be 
0.154+0.022 micron/kg, which gives an equivalent 
compressibility of 10.5X10-® atmos"! for the 
instrument. 


Ill. EXPERIMENTS 
A. 


A previous report® covered the measurements of the 
bending modulus of a certain plasticized polyvinyl 
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Fic. 2. Bending, shear, and compressibility measurements vs 
frequency for plasticized polyvinyl] chloride VU-1913. 


5 W. Philippoff, J. Appl. Phys. 25, 1102 (1954). 
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Fic, 3. Bulk modulus B’ and Young’s modulus /’ together with 
tané as a function of the reduced frequency for polyethylene. 


chloride, VU-1913, as supplied by the Bakelite Com- 
pany for the cooperative ASTM program on dynamic 
testing. The shear measurements were made on the 
same sample as shown in Fig. 2. From these two sets of 
experiments (see Fig. 2), a certain Poisson’s ratio vy can 
be calculated. 

It is seen that at higher frequencies or lower tem- 


peratures of the reduced curve, Young’s modulus £ 


becomes substantially equal to 3G, which would be 
equivalent to the statement v=0.50. From classical 
mechanics, as seen in ‘Table I, we would expect the 
deviation between E and 3G to occur at the higher 
values of these constants when they become comparable 
to the bulk modulus, B. Experimentally, as we see, the 
reverse is the case: the deviation occurs at high tem- 
peratures and low values of the moduli. ‘The measure- 
ments of compressibility in the same range did not give 
completely conclusive results. In no case did the com- 
pressibility experiments show a large phase angle. ‘The 
phase angle as measured in shear at 25°C was around 
45°, whereas the maximum phase angle observed in 
the compressibility was only about 10°. ‘This definitely 
points out that the possible maximum phase angle in 
the compressibility does not occur at the same frequency 
as the one in shear. The same is true for the bending 
measurements where the maximum phase angle is 
displayed at a frequency other than the one in shear. 
A compressibility of about 30 to 35X10~* would 
determine a bulk modulus of about 3X 10" dynes/cm’, 
which is much above any of the moduli measured in 
the region of discrepancy. The frequency dependence 
of compressibility in the range measured, even at 
different temperatures, was very small, much smaller 
than the one for the moduli observed in shear or 
bending. 

From Table I, one calculates Poisson’s ratio y using 
Young’s modulus £ and the compressibility K: 


y=}[1—(1/3)KE]. (5) 


AND J. 
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Values of v derived from this relationship are also 
plotted in Fig. 2. It is not clear whether the 
discrepancies in v calculated from Young’s modulus 
and shear data on the one hand and compression data 
on the other are systematic, or experimental. This 
emphasizes the necessity of more refined experiments 
to get a correct description of the mechanical properties 
of viscoelastic materials with large losses, 


B. 


further measurements were done on commercial 
polyethylene. For these tests the instrument was 
mechanically more perfect than for the former ones 
as the piston was relapped with a far better fit than 
before. ‘These experiments could be run in a larger 


TasLe IT. Compressibility measurements on polyethylene. 


ample one: 25°C 


Krequency K (atmos ') B (dynes/cem?) 
5.96 18.9 K10 ® 5.30% 10 
2.06 19.8 X10 ® 5.05% 10 
0.345 22.0 X10 * 4.55 10 
0.0347 23.3 X10°¢ 4.30% 10% 
0.00347 30.0 K10°° 3.33% 10" 
ove 
5.96 16.2 K10 ® 6.17% 10% 
2.06 17.4 K10°* 5.75 X 10 
0.347 17.0 X10°¢ 5.88 X 10 
0.0347 18.7 X10 5.35% 10” 
0.00347 18.3 X10° 5.46% 10% 
24°C 
2.06 3.38XK 108 2.96% 10! 
0.347 10.1310 ® 9.85 10” 
0.0347 12.8 K10 ® 7.80X% 10" 
0.00347 li.2 MIO 5.81 10” 
0.000347 7.1 Xio* 5.45 X 10” 
Sample two: 25° 
Frequency Siny K (atmos "') B’ (dynes/em?) BY’ (dynes/cm?) 
2.06 0.0 22.110 ° 4.59 K10" vee 
0).347 0.0781 23.9X 10-* 4.23 K10" 3.31 % 10° 
0.0347 0.0917 25.6 10 © 3.95 X10" 3.63 K 10° 
0.00347 0.0802 30.2K 10 ® 3.35 K10" 2.69 K 10° 
0.000347 0.0610 38.6% 10 2.62 * 10" 1.605% 10° 
50° 
5.96 0.0 31.410 3.22 K10" se 
2.06 0.0418 29.4X 10° * 3.44 K10" 1.44 10° 
0.347 0.0760 304X107 = =3.34 K10" = =2.54 K 10° 
0.0347 0.1072 36.2K 10 ® 2.79 X10" 3.01 XK 10° 
0.00347 0.0943 38.3X 10° 2.64 X10" 2.50 10° 
0.000347 = 0.0532 43.5X10° 2.33 X10" 1.24 K10° 
73°C 
2.06 tee 44.7X10°° 2.27 K 10" 
0.347 tee 47.0X10~* 2.16 X10" 
0.0347 see 49.2X10°* 2.06 * 10" oe 
0.00347 0.194 56.7X10°® 1.760X 10” 3.48 10° 
0.000347 0.126 62.4% 108 1.618 X 10” 2.05 10° 
95°C 
5.96 73.2X 10° 1.385 10” 
2.06 78.1X10 1.300X 10 
0.347 81.0 10~* 1.251 10" 
0.0347 88.5 107 1.148 10" 
0.00347 104.8X10°* 0.96910" 











MEASUREMENT OF 


range of temperatures, practically in the whole range 
available in the vibration tester, namely — 23°C up to 
95°C. The value of the measurements of the compressi- 
bility of polyethylene are shown in Table II. The range 
in this case was from 5 cps down to one hour per cycle, 
approximately 1:20000. We see that the compressi- 
bility does not change to a great extent with frequency, 
but a noticeable is still observable: the 
material becomes softer with increasing temperature. 
The single isotherms are very nearly parallel when 
plotted as log compressibility over log frequency. 
The values of the highest frequency at —24°C are 
possibly in error. We are, therefore, interested in the 
possibility of applying Ferry’s method of reduced 
variables, which until now has been used for correlating 
frequencies and temperatures in shear or bending, to 
these compressibility measurements. 

Of course, off hand, one cannot decide whether 
Ferry’s vertical shift 7’'p/T po is applicable here or not. 
Therefore, tentatively we shifted the isotherms hori- 
zontally on the log frequency axis. In one trial we used 
the vertical shift T’p/Topo in the other one we did not. 
We then compared the amount of horizontal shift at 
different temperatures with the one obtained from the 
bending measurements reported in the previous 
publication.® It was seen that using the calculated 
temperature shift the temperature coefficient of the 
initial shear viscosity was much nearer the one of the 
bulk viscosity than when no shift was used. From the 
temperature shift of the bulk viscosity the activation 
energy can be calculated to be about 60 kcal/mole 
which is 20 kcal/mole less than the energy calculated 
from the bending experiments.® Also, the measurements 
of B’, K” were so scattered that any conclusions 
beyond A’’<K’ have to be postponed till further 
experiments are made. 


decrease 


IV. CONCLUSIONS 


All these experiments only point out that the com- 
pressibility may be complex but the few experiments 
performed on the plastics do not as yet allow an exact 
measurement of its phase angle. What we can definitely 
say is that if the large phase angle measured in shear or 
bending occurs in compressibility at all, it is not in the 
same range of frequency and temperature. Similar 


experiments conducted with asphalt have given 
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entirely comparable results, some measured compressi- 
bilities having a phase angle of exactly zero and equal 
to the well-known static values. All measurements on 
the bulk compressibility show that K in atmos™ is 
always 50 to 70 times smaller than the volume thermal- 
expansion coefficient in 1/°C. This has been known for 
asphalts for some time and is here extended to the 
plastics investigated. The result that for all practical 
purposes B is a real quantity B>|G|, where |G| is the 
absolute value of the complex shear modulus, leads to 
following relation, derived from Table I: 


A= (B— 4G’) — 7§G”" =oe*, 
tgé 


lga = ———_ x 
1— (3B/2G’) 





Furthermore for the practically important 
between the Young’s modulus E and G: 


relation 











|G| 

1 — 

3B cosé 
E=3G ' 
1+3(|G|/B) cosé+(|G|*/B?) 

With the approximation cosi=1 (cosi=0.99, sind=0.14) 
9G -B 
E=——_= Ege®, 
3B+G 
igB = tg6. 


The Poisson ratio v under the same approximation is, 
v=0.500—3(|G|/B)+§(|G|/B). 


This shows that to a large degree of precision, the 
usually accepted relations E=3G and y=0.5 are not 
affected by losses up to about sind=0.14. 

The experiments described here were mostly run on 
materials with losses comparable to the stated limit of 
siné=0.14. We know, however, that liquids, where 
siné=1, have a compressibility of the same order of 
magnitude (B=2X 10" dynes/cm?) that is equally real, 
not complex. It remains to be investigated if B becomes 
complex in the vicinity (as to time and temperature) 
of the region of the “second-order transition” and with 
materials of very high viscosity with siné=1. 
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Elastic-Plastic Instability Caused by the Size Effect and Its Influence on Rubbing Wear* 
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The yield strength of many materials is much higher for minute specimens than for bulk samples. The 
region around the point of highest shear stress in a solid undergoing deformation by a small spherical indenter 
can be regarded as such a minute specimen which may be “protected” by the size effect against plastic yield- 
ing if it is small enough. Formulating the effective yield strength and the elastic stress under the indenter in 
terms of a common parameter provides a basis for assessing the influence of size scale on the plastic yield 
threshold. Four size categories are identified, including a critical case for which a small change of loading 
may cause a discontinuous transition from the elastic to the plastic regime throughout the region of contact, 
and another, more frequently encountered, in which the supportable pre-yield elastic stress is materially 
enhanced. The latter effect may exert an important influence on the rate of rubbing wear since it can make 
available a wider range of loading for which a low wear rate prevails. Reported wear tests on steel riders and 
on sapphire phonograph styli confirm these predictions qualitatively. 





INTRODUCTION 


ANY solid materials have been observed to ex- 

hibit enhanced yield strength under test condi- 

tions that involve the stressing of minute specimens.! 

Under some typical conditions of loading on a spherical 

indenter of small radius, this size effect can give rise 

to an abrupt change in the rate of increase of real- 

contact area with load, and a critical case can be identi- 

fied for which a discontinuous transition occurs from 

the fully elastic to the fully plastic regime for relatively 
small changes of load. 

The probable existence of such an abrupt change of 
regime under a small indenter was suggested by the 
anomalously low stylus wear rates occasionally ob- 
served with experimental phonograph pickups that 
impose very light dynamic loads on the stylus-groove 
contact. In these cases the depth of indentation and 
the diameter of the circle of contact appear to be small 
enough for the size effect to be an important, if not the 
controliing, factor in determining the onset of plastic 
yielding. Moreover, the characteristic dimensions of 
such a lightly loaded stylus-groove contact are scarcely 
more than an order of magnitude larger than those 
ordinarily involved in discussions of the area of “real 
contact” between solids. As a consequence, analysis of 
the penetration of a plane surface by a spherical in- 
denter of small radius, with particular regard for the 
size effect, is relevant to the general problem of the 
rubbing wear of surfaces in sliding contact. 


THE SIZE EFFECT 


On phenomenological grounds, and without need for 
specifying the causal mechanism, the size effect can be 
characterized by expressing the yield strength of a solid 


* Grateful acknowledgment is made to the Editorial Board of 
the Audio Engineering Society for permission to include here 
portions of the analysis presented at their 1954 Fall Convention, 
and in J. Audio Eng. Soc. 3, 2-18 (1955). 

1A. A. Griffith, Phil. Trans. Roy. Soc. (London) A221, 163-198 
(1920); other references in M. C. Shaw, J. Franklin Inst. 254, 
109-126 (1952). 


material in the form 
Y(V)=YotVie*", (1) 


in which Yo is the critical yield strength of the material 
in bulk, Yot+Y, is the enhanced value of the yield 
strength approached in the limit as the volume V of 
the stressed specimen is decreased, and K is the average 
number of weakening flaws or imperfections per unit 
volume. Equation (1) is equivalent to an assumption 
that the effective yield strength is a weighted average 
of the large-scale and small-scale values of Y, with 
weights assigned according to the probability of finding 
or not finding a typical population of imperfections 
within the volume of material undergoing test. For 
crystalline materials these flaws might be identified 
as dislocations, but the applicability of Eq. (1) does 
not rest on such an interpretation and it is likely that 
the controlling imperfections are of a much grosser 
kind for plastic materials such as those used for phono- 
graph records. 


ELASTIC STRESS DISTRIBUTION 


Consider now the distribution of stress within a semi- 
infinite elastic medium against whose plane surface an 
ideally hard spherical indenter of radius R is pressed 
with a total load force F. The mean pressure on the 
circle of contact, of radius a, will be P,,=F/2a?; and 
so long as the deformation is wholly elastic, the radius a 
can be computed by the classical Hertz relations 











3 FR 3m” RP», 1/16 E°F\3 
a=- _q=—- PP. (— ) . @ 
4 E’ 4 E m™\9 R 
where E’=E/(i—v*) is the plane-stress or ‘‘con- 
strained” value of Young’s modulus. It has been known 
for a long time that the highest shear stress does not 
occur at the surface of contact, but rather at an interior 
point O’ lying below the center of contact by about 
half the radius of the contact circle (see Fig. 1). Several 
investigators have computed numerically the stress 
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Fic. 1. Stress-contour diagram [after Davies (see reference 2) ] 
showing the distribution of the maximum difference between the 
principal stresses under a spherical indenter. The highest shear 
stress occurs at O’, about half a contact-circle radius below the 
center of contact. 


distribution, in order to plot the slip-line field, and 
Davies? has exhibited the distribution of the largest 
difference between the principal stresses by means of 
the contour diagram shown in the lower part of Fig. 1. 
The magnitude of this stress difference at points lying 
on the z-axis can be expressed in closed form by inte- 
grating (with the help of a change of variable) the rela- 
tions given by Timoshenko* for the simpler case of 
uniform loading over the surface of contact. The stress 
difference found in this way is 


27(z) =o9—0,=0,—0;, 


3 3/2 5 2 
=-P,| ——_- (+9(1-- cur) (3) 
2 1+2?/a? a a 


where 7(z) is the shear stress distribution along the 
z-axis. Note also that two of the principal stresses 
g, and og are equal by virtue of symmetry. A typical 
graph of Eq. (3) is shown in Fig. 2. Both the height and 
position of the maximum of this curve are weakly in- 
fluenced by the value of Poisson’s ratio, v, as may be 
shown by solving numerically the equation formed by 
setting the derivative of Eq. (3) equal to zero. For 
values of v lying between 0.25 and 0.40, the position 
of highest stress is found in this way to be 


(2/@) max =0.381+ 3y, (4) 
and the corresponding maximum stress difference is 
¢,—0,=3P,(0.756—0.4507). (5) 


As a further consequence of the symmetry that makes 
two of the principal stresses equal on the z-axis, the 


Huber-von Mises, the Tresca-Mohr, and the Haar-von 


2 R. M. Davies, Proc. Roy. Soc. (London) A197, 416-432 (1949). 

3S. Timoshenko and J. N Goodier, Theory of Elasticity 
(McGraw-Hill Book Company, Inc., New York, 1951), second 
edition, pp. 362-377. 


Karman criteria for onset of plastic yielding all agree 
in predicting that yielding will begin at the critical 
load that just satisfies the limiting equality expressed 
by 

o,—o:£ Y(V). (6) 


It must be conceded, parenthetically, that the axial 
symmetry of the stress distribution would deteriorate 
materially if it should become necessary to take into 
account surface shear stresses contributed by the tangen- 
tial force of sliding friction. On the other hand, if the 
coefficient of friction does not exceed a few tenths, the 
principal effect of these added stresses will be to skew 
the axis of Fig. 1; and while the shape of the stress 
difference contours would be changed thereby, the 
volume of material bounded by each contour—and the 
conclusions to be drawn below—will not be significantly 
altered. 


INFLUENCE OF SIZE EFFECT ON THE 
YIELD THRESHOLD 


The physical significance of the inequality (6) can 
now be interpreted with the help of Fig. 1. First observe 
qualitatively that the stress decreases from one contour 
to the next in moving away from the point of highest 
stress, in a manner governed by Eq. (3); and that the 
volume of stressed material contained within successive 
contours increases with a corresponding reduction of 
yield strength, as governed by Eq. (1). Whether the 
point at which the yield strength is just equal to the 
stress difference will occur at the point of highest stress 
O’ or at some other point along the z-axis will depend on 
the respective rates at which these quantities decrease. 
Inspection of the stress-contour diagram indicates that 
the increments of volume are smaller between O and O’ 
than on the other side of O’, so that yielding will always 
commence either at the highest-stress point or beyond 
it, but never in the region between O’ and the center 
of contact. As a consequence, only the portion of the 
stress-distribution curve lying beyond the maximum 
needs to be considered in exploring the conditions of 
yielding. This controlling portion of the stress curve 
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Fic. 2. Typical variation of the elastic shear stress under a 
spherical indenter, along a normal axis whose orgin is at the center 
of the contact circle. 








can be expressed most usefully for this purpose in 
terms of x, a dimensionless position variable that has 
its origin at O’ and which can be defined, with the help 
of Eq. (4), as 


ae (z/a)— (2/@)max= (z ‘a)—0.381 ~_ ty. (7) 


In terms of this variable, and by using Eqs. (2), the 
principal stress difference can be written as 


27=9,—02=$Pmfi(x)=0.578F1EIR-*f,(x), (8) 


in which the stress-distribution function fi(x) stands 
for the bracketed terms in Eq. (3) modified by the 
change of variable. 

The irregular shape of the stress-difference contours 
discourages any attempt to find a general expression 
for the volume bounded by them, but the volumes 
associated with the seven particular contours shown in 
Fig. 1 can be readily evaluated by numerical integration 
A log-log graph then indicates, as might have been 
assumed initially, that V increases as x° for small values 
of «<0.3, and that it increases less rapidly, approxi- 
mately as x'-?, for larger values of x. This volume can 
also be expressed arbitrarily in the convenient form 

FP 


4 
V =-a' f.(x) = —f(x), (9) 
3 E’ 


in which a’ is first introduced to normalize the dimen- 
sions and then eliminated by substitution from Eq. (2) 
in order to put in evidence the experimental variables. 
The results of the numerical assessment of the volume 
distribution function can then be incorporated in the 
definition of f2(x) by means of the empirical equations 


fo(x) = 13.62, 
= 3.2x!-7 


for x <0.3; 


10 
for x>0.3. (10) 
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Fic. 3. Typical log-log graphs of the principal stress difference 
and of the effective yield strength displayed as a function of the 
distance measured from the point of highest shear stress. An as- 
sumed value of Y/Y o=19 was used in computing the yield curve. 
The arrows show how the indicated parameters act to translate 
the curves without change of shape. 
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The effective yield strength can now be put in a form 
suitable for matching against the principal stress dif. 
ferences by substituting Eqs. (9) and (10) in Eq. (1). 
This leads to the working relation 





FRK 
Y= Yot } ,exr(- EF f(s). (11) 


The criterion for plastic yielding may now be restated 
with particular reference to Eqs. (8) and (11). Deforma- 
tion will be wholly elastic for any combination of 
parameters for which the stress difference [Eq. (8) ] is 
less than the yield strength [Eq. (11)] for all values 
of x. On the other hand, when any combination of 
parameters first allows the stress difference to become 
equal to the yield strength at any value of x most 
favorable for such equality, then plastic yielding will 
begin at the point on the z-axis corresponding to this 
most favorable value of x. It would be possible to 
examine this critical equality analytically but the re- 
sult could not be any more informative than a graphical 
solution, owing to the empirical nature of Eq. (10); 
and the number of disposable parameters is large 
enough to make generalization difficult in any case. 

The salient features of the physical situation can be 
exhibited by plotting Eq. (8) and Eq. (11) in such a way 
that the influence of each experimental variable will be 
manifested by a linear translation of the curves. For 
example, a log-log graph of (¢,—o,) vs x will not be 
altered in shape by changes in F, E’, or R, but its vertical 
position will respond to these variables. In a different 
but equally useful way, the /aferal position on the log 
x-axis of the transition segment of the yield-strength 
curve will respond to F, E’, R, and the flaw constant K. 
It follows that these two curves, as illustrated by typical 
examples in Fig. 3, can be regarded as plane bent-wire 
figures—each rigid but free to move in the indicated 
direction on the coordinate plane. The various condi- 
tions attending the onset of plastic yielding can then 
be surveyed by observing where the stress and yield 
curves first become tangent as their positions shift 
in response to changes in the several parameters. Four 
cases of special interest can be identified. 


THE ONSET OF YIELDING AT FOUR SIZE LEVELS 
(a) Large-Radius Indenter 


Large values of the radius R tend to depress the 
“starting” position of the stress curve since R! appears 
in the denominator of Eq. (8), and to displace the 
initial position of the transition segment of the yield 
curve relatively far to the left on the log x-axis. As a 
consequence, when the load force F is progressively 
increased, the stress curve shifts upward and the transi- 
tion segment of the yield curve moves still farther to- 
ward the left, until first tangency occurs at the vanish- 
ingly small values of x corresponding to O’, the interior 
point of highest shear stress, as shown at 7, in Fig. 4(a). 
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The size-effect enhancement of the yield strength plays 
no part in controlling the onset or course of plastic 
yielding in this case, and the maximum elastic stress 
which can be sustained at the threshold of yield cor- 
responds to P,,=1.1Yo. This is the typical situation 
that prevails in all conventional hardness tests‘ that 
make use of spherical indenters 1 mm or more in diam- 
eter. 


(b) Small-Radius Indenter: Marginal Case 


As the radius of the indenter is made progressively 
smaller, the transition segment of the yield curve shifts 
to the right on the log-« scale; until eventually some 
small value of R turns up for which the yield curve 
occupies the position shown by the dash-line curve 
of Fig. 4(a). For this case the first point of tangency 
T, will occur “just around the corner” of the lower 
bend of the transition segment, and at a point near the 
knee of the stress curve where x~ 1. Since x is a measure 
of the distance from O’, in units of a, it follows that 
plastic yielding will begin in this case at a point about 
$a below the surface. This does not mean that the point 
of highest shear stress has retreated farther from the 
surface, but rather that the small volume of material 
in the immediate neighborhood of the point of highest 
stress is being protected against yielding, as it were, 
by the size-effect. What is more important for our 
purposes is that the mean bearing pressure P,,’ that 
can be sustained elastically without yielding is sub- 
stantially higher than would be predicted in the absence 
of a size effect. 

It will be apparent that the magnitude of this en- 
hancement of the supportable pre-yield elastic stress 
will depend on how far up on the yield curve the point 
of first tangency occurs, and that this will in turn de- 
pend on the radius R and on the material parameters 
E’, K, and Y;/Yo. Indirect clues and some experimental 
evidence, described in detail elsewhere,® indicate that 
the size scale of the stylus-groove contact is small 
enough to qualify the phonograph playback process 
under this category, and that the effective yield strength 
of unfilled vinylite pressings may be enhanced by as 
much as 5-to-1 when they are attacked by the typical 
fine-groove stylus having a tip radius of 0.0025 cm. 


(c) Small-Radius Indenter: The Critical Case 
of Elastic-Plastic Instability 


It can be seen that as the radius is made slightly 
smaller than assumed for case (b), or when any changes 
in the other parameters combine to produce an equiva- 
lent displacement of the stress and yield curves, there 


‘For bibliography and discussion of indentation testing, see 
D. Tabor, The Hardness of Metals (Clarendon Press, Oxford, 
1951), Chaps. II, IV-VI. 


°F. V. Hunt, J. Audio Eng. Soc. 3, 2-18 (1955). 
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Fic. 4(a) Stress difference and yield strength curves (solid lines) 
showing by their tangency at 7, that the onset of yielding is 
controlled by the “bulk” value of the yield strength for a large- 
radius indenter. The dash-line curves show how the point of tan- 
gency can occur beyond the knee of the yield curve, with a cor- 
responding enhancement of yield strength, for a small-radius 
indenter. 
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Fic. 4.(b) The critical case of elastic-plastic instability. Elastic 
stress is supported up to nearly the limit Yo+Y;, but plastic 
yielding is incipient throughout an extended region. 
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Fic. 4.(c) For a very-small-radius indenter, or “‘asperity,”’ de- 
formations remain elastic up to the limiting stress, Yo+ Yi, and 
yielding begins near the point of highest elastic stress. 
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will always arise one critical juxtaposition of these 
curves for which tangency will occur—and hence, for 
which plastic yielding will be initiated—simultaneously 
at both a large and small value of x. 

For example, suppose that the parameters are such 
that the stress and yield curves have the relative posi- 
tions shown in Fig. 4(b). When first tangency almost— 
but not quite—occurs in the region A, the deformation 
remains wholly elastic and enjoys the “protection” 
of a yield strength nearly equal to the theoretical upper 
limit Yo+Y;. A slight further increase of load force, 
however, will bring the stress curve into contact with 
the yield curve not only at A, but also at B; and since 
the stress and yield curves are nearly parallel between 
these two points, it is likely that plastic yielding will 
be at once precipitated throughout the volume of 
material bounded by the stress contour passing though 
xg. The region so affected may extend into the under- 
lying medium by as much as several times the diameter 
of the contact circle, depending on the relative magni- 
tudes of Yo and Y,. In a static indentation test, this 
type of instability could only manifest itself for in- 
creasing loads inasmuch as plastic yielding is not re- 
versible. For sliding contact, however, new materia! 
is constantly being presented to the indenter, the situa- 
tion can be regarded as statistical, and a relatively 
abrupt transition from the plastic to the elastic regime 
can equally well appear on reduction of the load. 


(d) Very-Small-Radius Indenter 


For all values of the indenter radius smaller than the 
one that gives rise to the critical instability of case (c), 
the whole transition segment of the yield curve will 
have been displaced to the right beyond the stress curve, 
as shown in Fig. 4(c). Tangency can only occur then at 
vanishingly small values of x, and for a controlling 
value of the yield strength near the upper limit Yo+ ¥1. 




















? 
» T 
60}— «Oe on 
gs \ 
£50} of = 
¥ ye 
3 212 
er lz 
Ln. pls 
Z (Saat wiTH ‘ <l* 
tae size eFFect ™S \ 7 
. ~ ‘~all ¥ 
4 20 —— —— No 3% 4 
4 a PLASTIC STATE FULLY DEVELOPED 
4 f= Wi FROM 
/ ELASTIC TO PLASTIC 
oh REGIME, WIT ‘ail 
(iy, SIZE EFFECT 
° ' 
~ ' 
t Fa | 
oO i ] r 
LOAD FORCE-F 


Fic. 5. Bearing pressure as a function of load force for the typical 
hardness-testing situation (OLMN). The curves BM, QSU, 
and JU display the influence of size-effect enhancement of the 
pre-yield elastic stress. 
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In effect, the volume of material protected against 
yielding by the size effect now includes all the region 
within which the elastic stress difference is higher than 
Yo. As a consequence, yielding will only begin when the 
stress difference exceeds the upper limiting yield 
strength, and it will do this first at O’. 

The analysis of sliding contact between solids almost 
always requires that the plastic yield criterion be 
applied in at least two of the size categories described 
above. For example, the minute surface asperities 
constituting the localized areas in which two solids 
make “real” or “true” contact are probably small 
enough to qualify under case (d). On the other hand, 
the plastic or elastic state prevailing in the base material 
supporting these asperities must be assessed as in cases 
(a), (b), or (c), depending on the size and curvature 
of the apparent surfaces of contact. It is not uncommon, 
in fact, for three different size levels to be present that 
call for independent consideration, as might occur, 
for example, in dealing with a 5 mm indenter or an 
even larger bearing surface [case (a) ] having a sur- 
face roughness characterized by small protuberances 
with rms radii of 10-20 micro-inches [case (b) or (c)], 
each of which has on its surface submicroscopic asperi- 
ties with typical dimensions of 50-100 A. Such details 
of the fine structure of micro-yielding do not ordinarily 
intrude in discussions of gross deformation, but they 
must be taken carefully into account in evaluating the 
rate at which the area of real contact increases with 
load force. 


THE ROLE OF YIELDING IN RUBBING WEAR 


The area of real contact plays a central role in Holm’s® 
particle-exchange theory of rubbing wear. Thiselegantly 
simple theory predicts that the volume of material » 
worn away in sliding a distance / will be just the product 
of an exchange probability Z and the real area A,.; thus 


Av/Al=ZA re. (12) 


Burwell and Strang,’ after suggesting a revised inter- 
pretation of the basic assumption underlying Eq. (12), 
have confirmed it experimentally for loadings light 
enough to produce only elastic deformation of the base 
material that supports the surface asperities. It now 
appears that the range of applicability of Eq. (12) can 
be still further extended by carefully tracing the growth 
of the area of real contact through the successive stages 
of yielding described previously. 

The typical evolution of the fully plastic state under 
a (large) spherical indenter has been shown! to follow 
the curve OLMN of Fig. 5. The short segment OL 
follows the 4-power “elastic” curve OLBQ up to the 


6 Ragnar Holm, Electrical Contacts, pp. 214-221 (H. Geber, 
Stockholm, 1946), and his article in Mechanical Wear, J. T. 
Burwell, editor (American Society for Metals, Cleveland, 1950), 
pp. 317-329. 

7J. T. Burwell and C., D. Strang, J. Appl. Phys. 23, 18-28 
(1952). 
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point Z at which plastic yielding begins in the absence 
of a size-effect influence. The size of the region involved 
in plastic yielding then grows as P,, increases along the 
dash-line LM. The plastic regime is fully established 
throughout the region of contact at the point M and, 
in the absence of work hardening effects, the pressure 
on the nominal area of contact remains constant there- 
after at about 3 times the applicable yield strength. 

Inasmuch as very light loads will be sufficient to 
evoke the fully plastic state in the small asperities at 
which real contact is first made, it follows from the 
foregoing that the actual bearing pressure in these 
localized areas of real contact will promptly stabilize 
at about 3 times the microyield strength Y,. The area of 
real contact for this condition, and the corresponding 
wear rate deduced from Eq. (12), will thus be given by 
the simple relations 


Ar=F/3Y,, Av/Al=ZF/3Y,,. 
(underlying regime, elastic). 


(13) 


The excess of Y, over Yo commonly observed in studies 
of the sliding friction of metals* has usually been as- 
cribed to work hardening of the asperities. In view of 
their typical size, however, it appears to be more plausi- 
ble to assign the asperities to case (d), as suggested 
above, and thus to identify Y, as a size-enhanced yield 
strength that may approach the theoretical limit 
Yot V1. 

A different situation presents itself when the buildup 
of stress precipitates plastic yielding in the base ma- 
terial underlying the surface asperities. When such a 
condition matures, it becomes possible for the asperities 
to sink: or be pushed into the surface of the now plastic 
underlying medium; or what is equivalent, for the 
underlying medium to flow around the asperities until 
many new areas of real contact are established. The 
spaces between the asperities will not disappear entirely, 
however, thanks in part to the size effect itself, working 
in reverse as it were, and to the further influence of 
work hardening. Nevertheless, by the time the plastic 
regime has become well established, as at M and beyond 
along MN in Fig. 5, the real area will have grown to bea 
substantial fraction of the apparent area of contact. 
This proportionality will be maintained thereafter as 
the apparent area iricreases with further increase of 
load force along the constant-pressure line MN. For 
this condition, therefore, the real area and the cor- 
responding wear rate can be written as 


A re= RA app. = RF /Pm=kF/3YV 0, Av/Al=kZF/3Y 0, 
(underlying regime, fully plastic) (14) 
where k represents the extent to which the asperities 
have been engulfed by the base material and is assumed 
to lie in the range 0.2—0.8. 
It can be seen by inspection of Eqs. (13) and (14) 
that for either the wholly elastic or the wholly plastic 


8 F. P. Bowden and D. Tabor, The Friction and Lubrication of 
Solids (Clarendon Press, Oxford, 1950); and reference 6. 
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Fic. 6. Slope of the wear rate vs force curves, showing the size- 
effect extension of the range of loads for which the wear rate is 
low, and the rapid increase of wear rate after yielding begins. 


regime, the real area of contact and the predicted wear 
rate each increase linearly with the load force. The 
different rates of increase of the wear rate with load 
force, or wear “acceleration,” for these two conditions 
can be displayed graphically, as in Fig. 6, by plotting 
the quotient A,,./F against F. The two horizontal line 
segments LBQJ and MN are given directly by Eqs. 
(13) and (14), and it must be assumed that as the region 
involved in plastic flow increases in size there will be 
a smooth transition from one of these limiting conditions 
to the other, as indicated schematically by the family 
of dash-line curves. When the bearing surfaces are 
large enough to preclude any size effect, this transition 
(LM’M) occupies the relatively long interval along 
the force axis extending from F;, at the yield threshold 
L, to Fy, at which full plasticity is established. The 
ratio Fy/F, will usually lie in the range 100-200, 
since a factor of (3/1.1)* would arise if P,, were to 
follow the elastic curve of Fig. 5, and since the force re- 
quired is further increased by the departure of LM from 
the elastic curve due to yielding. The length of the 
short horizontal segment OL is grossly exaggerated in 
Fig. 6 in order to facilitate its identification ; as a matter 
fact, when the linear scale for F is chosen to display 
suitably the transition region, the segment OL virtually 
collapses to the vertical axis owing to the very small 
load force required to reach the yield threshold. 


INFLUENCE OF SIZE EFFECT ON THE RATE OF WEAR 


It can be conjectured in passing that the effect of 
taking into account an intermediate stage of yielding, 
as suggested previously, would be to add to the smooth 
transition curve LM’M one or more step-like perturba- 
tions, as illustrated schematically by the dotted curve in 
Fig. 6. The structure of such a perturbation would in- 
clude a delay of yielding to the point b caused by the 
yield-strength enhancement associated with the size 
scale of the proturberances (which might be merely the 
microscopic high spots left by a grinding operation) ; 
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a rising segment bc corresponding to the growth of 
plasticity in each proturberance and the accompanying 
engulfment of its asperities; a nearly horizontal seg- 
ment ce along which the real area is k times the apparent 
contact area of the proturberances (note that this 
apparent area will still be much less than the total 
apparent area of contact since only a portion of the 
nominal bearing area is covered by protuberances) ; 
and, finally, another rising segment of the curve beyond 
e corresponding to the onset of yielding in the base ma- 
terial underlying the protuberances—or to the start of 
a repetition of this cycle at the next larger size level. 
A tenuous extrapolation from inadequate data relating 
to the playback of phonograph records (!) suggests 
that such an intermediate stage of microyielding might 
indeed appear in the bearing contacts of metallic sur- 
faces having a surface roughness of a few micro-inches. 
More, and more pertinent, data are obviously needed; 
but if such an effect can be identified, its probable sensi- 
tivity of shape and position might account for some of 
the troublesome variability of wear-test data. 

Another interesting situation arises if the two con- 
tacting surfaces are each highly polished (so that no 
intermediate size level intrudes), and if the indenter 
itself is small enough to qualify at least marginally 
under case (0). For these conditions the real area and the 
wear rate under light loading are given by Eq. (13) as 
before, but now the onset of yielding in the base ma- 
terial is delayed by the enhancement of the yield 
strength promised by the dash-line curves of Fig. 4(a). 
The elastic deformation curve of Fig. 5 continues to be 
followed, therefore, up to one of the points B, Q, or J, 
that correspond to successive decreases in the size 
scale of the indenter [or to equivalent changes in the 
material parameters as discussed under case (0) ]. 
As a consequence of the shape of this curve, it follows 
that the load that can be supported without yielding 
of the base material will increase as the cube of the 
yield-strength enhancement ratio. On the other hand, 
when plastic yielding does begin, the flaws on which the 
slip “‘nucleates” are able to propagate into the regions 
previously protected by the size effect, with the result 
that the load force needed for the development of full 
plasticity throughout the region of contact is affected 
to only a minor degree by the size-effect delay of the 
onset of yielding. Thus, for the illustrative curve seg- 
ment QSU, which shows a yield-strength enhancement 
of about 5-to-1, the supportable pre-yield load is in- 
creased: by a factor of 125 although the load required 
for full plasticity increases by only a factor of 3. 

Each of the size-controlled curves BM, QSU, and 
JU, of Fig. 5 have their counterpart in the correspond- 
ingly lettered curves of Fig. 6. These show that the 
transition between the two limiting wear-acceleration 
curves becomes increasingly more abrupt as the indenter 
radius is reduced, until the critical case of elastic- 
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plastic instability [case (c)] is reached, at which the 
transition curves reduce to the vertical segments JU. 
(Might such a discontinuous transition be involved in the 
phenomenon of pitting or fretting, or in the splintering 
of material at the edge of a scratch?) 

Two conclusions can be extracted immediately from 
the foregoing: first, that the size-effect enhancement of 
the pre-yield stress makes available a much wider and 
more useful range of load conditions for which the wear 
rate will have the low values predicted by the line 
OLBQJ of Fig. 6; and second, that the wear accelera- 
tion, when it does start to increase, does so at a rela- 
tively spectactular rate. 
™ The experimental observation of either limiting value 
of the wear rate is very difficult. Although the bulk yield 
strength that controls the upper limit can readily be 
determined, surfaces can seldom survive prolonged 
operation under the condition of full plasticity. As the 
asperity-disappearance factor k increases, it becomes 
more probable that detached wear particles will be 
swept into other areas of real contact where their 
abrasive and gouging action will serve to detach many 
additional wear particles in excess of the number that 
would be predicted on the basis of a constant exchange 
probability Z. When the sliding orbits are closed, as in 
a journal bearing, this “interference” effect cascades 
and leads to seizure.’ The simple particle-exchange 
theory of wear need not be abandoned on this account, 
however, but it does become necessary to take the inter- 
ference effect of such secondary wear particles into 
account in evaluating Z. 

Observations at the lower limiting value of wear 
acceleration tend also to be elusive, in part because of 
the short load interval over which the low rate prevails, 
and in part because of the numerical uncertainty ad- 
hering to the microyield strength Y,. Some more direct 
—or in fact, any—method of determing this important 
parameter experimentally would help greatly in 
planning definitive tests of the hypotheses on which this 
discussion has been based. In the meantime, both the 
anomalous and the conventional rates at which phono- 
graph styli wear out, and the careful measurements 
reported by Burwell and Strang’ for the wear on a 
conical rider of hardened steel, provide qualitative 
confirmation of these predictions both with respect 
to the magnitude of the effect and the loading at which 
it appears. The circles shown on the curve segment 
QSU represent part of the experimental evidence pre- 
sented elsewhere® concerning the relevance of this 
phenomenon in the phonograph playback situation. 
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Studies were made of the change in the resistivity and magnetoresistivity of samples of AuCu, which had 
been thermally disordered, while annealed at 150°C, of samples, completely disordered by cold work, while 
annealed at 150°C and 265°C, and of initially ordered samples when subjected to varying amounts of cold 
work. The curves of magnetoresistivity against resistivity for the last three cases agree with one another, 
but differ from that for the thermally disordered sample annealed at 150°C and from a previously obtained 
curve for the annealing of a thermally disordered sample at 265°C. These last two curves are also markedly 
different from each other. All five curves appear distinct from the previously obtained curve for AuCu in 
equilibrium. An interpretation of the results in terms of the production of a more or less pronounced ad- 
mixture of AuCu II during certain stages of the cold working or annealing process is presented. 





INTRODUCTION 


HE alloy AuCu! displays a face-centered cubic 
structure (AuCu III) above the Curie temperature 
of 408°C, an orthorhombic structure (AuCu II) between 
this temperature and 380°C and a tetragonal structure 
(AuCu I) below 380°C. Below 420°C or so the alloy 
approaches equilibrium both as to crystal structure and 
as to degree of order rather slowly and the mechanisms 
of the transformations are, furthermore, somewhat 
complex. Thus, according to Johansson and Linde,? 
between 380 and 408°C, AuCu III goes first into 
AuCu I and then into AuCu II while below 380°C 
AuCu III goes directly into AuCu I. 

In studying the kinetics of this process estimates of 
the degree of order have often been based simply on 
resistivity measurements. Recently, in connection with 
a study of the variation of the coefficient of magneto- 
resistivity with temperature for AuCu in equilibrium 
states, Wiener, Schwed, and Groetzinger® (in an 
investigation to be referred to as WSG in the rest of 
this paper) showed that a better specification of the 
state of the alloy can be obtained by simultaneous 
measurement of the magnetoresistivity and the resis- 
tivity. In particular, they found that the curve of the 
coefficient of magnetoresistivity against resistivity for 
the equilibrium case differed quite markedly from that 
obtained for samples initially disordered by quenching 
from above the Curie point and subsequently annealed 
at 265°C for various periods of time. Their results for 
the two cases are shown as curves 5 and 6 of Fig. 1. 
The rather sharp maximum and minimum appearing in 
the equilibrium curve 6 were found to correspond 
respectively to temperatures of 388°C and 365°C, 
which are close to the temperature of 380°C given for 


*A preliminary account of this work was given at the 1953 
Thanksgiving meeting of the American Physical Society [Phys. 
Rev. 93, 922 (1954) ]. 

1 See e.g., F. C. Nix and W. Shockley, Revs. Modern Phys. 10, 
1 (1938). 

2 C. H. Johansson and J. O. Linde, Ann. Physik 25, 1, (1936). 

3 Wiener, Schwed, and Groetzinger, J. Appl. Phys. 26, 609 
(1955). 


the AuCu I>AuCu II transition by Johansson and 


Linde.? These extremes are missing in curve 5. 

The purpose of the present study was to investigate 
by this method the nonequilibrium states produced by: 
(1) annealing of thermally disordered samples at a 
temperature different from that employed in WSG, 
(2) annealing of samples, disordered by mechanical 
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Fic. 1. Coefficient of magnetoresistivity, B, as a function of 
the resistivity, p, for samples of AuCu subjected to various 
treatments. Curve 1: Samples thermally disordered and annealed 
at 150°C (group 1). Curve 2-3-4: Samples initially ordered and 
then swaged (group 4), and samples mechanically disordered and 
annealed at 265°C and 150°C, respectively, (groups 2 and 3). 
Curve 5: Samples thermally disordered and annealed at 265°C 
(from ‘WSG). Curve 6: Samples in equilibrium at various tem- 
peratures (from WSG). 
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deformation, at two different temperatures, and (3) 
subjecting ordered samples to different amounts of 
mechanical deformation. These cases are of special 
interest for the following reasons. In the first place, 
there has been a good deal of recent work on the 
kinetics of the annealing process of thermally disordered 
samples of AuCu. Of special relevance to the present 
investigation is the work of Dienes* who measured the 
change of resistivity of originally thermally disordered 
samples during annealing and concluded that the 
mechanism of annealing is independent of tempera- 
ture in the range between 250°C and 360°C. In the 
second place, the alloy in its ordered state is quite 
sensitive to the effects of cold work and can be made to 
attain the resistivity associated with the disordered 
state when sufficiently deformed. It therefore appeared 
useful to undertake to compare the state of the alloy 
when more or less “disordered” by cold working with 
that of a sample in equilibrium which had the same 
resistivity. In this connection we also decided to 
examine the states through which samples completely 
disordered by cold working anneal at elevated 
temperatures. 

In presenting the results of our measurements of 
magnetoresistivity we shall make use of the same 
parameters as were employed in WSG, i.e., B and ¢ 
which are designated respectively as the coefficient of 
magnetoresistivity and the reduced coefficient of 
magnetoresistivity. If the resistivity is p in zero mag- 
netic field and is p+Ap in a (sufficiently small) mag- 
netic field, H, then these quantities are defined by the 
equations 

Ap/p= BH? (1) 
and 
g=p'B. (2) 


The reduced coefficient is introduced because it is a 
measure of the deviation of the Fermi surface in 
k-space from a sphere and is independent of the magni- 
tude of the mean relaxation time for electron scattering 
by the atoms of the lattice. 


EXPERIMENTAL PROCEDURE 


In general, the experimental techniques used followed 
very closely those described in WSG. In particular, the 
measurements of resistivity and magnetoresistivity (at 
room temperature) were carried out in the same way 
and with the same equipment. The samples were, 
furthermore, prepared from the same lot of 0.025-inch 
diameter AuCu wire which contained 50.2 atomic 
percent gold and 49.8 atomic percent copper. The wire 
was cut into samples of 10 cm length which were then 
subjected to a temperature of 750°C in a vacuum 
furnace for two hours and finally quenched by very 
rapid immersion in water so as to be disordered at room 
temperature. The thin oxide film, which was formed 


*G. J. Dienes, J. Appl. Phys. 22, 1020 (1951). 
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TABLE I. States of AuCu investigated. 








Preparation Process studied 





1 Thermally disordered 

2 Mechanically disordered 
3 Mechanically disordered 
4 Ordered 


Annealing at 150°C 
Annealing at 265°C 
Annealing at 150°C 
Swaging 





during the quenching operation, was removed with 20 
percent HCl. The room-temperature resistivity of all 
the samples at this point was found to be close to 
14.14 ohm-cm and the average room-temperature 
coefficient of magnetoresistivity to be about 7X10-" 
gauss~*. 

In the subsequent discussion we will divide the 
samples into four groups (1 to 4) according to the 
further treatment they received (see Table I). Group 1 
consisted of four wires which were used to study the 
annealing of thermally disordered AuCu at 150°C. 
One wire was put into an oil bath and quenched after 
five minutes by immersion in water. The other wires 
were sealed under vacuum in individual glass envelopes 
and the envelopes were put into a furnace kept at 
150°C. Individual wires were withdrawn from the 
furnace after various periods of time and quenched by 
immersing each wire with its container in water. After 
the measurements the wire was again sealed in a 
container and replaced in the furnace. In this fashion, 
three points on the annealing curve were obtained for 
each of these remaining three wires, the times of 
annealing being staggered so as to cover the whole 
range of interest adequately. Group 2 consisted of six 
wires which were used to study the annealing at 265°C 
of AuCu disordered by cold work. For this purpose 
the wires were first thermally ordered by annealing 
in a vacuum furnace for 200 hours at 265°C so that 
they had a resistivity close to 4.14 ohm-cm and a 
coefficient of magnetoresistivity close to 1.810" 
gauss~*. They were then disordered mechanically by 
swaging® to a 70 percent reduction in area, after which 
they had a resistivity close to 14.14 ohm-cm and their 
average coefficient of magnetoresistivity was slightly 
less than 5.6X10~-™" gauss. These cold-worked wires 
were sealed subsequently in individual evacuated 
containers, annealed at a temperature of 265°C for 
various lengths of time, and then quenched to room 
temperature. Group 3 consisted of four wires which were 
used to study the annealing at 150°C of AuCu dis- 
ordered by cold work. These wires were brought into 
the disordered state by essentially the same method as 
that used in the preparation of the wires in group 2. 
The annealing at 150°C was studied in the same fashion 
as used for the wires of group 1, the wire which was 
used to obtain the values for annealing times below 30 
minutes being annealed in the oil bath. Group 4 
consisted of sixteen samples which were used to study 


5 All swaging was done with a number 1 Torrington swaging 
machine. 
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Fic. 2 (a) Resistivity, p, 
and magnetoresistivity, B, 
as a function of time of 
annealing (represented on a 
logarithmic scale) at 150°C 
for samples of AuCu 
thermally disordered, 
and B, (group 1); and 
mechanically disordered, p3 
and B; (group 3). (b) The 
same quantities with time 
represented on a linear 
scale. 
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the effect of various amounts of cold work on ordered 
AuCu. The wires were brought into the ordered state 
in the same way as those of groups 2 and 3 and were 
afterwards brought to different degrees of mechanically 
induced disorder by swaging. The temperature of 
265°C chosen already in WSG represents an upper 
practical limit and the temperature of 150°C, a lower 
practical limit for the temperatures at which annealing 
can conveniently be studied by the present method. 
Above 265°C the annealing proceeds so fast that 
considerable changes occur while the sample is being 
brought to the desired temperature and below 150°C 
the annealing takes place at such a low rate that no 
appreciable ordering occurs in a reasonable amount 
of time. 


RESULTS AND DISCUSSION 


As remarked earlier, the average values of the coeffi- 
cient B found for mechanically and thermally dis- 
ordered samples amounted to 5.6X10-" and 7X10-" 
gauss~*, respectively; but the difference was not taken 
to be significant in view of the standard deviation of 
2X 10~" gauss~? associated with the measurements and 
in the sequel the value for disordered samples of either 
sort will be taken as equal to 6X 10~" gauss~ which is 
approximately the average of all the measurements. 

Figure 2(a) shows the resistivities, p; and p;3, and 
coefficients of magnetoresistivity, B,; and B;, for the 
samples of groups 1 and 3, respectively, as a function 
of the logarithm of the time of annealing. Similarly, 
Fig. 3(a) shows the annealing curves for group 2 and 
also those given in WSG for samples which were 
thermally disordered and then annealed at 265°C. 

To indicate more clearly the trend of the time 
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variation of B and p, the early parts of Figs. 2(a) and 
3(a) are replotted in Figs. 2(b) and 3(b) with the time 
represented on a linear scale. Figure 4 shows the resis- 
tivity, ps, and the coefficient of magnetoresistivity, B,, 
for the samples of group 4 as a function of the amount 
of cold work to which they were subjected, expressed 
in terms of the reduction in area. In order to simplify 
comparison of the curves for the resistivity and the 
coefficient of magnetoresistivity in these figures, the 
latter curves are plotted with a reversed scale. 

We first consider the results of the isothermal 
annealing experiments (samples belonging to groups 
1, 2, and 3). The results of the measurements, as can be 
seen from Figs. 2 and 3, are fairly reproducible. The 
maximum spreads in the values of p and B for different 
samples annealed for the same time at a given tem- 
perature amount to 0.54 ohm-cm and 5X10~-" gauss“, 
respectively. Furthermore, as is usually observed in 
such experiments, the resistivity drops quite swiftly at 
the beginning, but the magnitude of the rate of change 
diminishes very rapidly with increasing time of anneal- 
ing. In general, the results for the resistivity of thermally 
disordered samples agree well with those obtained for 
similar samples by Stello® and by Cooper and co- 
workers.’ At a given annealing temperature the resis- 
tivity of the thermally disordered samples drops much 
faster in the beginning than does that of the cold 
worked samples. However, the resistivity curves for 
the cold-worked samples do not level off as fast as 
those for the annealed samples; and at the longer times 
the resistivity of the former samples decreases faster 


®C. G. Stello, North American Aviation Inc. Report N.A.A. 
SR171, April, 1952. 


7 Cooper, Schwed, and Webeler (private communication). 
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than that of the latter.* It may be noted that the 150°C 
curves even cross at 5000 min. The annealing curves for 
the quantities B and p are similar in the sense that both 
quantities change monotonically with time and that 
the absolute values of the rate of change of B and p 
show the same trends. This is in marked contrast with 
the behavior of the thermoelectric power of AuCu 
annealed from the thermally disordered state since the 
latter property does not change monotonically with 
time,’ at least for annealing temperatures below 200°C. 

Figure 1 shows the relationship between B and p 
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* This difference in the time dependence of p during the anneal- 
ing of thermally and mechanically disordered samples was pre- 
viously observed by G. C. Kuczynski and R. W. Hall (private 
communication). 
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Fic. 3. (a) Resistivity, p, 
and magnetoresistivity, B, 
as a function of time of 
annealing (represented on a 
logarithmic scale) at 265°C 
for samples of AuCu 
thermally disordered, pp; 
and B,; (from WSG); and 
mechanically disordered, p2 
and Bz (group 2). (b) The 
same quantities with time 
represented on a _ linear 
scale. 
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for all the cases represented in Figs. 2, 3, and 4 and 
also the results for the equilibrium case as given in 
WSG. The curves for the thermally disordered samples 
annealed at 150°C and 265°C are markedly different 
from each other and also from the equilibrium curve. 
The magnetoresistivity is highest, in general, for the 
equilibrium curve while the 150°C curve lies between 
this curve and the 265°C one. It appears, further, that 
a single curve suffices to represent the variation of B 
with p for samples disordered by cold work and annealed 
at the two temperatures of 150°C and 265°C as well as 
for samples disordered to different degrees by cold work. 
This common curve lies lower than any of the others. 

The curves of Fig. 5, which are constructed from the 
curves given in Fig. 1, show the variation of g? with p 
for all the cases in question. In this representation the 
curves corresponding to the annealing of thermally 
disordered samples show a maximum at a somewhat 
higher value of resistivity than that at which the 
equilibrium curve exhibits a maximum. On the other 
hand, the curve corresponding to the annealing of the 
mechanically disordered samples and the cold working 
of an initially ordered sample shows no sign of such a 
maximum. 

CONCLUSIONS 


As was pointed out in WSG it appears reasonable to 
associate the sharp maximum occurring at p=7.0 
uw ohm-cm in the B versus p and g° versus p curves for 
the equilibrium case with the AuCu I-AuCu II 


transition. In terms of this hypothesis the appearance 
of a shallow maximum at a resistivity of 8.24 ohm-cm 
in the g® versus p curve for the thermally disordered 
alloy annealed at 265°C was interpreted to mean that 

















RESISTIVITY AND 
only a small proportion of the sample passed through 
the orthorhombic state during annealing at this 
temperature, an effect which would probably escape 
detection with the x-ray technique employed by 
Johansson and Linde.’ In terms of this interpretation, 
it is also possible to give an explanation for the differ- 
ence in the value of the resistivity at which the maxi- 
mum occurs in the two curves by assuming that at the 
point in question the portion of the sample which does 
not go through the orthorhombic state has a higher 
resistivity than the (smaller) portion which exhibits 
this state. If the present results, as represented in 
Fig. 5, are interpreted in a similar fashion, it may be 
concluded that more of the alloy passes through the 
orthorhombic phase during the transformation if a 
thermally disordered sample is annealed at a lower 
temperature (150°C)® and that in the case of samples 
disordered by cold work the orthorhombic phase does 
not appear either when the alloy is disordered to 
various degrees or when a sample which has been 
completely disordered by this means is annealed. 

As a preliminary to advancing a proposal for the 
nature of the detailed mechanism in AuCu we sum- 
marize the conclusions Sykes and Evans’ and Sykes 
and Jones"! reached in their investigation of the kinetics 
of the ordering of thermally disordered AuCu; for the 
mechanism of the ordering process in that alloy. In a 
thermally disordered alloy brought to a temperature 
below the Curie point, nuclei of more or less ordered 
material form and grow until individual nuclei become 
sufficiently large to meet and thus either to coalesce 
or to form an antiphase boundary. Thereafter, any 
further ordering can proceed in two ways: first, the 
degree of order within individual nuclei increases and, 
second, some of the nuclei grow at the expense of the 
others whereby antiphase boundaries (which, of 
course, represent regions of disorder) are eliminated. 
The rate of this last process is supposed to decrease 
much more rapidly with decreasing temperature than 
the rate of growth of nuclei from disordered material 
or the rate of ordering within individual nuclei. The 
elimination of antiphase boundaries can also be ex- 
pected to be the primary mechanism of annealing of 
cold worked AuCus; since according to Blewitt and 
Koehler” disordering by cold work involves the intro- 
duction of such boundaries along slip planes and since 
these boundaries must be eliminated during annealing. 

We shall undertake to adapt these ideas to the case 
of AuCu although due to the differences in the super- 


® Thus, Dienes’ result (reference 4) that the mechanism of 
annealing is independent of temperature between 250°C and 
a? does not hold in the lower temperature range investigated 
ere. 
10 C, Sykes and H. Evans, J. Inst. Metals 58, 255 (1936). 
1 C. Sykes and F. W. Jones, Proc. Roy. Soc. (London) A157, 
213 (1936). 
2 T. H. Blewitt and J. S. Kohler, “A symposium on the plastic 
deformation of crystalline solids,’ ONR, NAVEXOS P-834, 
Pittsburgh, 1950, p. 77. 
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RESISTIVITY, p,1N MICRO OHM-CM 


Fic. 5. Reduced coefficient of magnetoresistivity, g*, as a 
function of the resistivity, p, for samples of AuCu subjected to 
various treatments (based on the curves of Fig. 1). Curve 1: 
Samples thermally disordered and annealed at 150°C (group 1). 
Curve 2-3-4: Samples initially ordered and then swaged (group 
4); and samples mechanically disordered and annealed at 265°C 
and 150°C, respectively, (groups 2 and 3). Curve 5: Samples 
thermally disordered and annealed at 265°C (from WSG). 


Curve 6: Samples in equilibrium at various temperatures (from 
WSG). 


lattice structures the energy relations may not be so 
favorable for the formation of antiphase boundaries in 
AuCu as in AuCu;." For this purpose, we assume that 
the same processes occur in both alloys and assume 
furthermore that during the elimination of the anti- 
phase boundaries (by growth of some nuclei at the 
expense of the others) the material involved goes 
directly from AuCulIII to AuCulI, whereas during 
ordering of the bulk material the AuCu III goes first 
into AuCulII, which, in turn, is transformed into 
AuCu I. It follows that during the course of cold work- 
ing no AuCuII should be produced nor should this 
phase occur when a cold worked sample is annealed 
regardless of the annealing temperature. Thus, the B 
versus p curves obtained for cold-worked samples 
annealed at different temperatures should be free of 
the maximum associated with the orthorhombic phase 
and thus agree with one another and with the curve 
obtained for samples subjected to different amounts of 
cold work. 


A. J. C. Wilson, Proc. Roy. Soc. (London) 180, 277 (1942); 
181, 260 (1943). 
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In the case of the thermally disordered samples 
annealed at 150°C (group 1), the dominant process, at 
least for the first stage, may be expected to be the 
growth of the individual nuclei until they meet at 
antiphase boundaries and the completion of the ordering 
within the nuclei, in the course of which AuCulII is 
produced as an intermediate phase. This is in agreement 
with the results shown in Fig. 5, especially the appear- 
ance of the incipient maximum in this case. For the 
thermally disordered samples annealed at 265°C more 
nuclei are produced so that the elimination of antiphase 
boundaries becomes a relatively more likely process and 
only a small admixture of AuCu II can be expected. 
This again accords with the results shown in the figure 
(group 5). 

Finally, it may be remarked that the shape of 


resistivity-time curves (Figs. 2 and 3) for the annealing 
process is consistent with the aforementioned picture, 
As previously mentioned, in the case of thermally 
disordered samples the resistivity decreases very 
rapidly during the first few minutes and then the process 
rather suddenly becomes much slower, indicating that 
two different mechanisms are successively responsible 
for the annealing. In the case of the cold-worked 
samples, however, the rate of the process undergoes a 
much smaller and smoother change, indicating that 
one mechanism is dominant. 
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Elastic Constants of Germanium between 1.7° and 80°K 


M. E. Fine* 
Bell Telephone Laboratories, Murray Hill, New Jersey 
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The elastic constants of germanium (¢11, ¢i2, and ¢;) increase on cooling and approach constant values for 


very low temperatures. 


INTRODUCTION 


N cubic crystals the slope of an elastic constant- 
temperature curve, dc,;;/dT is related to thermo- 
dynamic properties in the following way’: 
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Fic. 1. Young’s and shear moduli of germanium. 


* Present location: Department of Metallurgy, The Techno- 
logical Institute, Northwestern University, Evanston, Illinois. 
! This relation and its significance were pointed out to me by 
C. Herring. It derives from expressions given, for example, in 
M. Born and M. Goeppert-Mayer, Handbuch der Physik (Ziff- 
Davis Publishing Company, New York, 1933), second edition, 


S is the entropy, F is the Helmholz free energy, a is 
the coefficient of linear expansion, the w’s are strains, 
i and j refer to the standard subscripts,’ “; is a normal 
strain in a (100) direction. Since for equilibrium condi- 
tions the third law requires S and a@ to approach zero 
as T approaches zero, dc;;/dT must approach zero.’ 
Furthermore, if the Griineisen-Debye equation of state 
is valid, a and Cy (and then S) are approximately 
proportional to 7* at low temperatures, and then 
dc;;/dT would vary approximately as 7°. In order to 
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Fic. 2. Elastic constants of germanium. 


Vol. XXIV, pp. 27-31. Strictly speaking, expression (1) holds 
only for the isothermal elastic constants whereas the dynamic 
method used in this investigation gives adiabatic elastic constants, 
but the difference involves the coefficient of expansion and is 
negligible at low temperatures. 

?R. F. S. Hearman, Revs. Modern Phys. 18, 409 (1946). 

3 J. K. Galt, Phys. Rev. 73, 1460 (1948). 
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ELASTIC CONSTANTS OF 


test these relations the elastic constants of germanium, 
previously measured*> from above room temperature 
to 77°K, were measured to 1.7°K. 


EXPERIMENTAL METHODS 


The measuring apparatus, employing the resonant 
piezoelectric method, and the cryostat are described in 
another article.6 Young’s modulus of the (100) and 
(111) directions and the torsion modulus of the (100) 
directions were determined and the elastic constants 
were calculated? from these. The germanium single 
crystals, obtained from Mr. E. Buehler and Mr. E. D. 
Kolb of the Bell Laboratories, were of the highest 
purity available and were not alloyed (doped). The 
crystals were cut parallel to directions located by Mr. 
J. Andrus. The (111) and (100) crystals were approxi- 
mately 0.15 inch square and 13 inch long. After longi- 
tudinal measurements determining Young’s modulus, 
the (100) crystals were ground to a round cross section 
for the torsional measurements. The resonant fre- 
quencies were approximately 100 kc/sec. 

For calculating the moduli from the measured 
resonant frequencies it is necessary to know the thermal 
expansion to correct for thermal changes in length and 
density. This has only been measured from room 
temperature to 77°K‘; the contraction correction 
below 77°K, almost negligibly small, was established 
by extrapolation. 


DATA 


Young’s and torsion moduli of germanium from 1.7 
to 80°K (Ejo0, E111, and Gio) are given in Fig. 1. These 
all increase slightly on cooling from 77°K. The values 
at 77°K are compared in Table I with those reported 
previously.*: 

The elastic parameters of Ge (not shown in the 
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Fic. 3. Compressibility and Poisson’s ratio of germanium. 


4M. E. Fine, J. Appl. Phys. 24, 338 (1953). 
5H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 
6M. E. Fine, Rev. Sci. Instr. 25, 1188 (1954). 
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Fic. 4. dc;;/dT’s and Cy plotted as functions of T°. 


TABLE I. Moduli of germanium at 77°K.* 














Present 
Germanium investigation Previous” H. J. McSkimine 
Exoo 10.42 10.55 10.45 
Ex 15.84 15.86 15.82 
6.87 6.81 6.84 








® Units are 10"! dynes/cm?. 
b See reference 4. 
¢ See reference 5. 


figures) were computed from the moduli, and then the 
elastic constants ¢; and ¢y2, Fig. 2, were computed from 
these. All three elastic constants, ci, C12, and C44, Figs. 
1 and 2, increase on cooling and approach constant 
values for very low temperatures. The compressibility 
(K=3/ceu+2ci2), Fig. 3, decreases on cooling. Data 
above 80°K may be found in references 4 and 5. 


CONCLUSIONS 


The elastic constants as well as the Young’s and 
shear moduli of germanium, Figs. 1 and 2, approach 
constant values for very low temperatures as the third 
law of thermodynamics requires, that is dc,;/dT 
approaches zero at 0°K. 

Proportionality of the dc;;/dT’s to F* is investigated 
in Fig. 4. Cy of germanium is plotted against 7* for low 
temperatures’ in Fig. 4. Cy and a are not exactly 
proportional above 77°K where data exists; the 
Griineisen y varies from 0.73 at 200°K to 0.55 at 
80°K.*:7 Deviations of the dc;;/dT’s from a T* law are 
of the same order as observed for Cy. 


7 F. W. Hill and D. H. Parkinson, Phil. Mag. [7] 43, 309 (1952). 
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Electron Microscopy of Monodisperse Latexes* 


E. B. BrRaprorD AND J. W. VANDERHOFF 
Physical Research Laboratory, The Dow Chemical Company, Midland, Michigan 


(Received January 29, 1955) 


A series of monodisperse polystyrene latexes has been prepared 
by carefully controlled emulsion polymerizations. The particle 
diameters of three of these latexes were determined by electron 
microscopy. The latex particles were dispersed on collodion mem- 
branes supported by copper grids. The microscopes had previously 
been calibrated with collodion replicas of a 30000 line/inch 
diffraction grating. In general, the reproducibility of measure- 
ments from many photographic exposures was good; however, a 
few exposures yielded particle diameters considerably higher than 
the averages. 

An investigation of this technique indicated that: (1) poly- 
styrene latex particle diameters (collodion membranes—copper 
grid supports) increased considerably on electron irradiation, (2) 
collodion diffraction grating replicas (copper grid supports) shrank 


slightly on electron irradiation, and (3) the magnification of the 
electron microscope varied slightly from exposure to exposure. It 
was found that variations of particle diameter resulting from the 
foregoing sources of error were negligible when the particles were 
dispersed directly on a silicon monoxide diffraction grating replica 
supported by a stainless steel grid. 

The particle diameters of the latexes determined in this manner 
ranged from 880 to 11720 A. Many photographic exposures of 
each latex were used for these measurements. The monodispersity 
of the latex particles is evident from the small values of the stand- 
ard deviations of the over-all particle-size distributions. The 
reproducibility of particle diameters determined from different 
exposures is evident from the small values of the standard devia- 
tions of the means of the exposure averages. 





INTRODUCTION 


HE monodisperse polystyrene latex, 580G lot 3584, 
is well known to electron microscopists. The 
uniformity of this latex was first noted by Backus and 
Williams! and later it was investigated by electron 
microscopy,” light scattering,’ small angle x-ray scat- 
tering,‘ and ultracentrifugation.’ A compilation of par- 
ticle-diameter determinations® indicated that most in- 
vestigators found a diameter of about 2590 A. However, 
a few investigators found somewhat higher values. 
Many samples of this latex were distributed to various 
laboratories, and it has since gained widespread accept- 
ance as a secondary standard in electron microscopy and 
other fields. The supply of this latex has long been 
exhausted while requests for samples have continued 
unabated. 

Monodisperse latexes are of great value in investiga- 
tions elucidating the mechanism of emulsion polymeriza- 
tion and various colloidal phenomena. For investiga- 
tions of this type an accurate measurement of particle 
diameter is necessary. Monodisperse latexes are also 
valuable as secondary calibration standards for in- 
vestigations in electron microscopy, light microscopy, 
light scattering, sedimentation studies, and aerosol 
studies. 


* Presented, in part, at the 12th Annual Meeting of the Electron 
Microscope Society of America, Highland Park, Illinois, October 
14-16, 1954. 

1R. C. Backus and R. C. Williams, J. Appl. Phys. 19, 1186 
(1948). 

2R. C. Backus and R. C. Williams, J. Appl. Phys. 20, 224 
(1949); 21, 11 (1950); G. D. Scott, ibid. 20, 417 (1949); S. F. 
Kern and R. A. Kern, ibid. 21, 705 (1950) ; I. Ming Feng, ibid. 22, 
820 (1951); S. G. Ellis, ibid. 23, 728 (1952); E. B. Bradford, ibid. 
23, 609 (1952); J. H. L. Watson and W. Grube, ibid. 23, 793 
(1952). 

3W. B. Dandliker, J. Am. Chem. Soc. 72, 5110 (1950). 

4K. L. Yudowitch, J. Appl. Phys. 22, 214 (1951); Leonard, 
Anderegg, Kaesberg, and Beeman, ibid. 23, 152 (1952) ; Danielson, 
Shenfil, and DuMond, ibid. 23, 860 (1952). 

’D. G. Sharp, J. Appl. Phys. 21, 71 (1950). 

*C. H. Gerould, J. Appl. Phys. 21, 183 (1950). 


The foregoing needs prompted an investigation into 
the preparation of monodisperse latexes. By carefully 
controlled emulsion polymerizations, monodisperse 
latexes with particle diameters ranging from 1000 
to 12000 A have been prepared. Polystyrene, poly- 
vinyltoluene, and various copolymers have been pre- 
pared in this manner. A series of monodisperse poly- 
styrene latexes has been prepared for wide distribution. 
Samples of three of this series have been distributed ; the 
others are ready for distribution now. 


PRELIMINARY OBSERVATIONS 


The particle diameters of the three foregoing latexes 
have been determined by electron microscopy in the 
following manner. A drop of diluted latex was dried on a 
collodion membrane supported by a copper grid. Photo- 
graphic exposures were made of the specimens in two 
RCA electron microscopes, models EMB and EMT. 
Particle-diameter measurements were made directly 
from the photographic plates using a 6.5 power meas- 
uring magnifier. The microscopes were calibrated from 
photographic exposures of collodion replicas (copper 
grid supports) of a 30 000 line/inch diffraction grating. 
Frequent calibrations and many photographic exposures 
were used for the foregoing measurements. Measure- 
ments from the two microscopes, at slightly different 
magnifications on the same microscope, and from two 
people measuring the same photographic plate were 
averaged together. The results are expressed as the 
average particle diameter XY, standard deviation oc, and 
the total number of particle measurements x in Table I. 

The standard deviation, o, was calculated according 
to the following equation’: 


>(X—X)*\! 
n—1 


7 Statistical Methods in Research and Production, edited by O. L. 
Davies (Oliver and Boyd, London, 1949), pp. 28, 29. 
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where X =an individual measurement, X= the average 
of the measurements, and nm=the number of measure- 
ments. The standard deviation is a statistical expression 
of the variation of individual measurements about the 
average. If the distribution of the measurements about 
the average is a normal one, the range of X10 should 
include 68.3 percent of the individual measurements. 

In these measurements several photographic plates 
yielded results considerably higher than the averages in 
Table I. (1420, 1460, 1490 A for 15N-23; none for 
15N-7; 5420 A for 15N-8). Similar discrepancies have 
been reported previously.®:* Since the divergence of 
these measurements was considerable, they were not 
included in the averages in Table I. The occurrence of 
these divergent measurements, however, casts some 
doubt on the accuracy of these particle-diameter de- 
terminations. Therefore a thorough investigation of the 
experimental technique was undertaken. 


TABLE I. Particle diameters of monodisperse polystyrene latexes 
(collodion membranes—copper grid supports). 











Run =. 
number : a o,A n 
15N-23 1320 88 447 
15N-7 3330 74 285 
15N-8 5140 107 209 








INVESTIGATION OF TECHNIQUE 


The foregoing measurements were made in the follow- 
ing manner: Collodion replicas of a 30000 line/inch 
diffraction grating were prepared by the conventional 
stripping method. Photographic exposures of these 
replicas (copper grid supports) were made in the electron 
microscopes. Measurements of the spacing between 3 to 
5 lines of the replica were made with the 6.5 power 
measuring magnifier. Averages of these measurements 
were used to calculate the magnification of the micro- 
scopes. For the particle-diameter measurements a drop 
of diluted latex was dried on a collodion membrane 
supported by a copper grid. Photographic exposures 
were made of the specimens in the microscopes. The 
particles in each exposure were measured with the 6.5 
power measuring magnifier. Averages were calculated, 
and the previously determined magnification was used 
to calculate the particle diameter. 

For the first experiment it was decided to determine 
the change, if any, in the diffraction grating replicas on 
continuous irradiation in the electron beams of the 
microscopes. Freshly prepared, shadowed collodion 
diffraction grating replicas (copper grid supports) were 
placed in the electron microscope. Two photographic 
exposures of the same area were made, one immediately, 
and the other after 5 minutes irradiation in the electron 


beam under normal operating conditions. The results 


8G. D. Scott, J. Appl. Phys. 20, 417 (1949); V. E. Cosslett, 
Proceedings of the Conference on Electron Microscopy, Delft, 
1949, p. 64 (published at Delft, 1950); S. G. Ellis, J. Appl. Phys. 
23, 728 (1952). 


TABLE II. Effect of five-minute electron irradiation on collodion 
diffraction grating replicas (copper grid supports). 








_ Before After 


oF. 
> 
scope Spaces Xs, mm os, mm 


0 
n> shrinkage 


EMT 5 20.11 0.07 19.14 0.11 10 5 
EMB 4 19.82 0.13 18.81 0.16 10 5 
EMB 3 16.26 0.14 15.39 0.17 10 5 
EMB 3 16.24 0.12 15.38 0.16 10 5 


ai mm ob, mm 











are expressed as the average grating spacing X,, the 
standard deviation o,, number of measurements 7», and 
the percent shrinkage in Table II. Apparently the 
collodion diffraction grating replicas supported by 
copper grids shrank about 5 percent in 5 minutes when 
irradiated in the electron beam of either microscope. 
The slight variations of the standard deviations before 
and after irradiation indicate these apparent shrinkages 
were not the result of scatter in the measurements. 

However, 5 minutes of intense irradiation of the same 
area is a condition not frequently met in electron 
microscopy. Therefore freshly prepared, shadowed col- 
lodion diffraction grating replicas were placed in the 
microscopes and successive photographic exposures of 
the same area were made, one immediately following the 
other. The results are summarized in Table III. Con- 
tinuous irradiation of the same area while making five 
successive photographic exposures resulted in a shrink- 
age of 4 percent for the EMT and 1 percent for the 
EMB. However, no noticeable shrinkage was observed 
when each successive photographic exposure was made 
in a different grid opening of the grating replica. 

The second possible source of error to be investigated 
was the effect of irradiation on the latex particles. 
Contamination of specimens in the electron microscope 
has been the subject of many investigations.* Therefore 
the cause and nature of the contamination will not be 
discussed here. However, various workers! have re- 


TABLE III. Effect of electron irradiation on collodion diffraction 
grating replicas with successive photographic exposures (copper 
grid supports). 











icro- - Cale 
pron X», mm ob, mm nb mag. 
EMT 20.12 (5 spaces) 0.08 - 10 4750X 
EMT 19.99 0.07 10 4720X 
EMT 19.64 0.10 10 4640 
EMT 19.59 0.07 10 4630X 
EMT 19.36 0.07 10 4570X 
EMB 21.21 (4 spaces) 0.07 10 6260X 
EMB 21.17 0.10 10 6250X 
EMB 21.09 0.10 10 6230X 
EMB 21.05 0.07 10 6220X 
EMB 21.02 0.06 10 6210X 








9 J. H. L. Watson, J. Appl. Phys. 18, 153 (1947) ; 19, 110 (1948) ; 
23, 793 (1952); V. E. Cosslett, ibid. 18, 844 (1947) ; J. Hillier, ibid. 
19, 226 (1948); S. G. Ellis, ibid. 23, 728 (1952). 

1 C, H. Gerould, J. Appl. Phys. 21, 183 (1950); S. F. Kern and 
R. A. Kern, ibid. 21, 705 (1950); S. G. Ellis, ibid. 23, 728 (1952) ; 
J. H. L. Watson and W. L. Grube, ibid. 23, 793 (1952). 
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ported that the particle diameters of polystyrene latexes 
increase by differing amounts due to electron bom- 
bardment. Unfortunately, details of their experimental 
conditions were not reported. 

In order to investigate the variation of apparent 
particle diameter with irradiation in the electron beam, 
a monodisperse polystyrene latex (run No. 15N-7) was 
diluted and dried on various membrane-support combi- 
nations. The first investigated was the collodion-copper 
combination. A specimen of latex particles dispersed on 
a collodion membrane supported by a copper grid was 
placed in the microscope. One photographic exposure 
was made immediately, the second after five minutes 
irradiation in the electron beam. The same particles 
were measured before and after the electron irradiation. 
The first four experiments were carried out near the 
center of a grid opening, the second four near a grid 
wire. The results are summarized in Table IV. From 
Table IV it can be seen that there is a considerable 
increase in apparent particle diameter after five-minute 
irradiation in the electron beam. Figure 1 shows the 
same particles near the edge of the grid opening before 
and after five-minute irradiation. As can be seen, the 
edges of the particles after irradiation are somewhat 
indistinct and the apparent diameters of the particles 
are considerably larger. 


BEFORE 





AFTER 





Fic. 1. The effect of five-minute irradiation on monodisperse 
polystyrene latex particles in the electron microscope. 
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Fic. 2. Variation of apparent particle diameter with successive 
photographic exposures in the electron microscope. 


In order to investigate this particle growth under 
conditions more commonly encountered in electron 
microscopy, fresh specimens (collodion membranes— 
copper grid supports) were placed in the microscope and 
successive photographic exposures of the same area were 
made. The same particles were measured in each ex- 
posure. The results are shown in Fig. 2. As can be seen, 
the average diameter of the same particles increased 
with each successive photographic exposure. This growth 
trend is approximately of the same magnitude in both 
microscopes. In the time required for ten photographic 
exposures the average diameter of the particles increased 
19 percent in the EMT and 21 percent in the EMB 
electron microscope. It is apparent that these growth 
curves, and also the other curves of Fig. 2, possess 
different initial particle diameters (determined from the 
first exposure). Ideally, one would expect the value of 
the initial particle diameter to be the same for all curves. 
This discrepancy is probably due to variations in 
instrumental magnification from specimen to specimen ; 
electron irradiation before the first exposure may be re- 
sponsible for small variations. It is interesting to note 
that even though the average particle diameter increased 
with each successive exposure, there was no growth 
trend in the standard deviations of the measurements. 
This indicates that the scatter in the measurements is 
about the same from exposure to exposure. Therefore 
the particles are all growing at the same rate. Figure 3 


TABLE IV. Effect of five-minute electron irradiation on 
polystyrene latex particles (collodion membranes—copper grid 
supports). 


Micro- = = q 


scope X,A «A A.A @,A n Mag. increase 
EMT 3620 76 4090 80 7 4750X 13 
EMT 3490 §= 33 3870 98 25 4620 11 
EMT 3920 51 4070 32 10 4620X 4 
EMB 3560 43 4200 33 20 6150 18 
EMT 3600 73 4160 78 20 4620X 16 
EMT 3880 39 4450 83 11 4620 15 
EMT 3950 58 4570 162 7 4620 16 
EMB 3690 30 4160 29 20 6000X 13 
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shows the particles in the first and tenth exposure in the 
EMB electron microscope. The particle growth is plainly 
visible. 

When a new specimen was used for each successive 
photographic exposure there was no growth trend in 
either electron microscope. The mean X,x,p. of the ex- 
posure averages of 10 exposures was 3500 A in the EMT 
and 3430 A in the EMB. The standard deviation o¢xp, of 
this mean (i.e., a measure of the variation of exposure 
averages about the mean value) was only 37 A for the 
EMT and 84 A for the EMB. If the particle diameters 
had increased, these standard deviations would have 
been much larger. 

The positioning of the specimen holder in the speci- 
men rod of the EMT electron microscope is very critical 
with regard to magnification. The next experiment was 
intended to check the reproducibility of positioning the 
specimen holder and also to corroborate the growth of 
the particles with successive photographic exposures. 
Therefore ten photographic exposures were made of the 
same particles dispersed on a collodion membrane sup- 
ported by a copper grid. The specimen was removed and 
replaced in the microscope between each exposure. As 
shown in Fig. 2 this increase in apparent particle 
diameter is about the same as when the specimens were 
not removed from the microscope between each photo- 
graphic exposure. Since this growth curve parallels the 
previous growth curves, any variations introduced by 
the positioning of the specimen appear to be small 
relative to the amount of growth obtained. 

When a fresh area in a new grid opening of the same 
specimen was used for each successive photographic 
exposure there was no growth trend. This is also shown 
in Fig. 2. Therefore no discrepancies due to particle 
growth should be introduced if only one photographic 
exposure is made in a given grid opening of the specimen. 

It was decided to determine the effect of irradiation 
on the apparent latex particle diameter using grid sup- 
ports of other metals. Phosphor-bronze and stainless 
steel grid supports were used. Again two photographic 
exposures were made of the same particles, one im- 
mediately, and the other after five-minute irradiation 
in the electron beam. The results are summarized in 
Table V. As shown in Table V the increase in particle 
diameter on five-minute irradiation using phosphor- 
bronze grid supports was considerably less than when 


TABLE V. Effect of five-minute irradiation on polystyrene 
latex particles. 








Before After 


. - - Grid % 
scope X,A «@¢,A X.A @,A n 


opening increase 








(Collodion membranes—phosphor-bronze grid supports) 


EMT 3530 60 3670 843 20 center 4 


EMT 3510 53 3670 38638 25 edge 5 
(Collodion membranes—stainless steel grid supports) 

EMT 3540 70 3620 50 25 center 2 

EMT 3570 62 3590 68 11 edge 0.6 








copper grid supports were used. When stainless steel 
grid supports were used the particle-diameter increase 
was within the limit of error of the measurements. 
Therefore the variation of apparent particle diameter 
with successive photographic exposures was investigated 
using stainless steel grid supports. Ten successive photo- 
graphic exposures were made and the same particles 
were measured in each exposure. These results are also 
shown in Fig. 2. As can be seen, the increase in particle 
diameter is negligible when the collodion membrane is 
supported by a stainless steel grid. 

From the previous experiments the following sources 
of error must be taken into account. (1) The increase in 
apparent particle diameter of polystyrene latex particles 
on irradiation. This is proportionately greater for copper 
grid supports, considerably less for phosphor-bronze, 
and practically negligible for stainless steel. (2) The 
shrinkage of collodion diffraction grating replicas on 
electron irradiation. This shrinkage is rather small, even 
under intense electron bombardment, and can be mini- 
mized by making successive photographic exposures in 
different grid openings of the specimen. (3) The varia- 
tion in magnification of the electron microscope from 
specimen to specimen. The error due to this variation 
may be minimized by depositing the dilute latex on a 








Fic. 3. Monodisperse polystyrene latex particles in the first 
and tenth successive photographic exposure in the electron 
microscope. 
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Fic. 4. The effect of five-minute irradiation on monodisperse 
polystyrene latex particles in the electron microscope (silicon 
monoxide grating replica supported by a stainless steel grid). 


diffraction grating replica. Then each exposure would be 
calibrated internally with respect to magnification. 

Therefore accurate, reproducible particle-diameter 
determinations might be carried out by drying the dilute 
latex on a collodion diffraction grating replica supported 
by a stainless steel grid. Each successive photographic 
exposure would be made near the center of a different 
grid opening. Then each exposure would be calibrated 
internally and a series of exposures from both micro- 
scopes would be averaged to determine the absolute 
particle diameter. 

In preparing a large number of collodion diffraction 
grating replicas by the stripping process, it was noted 
that minute scratches were appearing in the original 
diffraction grating. It was thought that these scratches 
were caused by pressing the metallic grids through the 
thin collodion replica. Therefore, it was decided to use a 
technique which did not involve this step. 

The grating replicas were then prepared by depositing 
an aqueous solution of polyvinyl alcohol on the diffrac- 
tion grating and allowing the water to evaporate. Scotch 
tape was pressed on the thin, dry film; by careful and 
even lifting, the Scotch tape with the polyvinyl] alcohol 
replica film attached was stripped from the diffraction 
grating. The Scotch tape was attached to a microscope 
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TABLE VI. Effect of five-minute irradiation on latex particles 
and grating replica (silicon monoxide replica—stainless steel grid 
support). 


Before After 


‘ 


XA oA X.A «A n increase 
3430 59 3500 54 16 2 
A mm ob, mm } a mm ob, mm nb shrinkage 
15.21 (4 spaces) 0.09 15.21 0.08 12 0 














slide with the replica exposed. Silicon monoxide was 
then evaporated onto the polyvinyl alcohol replica. The 
specimen was scored into $-inch squares and immersed 
in distilled water which dissolved the polyvinyl alcohol. 
After rinsing, the silicon monoxide replicas were caught 
on 200 mesh stainless steel grid supports. After drying, 
the supported replicas were ready for use. This polyvinyl 
alcohol-silicon monoxide technique, which is similar to 
the technique described by Powell and co-workers," 
avoids the danger of damaging the original diffraction 
grating and also is less liable to result in stretching or 
shrinking of the replica. 

The following experiment was carried out to de- 
termine the grating shrinkage and particle-diameter 
increase when the technique previously described was 
employed. A drop of diluted monodisperse latex (again 
run No. 15N-7) was dried on a silicon monoxide replica 
supported by a stainless steel grid. The specimen was 
inserted into the EMT; one photographic exposure was 
made immediately, the second after five minutes of 
intense irradiation in the electron beam. The same 
particles and grating replica areas were measured before 
and after the irradiation. The results are summarized in 
Table VI. After five minutes of intense irradiation there 
was no measurable change in the silicon monoxide 
grating replica spacing and only a 2 percent increase in 
the latex particle diameter. In Fig. 4 is shown the 
grating replica and the latex particles before and after 
irradiation. It can be seen that there is no appreciable 
difference between the two micrographs. These condi- 
tions of irradiation are much more rigorous than those 
encountered in particle-diameter determinations. There- 
fore, it is felt that the error of this technique for particle- 
diameter determinations of polystyrene latexes is negli- 
gible. Consequently, this technique was employed in the 
particle-diameter determinations of the series of mono- 
disperse latexes. 


MEASUREMENT OF PARTICLE DIAMETERS OF 
MONODISPERSE LATEXES 


A drop of the diluted latex was dried on a silicon 
monoxide replica supported by a stainless steel grid. 
Only one photographic exposure was made in any one 
grid opening, and no more than five exposures were made 
on any one specimen except where noted. Figures 5-8 


4 ‘1 Powell, LeBras, Bobalek, and von Fisher, J. App]. Phys. 25, 
757 (1954). 
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Fic. 5. Typical electron micrograph from which the particle- 
diameter measurements were made (run No. LS-055-A). 


are typical electron micrographs of several latexes of 
this series. The scratches observed in some of these 
micrographs were caused by the measuring magnifier. 
The monodispersity of the latex particles is evident, and 
the diffraction grating replica lines are well defined and 
parallel to one another. 

The measurements were made directly from the 
photographic plates using the 6.5 power measuring 
magnifier. This magnifier was graduated in 0.1 mm 
divisions ; estimates were made to the nearest 0.02 mm. 
This value, 0.02 mm, is equivalent to 44 A at a magni- 
fication of 4500 (EMT) and to 33 A at a magnification 
of 6000 (EMB). The spacing between grating lines (10 
measurements of 3 to 5 spaces) and the particle diame- 
ters (10 to 150 measurements) were measured on each 
exposure. The averages and standard deviations of both 
the grating spacings and the particle diameters were 
calculated. The average absolute particle-diameters, 


X a/», Were calculated according to Eq. (2): 
X alb=Xa IX 4-C, (2) 


where X,=average particle measurement mm, X,» 
=average grating spacing measurement mm, and C=a 





Fic. 6. Typical electron micrograph from which the particle- 
diameter measurements were made (run No. LS-061-A). 


Fic. 7. Typical electron micrograph from which the particle- 
diameter measurements were made (run No. LS-063-A). 


conversion factor dependent on the diffraction grating 
calibration and the number of grating spaces measured. 
It was desired to calculate the standard deviation of 
X,/». The necessary expression was derived from 
Eq. (3): 


r 9 


ox\? 
v(x)=[60 F=(—) V(x) 


OX, 
0x? 
+( ) V(x2)+--- (3) 


OX 





where: V=variance, X= f(x1,%2---), and x1, x, 
=independent variables. Therefore, if ¥=X,./X,4-C, 


then: cS 
XproegtXea or } 
a(X) =oun~( a ~) ‘C, (4) 
X ;' 





where o,/,=standard deviation of the absolute particle 
diameter, ¢,= standard deviation of the particle-diame- 
ter measurements, and o,=standard deviation of the 
grating spacing measurements. Thus the standard devi- 











Fic. 8. Typical electron micrograph from which the particle- 
diameter measurements were made (run No. LS-066-A). 


12 See reference 7, p. 37. 
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TABLE VII. Particle diameter of monodisperse polystyrene latex 
run No. LS-061-A. 
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TABLE VIII. Particle diameters of monodisperse polystyrene 


latexes (average of exposures). 














Exposure Na/b, 

number Ran. A oa/b, A (particles/grating) Mag. 
EMT 8901A 3690 110 31/10 4550X 
EMT 8901B 3640 83 29/10 4570X 
EMT 8901C 3570 86 32/10 4660 
EMT 8901D 3610 98 35/10 4600 
EMT 8901E 3640 87 30/10 4580X 
EMB 8892A 3600 65 34/10 5790X 
EMB 8892B 3650 91 40/10 5710X 
EMB 8892C 3610 96 38/10 5740X 
EMB 8892D 3700 140 34/10 5630X 
EMB 8893A* 3650 74 39/10 5720X 
EMB 8893B 3660 100 32/10 5710X 
EMB 8893C 3690 67 33/10 5690X 
EMB 8893D 3710 79 31/10 5650X 
X exp. =3650 A 
exp. =41 A 
Nexp. = 13 











* Same specimen as exposure EMB 8892. 


ation of the absolute particle diameter, o 4/5, includes the 
variation of the grating spacing measurements as well as 
the variation of the particle-diameter measurements. 

The results of the particle-diameter determination of 
a typical latex of this series are compiled in Table VII. 
The magnification was calculated from the X, for each 
exposure. The values of o,/, include the variations in 
particle diameter, variations in the grating replica 
spacing, and the errors involved in their measurement 
for each exposure. For this latex these values range from 
1.8 to 3.8 percent of the particle diameters. 





200 
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Fic. 9. Particle-diameter distribution of monodisperse polystyrene 
latex (run No. LS-061-A). 








Run number | a = Cexp., A Rexp 
LS-040-A 880 53 19 
15N-23 1380 20 11 
LS-055-A 1880 53 21 
LS-057-A 2640 31 12 
15N-7 3400 i 9 
LS-061-A 3650 41 13 
15N-8 5120 35 13 
LS-063-A 5570 64 13 
LS-066-A 8140 oF 19 
LS-067-A 11 720 92 24 








A compilation of the mean of the exposure averages, 
the standard deviation of this mean, and the number of 
exposures for all ten latexes is given in Table VIII. As 
can be seen the average particle diameters range from 
880 to 11 720 A. The small values of o.x», are indicative 
of the reproducibility of these measurements. 

The above data were treated in another fashion. The 
average grating spacing measurement was used to 
calculate the magnification for each exposure. Using 
this average magnification the particle-size distribution 
for each exposure was calculated. The particle-size 
distributions for all exposures were aggregated and an 
over-all particle-size distribution was calculated. A 
compilation of these data for all ten latexes is presented 
in Table IX. The small values of ¢ are indicative of the 
monodispersity of the latexes. The particle-size distribu- 
tion of a typical latex, run No. LS-061-A, is shown in 
Fig. 9. The narrow width of the particle-size distribution 
is apparent from the bar graph. If the latex particles 
were of identical size and there were no errors in 
measurement, the particle-size distribution would be 
represented by a vertical line. However, these latexes 
possess a very narrow particle-size distribution. Also 
small errors in measurement may account for some 
variation. The bar graph shown includes both the actual 
particle-size distribution and the errors in measurement. 

From the foregoing it may be concluded that: (1) 
polystyrene latexes of this series are monodisperse; 
(2) accurate and reproducible particle-diameter deter- 


TABLE IX. Particle-size distributions of monodisperse 
polystyrene latexes. 











Run number X,A a,A n 
LS-040-A 880 80 1164 
15N-23 1380 62 526 
LS-055-A 1880 76 1065 
LS-057-A 2640 60 577 
15N-7 3400 52 415 
LS-061-A 3650 79 438 
15N-8 5110 74 359 
LS-063-A 5570 108 373 
LS-066-A 8140 105 357 
LS-067-A 11 710 133 315 
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minations of polystyrene latexes may be carried out by 
the foregoing technique. 

These monodisperse polystyrene latexes were pre- 
pared for wide distribution to other laboratories. Re- 
search samples are available to interested investigators. 
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Study of the Kinetics of Ordering in the Alloy AuCu* 
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Ordering in the alloy AuCu was studied by measurements of the electrical resistivity as a function of time 
and temperature of ordering for samples disordered at various temperatures above the critical point. It has 
been established experimentally that the disordering temperature has a profound affect upon the rate of 
ordering. The higher the disordering temperature the faster is the rate of subsequent ordering. The de- 
pendence of the rate of ordering on the ordering temperature seems to indicate that the transformation is 
nucleated even at very low temperatures. The appearance of a twin-like structure during the disorder-to- 
order transformation has also been studied as a function of the previously mentioned variables. 








INTRODUCTION 


HE work reported in this paper deals with certain 

aspects of the kinetics of ordering in a 50/50 
atom percent gold-copper alloy. Despite the consider- 
able work done on this alloy in the past, the kinetics of 
the disorder-to-order transformation have been known 
only superficially and certain details of this transition 
were completely overlooked. 

The most revealing work in the field was published 
by Borelius and co-workers! and by Dienes.* Borelius’ 
work will be discussed at some length later in this paper. 
Dienes studied the rates of ordering by measuring, at 
various time intervals, the electrical resistance of 
wires being ordered isothermally. The specimens were 
previously disordered at about 600°C by pulse anneal- 
ing. It will be shown later that the kinetics of ordering 
in AuCu is very sensitive to the disordering tempera- 
ture, and the one chosen by Dienes is already high 
enough to mask some interesting features of the 
transition. Ordering in the alloy AuCu is further 
complicated by the existence of two crystallographic 
structures in the ordered state. According to Johansson 
and Linde,‘ the superlattice formed between 375° and 
408°C consists of a large unit cell made out of ten cells 
of the disordered lattice. The structure is orthorombic 
with two axes nearly equal and the third, ten times as 


*This paper represents part of a thesis by R. F. Hochman, 
submitted in partial fulfillment of requirements for the degree of 
Master of Science to the Graduate School of the University of 
Notre Dame. 

1 Kallback, Nystrom, and Borelius, Ing. Vetensk. Akad. 157 
(1941). 

2G. Borelius, J. Inst. Metals 74, 17 (1948). 

3G. J. Dienes, J. Appl. Phys. 22, 1020 (1951). 

‘C. H. Johansson and T. O. Linde, Ann. Physik 25, 1 (1936). 


long. Below 375°C, the ordered alloy assumes a tetra- 
gonal structure. 

In the work reported below, the kinetics of ordering 
in AuCu was investigated by measuring the change of 
electrical resistivity as a function of time during 
isothermal ordering, after various disordering heat 
treatments. In addition, a metallographic study of the 
twin-like structure reported by Kurnakow e al. and 
Houghton and Payne,® was undertaken. 


EXPERIMENTAL RESULTS 


A gold-copper alloy containing 24.40 weight percent 
Cu (50 atomic percent Cu), was prepared and drawn 
to wire of 0.025 inch diameter by Baker and Company, 
Newark, New Jersey. To assure uniform grain size, all 
wires were annealed at 800°C for two hours in evacuated 
quartz tubes. After this heat treatment, the tubes were 
transferred directly to salt pot furnaces for disordering 
annealing at constant temperatures. The specimens 
were divided into three batches, each disordered at a 
different temperature for a period of 20 hours. The 
disordering temperatures chosen were 415°, 440°, and 
650°C. After this heat treatment the specimens were 
quenched in ice water and immediately given ordering 
treatments at temperatures ranging from 400° to as 
low as 100°C. After certain periods of time, ranging 
from a few seconds to a few hours, the specimens were 
withdrawn from the annealing bath, quenched and 
their electrical resistance measured with a standard 
Kelvin double bridge. At various stages of annealing, 


5’ Kurnakow, Zemczuzny, and Zasedetelev. J. Inst. Metals 15, 
305 (1916). 

6 J. L. Houghton and R. J. Payne, J. Inst. Metals 46, 457 
(1931). 
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Fic. 1. The variation of specific resistivity p with ordering 
time, of AuCu ordered at 400°, 390°, and 380°. The alloy was 
previously disordered at 415° for 20 hours. 


samples were withdrawn and prepared for metal- 
lographic examination. On the average, each point 
on the subsequent graphs represents the results of 
measurements conducted on three to five specimens. 
The agreement was good, the spread of values from 
specimen to specimen seldom exceeding two percent. 
Typical curves of the change of electrical resistivity 
as a function of time are shown in Fig. 1. Two im- 
portant features in regard to isothermal ordering may 
be noted from them. First, the transition exhibits a 
definite induction period /;. Secondly, when ordering 
does begin, curves of resistivity vs time show a drop of 
various degrees of sharpness. This portion of the curve, 
for all practical purposes, may be considered linear 
(particularly for the curves obtained with specimens 
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ordered at higher temperatures) and therefore, its slope 
may be determined unambiguously. The slope dp/dt 
gives a measure of the initial rate of ordering and 
will be referred to hereafter as a. 

The induction periods, ¢;, were determined at various 
ordering temperatures for each of the three disordering 
heat treatments. It should be noted that above 350°C 
they decrease with decreasing ordering temperatures 
and in the temperature interval 270°-350°C are shorter 
than five seconds. Therefore, in this region the extra- 
polations used may be regarded as somewhat question- 
able. However, the fact that at 200°C the induction 
period is definitely longer than those observed at any 
temperatures between 270° and 350°C and comparable 
with the one at 370°C justifies the conclusion that the 
temperature-time curve for this transition has a 
minimum within the temperature interval mentioned 
above. For the specimens disordered at 650°C only one 
induction period could be measured, namely the one 
at the highest ordering temperature 400°C. At all 
other temperatures, the values of ¢; were definitely less 
than one second. This fact emphasizes dramatically 
the great influence of disordering temperature upon the 
rate of ordering. These observations are summarized in 
Figs. 2-4 in which the logarithm of /; is plotted against 
the ordering temperature, resulting in “C” curves, 
typical for nucleated transformations. These figures 
represent “C” curves pertaining to disordering tem- 
peratures of 415°, 440°, and 650°C, respectively. To 
demonstrate the progress of ordering at various tem- 
peratures in terms of decreasing resistivity, some 
isoresistivity curves are also plotted. 

The rate of ordering, as measured by the drop of 
specific resistivity per unit time, —a, increases with a 
decrease in ordering temperature above approximately 
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Fic. 2. Time-temperature-transformation curves for ordering of AuCu previously disordered at 415°C for 20 hours. 
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ly Fic. 3. Time-temperature-transformation curves for ordering of AuCu previously disordered at 440°C for 20 hours. 
he 
in 350°C. Below that temperature it begins to decrease. in addition to the large annealing twins, at the very 
Ist Figure 5 represents variations of log(—qa) with ordering inception of ordering, i.e., at the end of the induction 
eS, temperature, the disordering temperature 7, being period. The same structure was also observed below 
eS the parameter. 375°C, proving that it is common to both crystal- 
m- It has been noted that some specimens exhibited a __lographic structures. It was found, however, that in the 
To slight but consistent increase of resistivity within the range of temperature where the tetragonal structure is 
m- induction period. stable, the appearance of “twins” did not necessarily 
ne The purpose of the metallographic examination of the coincide with the inception of order. The lower the 

specimens, made at various stages of isothermal ordering temperature, the longer were the intervals of 
of ordering, was to establish the temperature range of time before the twin-like structure appeared. 
a | stability as well as the kinetics of the acicular, twin-like It was possible to determine the induction period of 
ely | structure first observed by N. S. Kurnakow ef al.* and “twinning” not only by metallographic examination 


later investigated in some detail by J. L. Houghton 
and R. J. M. Payne.® Figure 6 represents a photo- 
micrograph of a typical gold-copper alloy after quench- 
ing from the disordering temperature. The micro- 
| structure is that of a single phase alloy with occasional 
} annealing twins, typical of face centered cubic crystals. 
| Metallographic analysis revealed that above 375°C, 
in the temperature range where the orthorhombic 
structure is stable, a fine twin-like structure appeared, 
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Fic. 4. Time-temperature-transformation curves for ordering of 
AuCu previously disordered at 650°C for 20 hours. 





but also from resistivity-time curves, since there is a 
definite change in the rate of resistivity decrease, a, at 
the moment the twin-like structure first appears. 
This can be seen in Fig. 7 which represents such a 
curve for an alloy disordered at 415°C for 20 hours 
and then ordered at 330°C for the times indicated. 
The curves indicating these induction times below 
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Fic. 5. The variation of the rate of ordering (—a) with ordering 
temperature for indicated disordering heat treatments. 
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Fic. 11. AuCu disordered for 1 hour at 800°C followed by 20 
hours at 415°C then ordered at 390°C for (a) 10 minutes, (b) 60 
minutes, (c) 120 minutes. Etch: aqua regia. 500X. 


growth of plates with time at the same temperature, 
in this case 390°C. Figures 12(a), (b), and (c) show the 
influence of the disordering temperature upon the plate 
size. All three specimens were ordered at 400°C for 
approximately equal times following the induction 
period. The photomicrographs seem to indicate that 
finer plates result from an increase in the disordering 
temperature or a decrease in the ordering temperature. 

Furthermore, a number of fully disordered wires 
were polished and etched and mounted under a micro- 
scope. Upon heating these wires by the passage of an 
electric current, it was observed that the plates sprang 
out suddenly in the matrix and grew very rapidly 
inside the grains. 

In order to ascertain the crystallographic habit plane 
on which the plates form, the angles between plates 
were measured on the photographs. The results are 
presented in Fig. 13. In this figure the frequency of 
occurrence of a given angle is plotted against the angle 
itself. The peaks in the graph correspond to the actual 
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angles between the “twin” planes.? Sharp maxima 
were found at angles of 60° and 90° indicating that the 
“twin” plane in both orthorhombic and tetragonal 
structures is (110). (The great number of parallel 
plates is not included in this count.) In addition to 
these two sharp peaks a small peak in the vicinity of 
35° can be noted. The presence of this peak would be 
indicative of some “twinning” taking place on the 
(111) plane since the angle between this plane and 
(110) is 35°16’. If this were true, another peak around 
70°32’ angle should be present, since this is the angle 
between two (111) planes. Figure 13 fails to reveal a 
peak at that angle, but the high background in this 
range of angles could very well mask it. 


DISCUSSION OF THE RESULTS 


The existence of an induction period and its peculiar 
dependence on the ordering temperature, seems to 

















Fic. 12. AuCu disordered for 1 hour at 800°C followed by 20 
hours at: (a) 650°C and then ordered at 400°C for 30 minutes, 
(b) 440°C and then ordered at 400°C for 25 minutes, (c) 415°C 
then ordered at 400°C for 1 hour. Etch: aqua regia. 500. 


7™C. S. Smith, Trans. Am. Inst. Mining Met. Engrs. 175, 5 
(1948). 
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ANGLES IN DEGREES 


“Fic. 13. Frequency distribution of measured angles 
between “twin” plates. 


indicate that ordering in the alloy AuCu takes place 
by a nucleation mechanism. Curves shaped similarly 
to those represented in Figs. 2, 3, and 4 can be obtained 
for any nucleated process, the best known example of 
such a curve being the one for the decomposition of 
austenite in steel. 

It should be pointed out that the existence of an 
induction period is not the only possible interpretation 
of the shape of the resistivity-time curves. An 
alternative argument might be that the transformation 
curve is sigmoidal in shape with the flat portion at 
the origin merely simulating an induction period. The 
work of Borelius ef a/.,8 who measured the heat evolution 
during the transition, suggests such an interpretation. 

However, this point is of no great importance in the 
present work. The electrical resistivity data do not 
lend themselves easily to a detailed theoretical interpre- 
tation without unwarranted assumptions. Nevertheless, 
they are very useful in tracing the progress of the 
reaction and are used here in this sense. Whatever the 
interpretation of the induction period, it definitely 
gives a relative measure of the rate of nucleation, being 
longer for slower rates. 

There is yet another reason why nucleation should 
be expected in the ordering transformation of an AuCu 
alloy. As mentioned in the introduction, this alloy 
becomes either orthorhombic or tetragonal upon 
ordering. Such a change of phase would seem to be 
nucleated of necessity. From the outset, however, a 
much greater difficulty presents itself. If the ordering 
transformation proceeds by nucleation of the ordered 
orthorhombic or tetragonal phase in the disordered 
cubic matrix, then this effect should be evidenced by a 
gradual decrease in the intensities of the cubic lines on 
the x-ray pattern and a gradual increase in the in- 
tensities of the tetragonal or orthorhombic lines, no 
changes in position being observed. If, on the other 


® Borelius, Larsson, and Selberg, Arkiv Fysik 2, 161 (1950). 
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hand, the ordering process is uniform, the cubic X-ray 
lines should shift gradually to the positions corre. 
sponding to the tetragonal or orthorhombic structure. 
Borelius'* has found that both effects occur. At 
temperatures below 350°C the change is a gradual one, 
through intermediate states from disorder to order; at 
higher temperatures, the change is discontinuous, 
suggesting the existence of two phases, one ordered and 
one disordered, side by side. The work in the metallurgy 
department of the University of Notre Dame, now in 
progress,’ indicates that the process is not as simple as 
described by Borelius and there is evidence of nucleation 
even below 350°C. A hypothesis attempting to resolve 
this difficulty will be advanced after a discussion of the 
mechanism of the formation of “twins.” 

The plate-like structure appearing during ordering 
in an AuCu alloy has also been observed in the Co—Pt 
alloy’: and the mechanism of its appearance in that 
system is probably the same as in AuCu. 

At this stage of research, there is no conclusive proof 
that the plates referred to as a “‘twin-like structure” or 
“twins” are really twins; however, all the observations 
reported in this paper seem to indicate that they 
actually are. If this is accepted, the “C” curves for 
twinning (Figs. 8 and 9) can be explained only if it is 
assumed that mechanical twins are nucleated. This, 
in view of negative evidence for the existence of a 
critical stress for twinning,’ seems to be a plausible 
alternative. The critical size of such a twin nucleus 
should not be too sensitive to temperature and in any 
case would decrease with decreasing temperature. If 
we assume constancy of the critical twin nucleus size, 
then below a certain temperature the critical thickness, 
X,., of the ordered plate may be smaller than that for 
twinning and above that temperature Y,. will be 
greater than Y, (critical nucleus size for twinning). 
This explains the temperature-time curves for twinning. 
Above the temperature at which X.= X;, which may be 
called the equinuclear temperature, the nucleus of 
twinning is smaller than that of ordering and therefore 
cannot grow until the latter is of critical size, that is, 
when the ordering begins. Therefore, the induction time 
for twinning is the same as that for ordering and the two 
curves coincide. Below the equinuclear temperature, the 
nucleus of order has to grow appreciably before it will 
reach the critical size for twinning, resulting in a longer 
induction period for the latter. The stress necessary 
for the growth of such a twin would be the stress 
generated during the transformation of the face- 
centered cubic to the tetragonal or the orthorhombic 
structure. 

After interface is 


twinning, the order/ disorder 


®G. Kuczynski and A. R. Freda (to be published). 

10 Newkirk, Geisler, Martin, and Smoluchowski, Trans. Am. 
Inst. Mining Met. Engrs. 188, 1249 (1950). 

1 Newkirk, Smoluchowski, Geisler, and Martin, J. Appl. Phys. 
22, 290 (1951). 

2R. L. Bell and R. W. Cahn, Acta Metallurgica 1, (6), 752 
(1953). 
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incoherent. However, at low temperatures, twinning 
cannot occur until the ordered nuclei have grown to a 
size corresponding to the critical nucleus size for 
twinning. Therefore, until then, the ordered nuclei are 
coherent with the disordered matrix and this results in 
elastic strain and consequent hardening, observed first 
by Novack® and later also by the authors of this paper. 
Because of elastic strain energy, these coherent nuclei 
will not be perfectly ordered, the degree of order 
increasing slowly as the size increases. This may, 
perhaps, help to explain why Borelius'? found shifting 
of the x-ray lines below 350°C. When the critical 
nucleus size for twinning is reached (this critical twin 
size will be larger now because the coherent nuclei are 
not perfectly ordered), the partially ordered domain 
breaks away from the disordered matrix and rapidly 
attains its equilibrium degree of order. This last point 
seems to be substantiated by the resistivity-time curves, 
such as the one represented in Fig. 7, which shows a 
sharp kink exactly at the time corresponding to the 
appearance of the twin structure. 

At low temperatures, twinning occurs after a lapse 
of comparatively long periods of time during which the 
ordering advances appreciably and the nuclei probably 
grow into larger domains which impinge upon each 
other, filling the whole alloy with a network of anti- 
phase domains of more-or-less uniform size. Further 
ordering takes place by a slow process of uniform 
domain growth similar to grain growth after recrystal- 
lization. This is a plausible interpretation of the 
resistivity-time curves such as are represented in Fig. 1. 
The initial rapid decrease of resistivity is caused by 
nuclei growing randomly in the disordered matrix, after 
which further decrease is very slow and corresponds 
to the uniform domain growth after they fill completely 
the body of the alloy. If we assume that the law of 
uniform domain growth is the same as that of uniform 
grain growth, then approximately 


X?= Bi exp(—E/RT), 


where X is the domain dimension, £ the energy of 
activation of the process, and B a constant. From this 
equation the relationship between temperature 7 and 
twin induction time /7, can be deduced 





E 1 
r=—| ; 
R \ntép—1n(X?/B) 


The energy of activation E estimated from our results 
on the basis of the above equation turned out to be 
between 45 000 and 55 000 cal/mole, regardless of the 
temperature of disordering. This should correspond 
to the energy of activation of self-diffusion in ordered 
AuCu. Unfortunately, independent measurements of 
this energy are not available for comparison. If the 
figure above is taken at its face value, it appears that 


31. Novack, Z. Metallkunde 22, 94 (1930). 
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TABLE I. Potential strain for various conjugate planes 
in the disordered and ordered structures. 








Tetragonal 
Possible Difference Ao—Aa 
coherency in areas —— X100 
planes Av—Aa Ada 
(100) 4 (100) —0.621 —4.11 
(100)4 (001) —0.549 —3.64 
(110), (110)o —0.878 —4.12 
(110) (101) —0.031 —0.15 
(111)y — (111)o —0.188 —1.44 
Orthorhombic 

(100) a (100)o —0.570 —3.78 
(100) a (010) —0.614 —4.07 
(100) 4 (001) —0.628 —4.16 
(110) 4 (110)> —0.835 —3.92 
(110) 4 (101) —0.059 —0.28 
(110) 4 (011)o —0.030 —0.14 
(111), (111)o —0.146 —1.12 








the rate of self-diffusion in the ordered alloy AuCu 
would be of the same order of magnitude as those in 
the pure components. 

As mentioned before, the results of the measurements 
of the angles between “‘twin’”’ plates seem to indicate 
that the (110) plane is a twinning plane. Such a plane 
would be expected to be a minimum strain energy plane 
during the transformation of a face centered cubic to 
a tetragonal or orthorhombic structure. Figures in 
Table I show that minimum strain, as measured by the 
change of unit areas of the opposing planes (A»— Aa)/ 
Aa, where Ay and Aq are the areas of ordered and 
disordered planes, respectively, is involved if a (110), 
type plane in the disordered phase is chosen as the 
twinning plane with (101) as the conjugate plane in 
the tetragonal and (011)o in the orthorhombic phase. 
This agrees quite well with the results obtained from 
measuring the angles between plates. 

A few words should be devoted to the dependence 
of the rate of ordering upon the previous heat treatment. 
The decrease of the induction period with an increase 
of the disordering temperature is, on the surface, 
contradictory to the general theory of nucleation. 
The building of long-range order in an AB type of 
alloy such as AuCu, requires the moving of all atoms 
of one kind, say A atoms, to the sites of one lattice a, 
and all atoms B to the sites of another lattice 6. If the 
long-range order parameter is zero, which is assumed 
for all temperatures above 7, (critical temperature), 
there are equal numbers of A atoms on the a lattice 
and on the @ lattice and the same is true of B atoms. 
Therefore, in order to create long-range order, “wrong” 
A and B atoms have to be moved from their positions 
to the neighboring “right” ones. The number of such 
exchanges per second will be the greater the lower is the 
energy necessary to extricate a given atom from its 
nearest neighbors and place it in the new neighborhood. 
This energy will of course be lower for atoms having 
for their neighbors a greater number of like atoms and 
higher for atoms already located in a heterogeneous 
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neighborhood. But the greater is the local order, the 
greater is the number of heterogeneous pairs AB and 
for those atoms higher energy is necessary to move 
them. Therefore, the frequency of these exchanges will 
be lower and as a consequence the total rate of “long- 
range ordering” will be lower. This can explain the 
fact that low temperature of disordering, at which the 
alloys have a higher degree of short-range order, 
produce slower ordering rates, as has been observed 
in the course of our experiments. This reasoning can 
be modified for application in the theory of nucleation. 
According to the elementary theory of nucleation'*—!* 
the free energy of nucleation AF* can be represented 
in the form 


A 
(AF,)? 


AF*= 





where A is a constant and AF, is the free energy change 
per unit volume as the alloy is transformed from the 
disordered to the ordered state, at a given temperature. 
The strain energy is neglected in this treatment. AF, 
can be expressed as 

F,=F,—F,’, 


where F,' is the free energy per unit volume of a 
completely ordered alloy (e=1) and F, that of a 
disordered one with short-range order parameter 
o <1. It is obvious that the larger is o or the lower is 
Ta, the closer is the value of F,’ to that of F,’ and the 
larger is AF*. According to the theory of nucleation 





4D. Turnbull and J. H. Hollomon, The Physics of Powder 
Metallurgy (McGraw-Hill Book Company, Inc., New York, 
1951), Chap. 7. 

‘8 J. H. Hollomon and D. Turnbull, Progr. Metal Phys. 4, Chap. 
7 (1953). 
16 Fisher, Hollomon, and Turnbull, J. Appl. Phys. 19, 775 


the rate of nucleation J is 
I~ exp(—AF*/kT) 


where & is Boltzmann’s constant. This rate will therefore 
be faster the smaller is AF* which, as we have seen 
above, is the case when there is less local order present 
in the disordered matrix, that is after disordering at 
higher temperatures, in agreement with observations 
(Figs. 3, 4, 5). According to the above argument, the 
energy of activation of diffusion in the alloy with 
higher short-range order should be higher and therefore 
diffusion slower, causing the rates of growth of ordered 
nuclei to be lower for alloys disordered at lower tem- 
peratures, in agreement with observations. 

The energies of activation, as obtained from Fig. 6, 
vary from about 14 000 cal/mole for samples disordered 
at 415°C to 10000 cal/mole for samples disordered at 
650°C. The variation is in the right direction. However, 
there is too much scatter in the experimental points to 
attach too much importance to these figures. Actually, 
Fig. 7 is equivalent to the Borelius plot of logr vs T, 
where 7 is the time necessary to reach 50 percent 
ordering as measured by the shift of the (311) x-ray 
line.!? He obtained 36000 cal/mole as the activation 
energy. At the present state of our knowledge of the 
kinetics of ordering, it is impossible to attempt any 
reasonable interpretation of these figures. 
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The direct observation of transformations in plain carbon steels at temperatures above about 625°C is 
demonstrated for both the A; and A, transformations. 

It is concluded from emission studies of the decomposition of austenite below the A; line that the trans- 
formation is of a diffusionless type rather than carbon diffusion controlled. It is shown that carbon is associ- 
ated with ‘“‘memory”’ in the austenite grain structure, the memory improving with increasing carbon content. 
The emission images also indicate that the growth of a ferrite grain in austenite induces a recrystallization 
of the surrounding austenite. A model to account for the memory is advanced based on thin sheets of retained 
austenite in newly transformed ferrite. 

Studies of a 0.77 percent carbon steel below the A, line illustrate the formation of pearlite. The images 
suggest that these decompositions take place in two distinct steps. The first is the formation of a metastable 
crystal which subsequently decomposes by carbon diffusion to the final ferrite-carbide products. Austenite 
recrystallization about a growing pearlite nodule is demonstrated. A model for the transformation based on 
a diffusionless type reaction followed by a diffusion decomposition is suggested to explain the emission 








images. 





INTRODUCTION 


‘OME of the chemical problems involved in interpre- 
tation of thermionic emission images from acti- 
vated metal surfaces were discussed in Part I of this 
paper. With Part I as background, the application of 
the emission microscope to transformations in plain 
carbon steels will be demonstrated. The A; trans- 
formation is illustrated with SAE-1010 and -—1022 
steels since they allow adequate emission at the A; 
temperature. It was necessary to use high purity 
iron-carbon alloys for studies of the A, transformation 
at temperatures below 700°C. The alloy' used for the 
low temperature studies is pure Fe-0.77 percent carbon 
with preliminary vacuum heat treatment as described 
in the procedure in Part I. A recent paper by Rathenau 
and Baas? describes some observations of transforma- 
tions in carbon steels with conclusions similar in several 
respects to those arrived at here. 

Some time ago, W. G. Burgers illustrated the trans- 
formation in pure iron*® and in zirconium‘ with the 
conclusions that in zirconium the transformation 
B—a was martensitic in nature and. showed a pro- 
nounced ‘“‘memory”’ effect. 


A. PURE IRON 
The transformation at 910°C between FCC and 
BCC iron is readily imaged in the emission microscope. 
The purity of the iron has a decided effect on the level 
of emission obtainable. Carbonyl iron with a hydrogen 
heat treatment followed by vacuum heating at 1000°C 
yields ample emission using the (Ba,Co) formate 


1 The author is indebted to Erwin Eichen of The Ohio State 
University (Department of Metallurgy) for this material. The 
pertinent impurities include the following analysis: Si—0.02 
percent, S—0.003 percent, Mn—0.0013 percent, O2.—0.003 
percent, N2—0.0004 percent, H.—0.002 percent, and C—0.77 
percent. 

2G. W. Rathenau and G. Baas, Metaux 344, 139 (April, 1954) ; 
G. W. Rathenau and G. Baas, Acta Metallurgica 2, 875 (1954). 

3W. G. Burgers and J. J. A. Ploos van Arnstel, Physica 4, 15 
(1937). 

4W. G. Burgers and J. J. A. Ploos van Arnstel, Physica 5, 305 
(1938). 


activator (Part I). Armco iron, however, yields poor 
emission probably due to the relatively high oxygen 
content. 

The procedure in preparing cathodes for examination 
is that given in Part I. The 1000°C heat treatment is 
usually required only with a new cathode and is omitted 
in subsequent preparations of the surface. Specimens 
are always electropolished, acid cleaned, rinsed, the 
activator applied, and then immediately placed in the 
instrument to minimize atmospheric tarnish. This 
procedure, using the (Ba,Co) formates, was followed 
in all the examples given herein. The rate of evaporation 
of Ba atoms at 900°C is much greater than at lower 
temperatures, and consequently activity is maintained 
for a shorter time. An activated surface will generally 
remain useful near 900°C for about 10 minutes compared 
to 45 minutes or more at 680°C. 

Figure 1 illustrates the change in emission upon 
transforming from FCC to BCC at about 880°C. The 
grains in pure iron are large compared to the alloys. 
The rate of transformation depends upon the degree of 
super cooling below 910°C, and it is possible to adjust 
the heater current so that the transformation “front” 
is static across the field of view. It can then be moved 
either direction by slight increase or decrease in tem- 
perature. The volume change accompanying the trans- 
formation gives rise to a “rumpling”’ of the free surface 
which generally appears as groups of bright streaks as 
seen in Fig. 1(b). There is little or no memory effect 
observed either in the BCC or FCC phases, the grain 
structure being quite different with each transformation. 


B. THE A; TRANSFORMATION 
SAE-1022 Steel (0.22 Percent Carbon) 


For convenience in locating the various composiuons 
used in this work, an iron-carbon constitution diagram 
is reproduced? in Fig. 2. 


5 After R. F. Mehl and C. Wells, Trans. Am. Inst. Mining Met. 
Engrs. 125, 429 (1937). 
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Fic. 1. Emission micrographs illustrating the change in appearance on transforming from FCC, (a) to BCC, (b) in a high 


purity carbonyl iron. (a) Taken at about 925°C and (b) at about 880°C. The streaks in 
surface due to volume change in transformation. Some “ghost” grain boundaries from 


activator. 18 kv accelerating potential. 750 


The most noticeable effect on the emission images 
when carbon is added to iron is the increased emission 
and reduced grain size of the austenite. As the carbon 
content increases, the A; temperature drops and the 
rate of transformation is decreased near the A; line. 
It is less difficult to adjust the supercooling to produce 
a convenient rate of transformation in the carbon steels 
than with pure iron. The rate in a 1022 steel at about 
810°C (austenitized 5 minutes at 900°C) is such that 
micrographs can be taken as the transformation 
proceeds. Figure 3 shows a sequence of micrographs 
following the growth of a single alpha nucleus as a 
function of time. The linear velocity of the interface 
at the surface is about 5 microns, sec. Since exposure 
times of the order of 2 sec were required for each 
micrograph, the elapsed time in Fig. 3 is about 15 sec. 
Moving pictures would be a highly desirable feature 
and should not be difficult with the brightness available 
on the fluorescent screen. 
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Fic. 2. Portion of iron-carbon constitutional diagram pertinent 
to the transformations studied in this paper (see reference 5). 


(b) are the result of “‘rumpling” of the 
(a) are visible in (b) (Ba, Co) formate 


There are several interesting features exhibited in 
Fig. 3. The growth of the alpha nucleus, starting in 
Fig. 3(a), is predominantly to the right through the 
austenite twin crystals rather than to the left through 
the grain adjacent. In Fig. 3(c), it will be seen that 
bright streaks appear in the growing alpha grain and 
that the maximum velocity of growth is parallel to 
these streaks in the subsequent micrographs. There 
are not enough traces to uniquely determine the orien- 
tation of the austenite twins but rough measurements 
show that these bright streaks are parallel to (111) 
planes of the austenite [the twinning and slip plane in 
y iron is (111) ]. Presumably, then, they are (110) 
traces in the alpha grain.® It can be speculated that 
the streaks represent thin sheets of retained austenite. 

On the basis of the carbon controlled diffusion 
model,’ a carbon-rich zone should occur on the austenite 
side of the moving boundary. From experience con- 
cerning the effect of carbon on emission, it would be 
expected that this carbon-rich zone would result in a 
bright band ahead of the front. Calculations show 
(Appendix I) that the width of the carbon-rich zone 
would be well within the resolving power of the instru- 
ment. However, no band of enhanced emission just 
ahead of the advancing alpha crystal has been observed. 

In all transformations observed thus far, the entire 
field eventually changes irrespective of the degree of 


super cooling below A;. According to Fig. 2, there 


should be only a very small amount of @ formed just 


6 The orientation relation for the y, a transformation in iron 
is (111),/|(110)a, [110], [111]4; R. F. Mehl and J. W. Smith, 
Trans. Am. Inst. Mining Met. Engrs. 113, 203 (1934). 

7C. Zener, Am. Inst. Mining Engrs. Tech. Publ. 1925; Metals 
Technol. 13, (1946). 











TRANSFORMATIONS IN PLAIN CARBON STEELS 


Fic. 3. Sequence of emission micrographs of a 0.22 percent plain carbon at about 810°C showing the growth of a ferrite grain 
in an austenite field just below the A; line. The sequence was taken in a period of about 20 seconds with 2-second exposures. The 
variations in local velocity of the “front” with the development of bright streaks parallel to the austenite (111) planes is pointed 
out. The maximum velocity of the transformation front is parallel to the streaks. 750X. 
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below A; so that recrystallization of the remaining 
austenite is assumed. In view of the volume change 
during transformation, this is not so surprising since 
recrystallization would be an efficient way to relieve 
strains at the temperature of the transformation. As 
will be seen, recrystallization also accompanies trans- 
formation below A}. 

Another interesting feature of the A; transformation 
is the accurate memory for the austenite configuration 
in the 1022 steel. This is illustrated in Fig. 4 showing 
the austenite field (a), transformation to the mixed 
field (b), and then back to austenite (c). The accuracy 
with which the austenite is restored in (c) is surprising. 
Whether or not a long anneal in the condition (b) 
would interfere with the memory is not known. Anneal- 
ing times of 5-10 minutes do not seem to have any 
effect. Cycling the temperature across A; always 
restores the austenite grain configuration, but the low 
temperature configuration is different each time. That is, 
the memory is confined to the austenite field with no 
such tendency in the mixed field below A;. This point 
will be illustrated in the 1010 steel. 


SAE-1010 Steel (0.10 Percent Carbon) 


The experiments just described with the 1022 steel 
have been carried out with an SAE-1010 steel. The 
general phenomena are the same as in the 1022 except 
that the memory is not so accurate. This is evident in 
Fig. 5 where the austenite pictures, although similar, 
vary considerably each time the specimen is cycled 
through A;. Thus, as the carbon content increases 
from a very low value (pure iron) a memory for the 
austenite grain structure begins and improves with 
increasing carbon content. The first signs of a developing 
memory appear in the austenite twin crystals and then, 
as the carbon content increases, other grains exhibit 
memory. No indications of austenite memory have been 
found in the A, transformation. The possibility that 
impurities in conjunction with carbon are responsible 
for memory has not been eliminated. 

The observations of transformation just below the 
A; line strongly suggest that the y—a transformation 
is not carbon diffusion controlled. Rather, atoms on 
the y side of the interface simply change allegiance as 
the interface moves through a y grain by a diffusionless 
mechanism similar to recrystallization. Carbon partition 
between y and a grains must then lag behind the 
transformation if the transformation ‘front’? moves 
more rapidly than the diffusion “front.” 

The question arises as to whether the free surface of 
the specimen at which the emission effects arise has any 
influence on the transformation. This cannot be 
answered one way or another at present. The chief 





Fic. 4. Complete cycle across A; line with a 0.22 percent plain 
carbon steel illustrating “memory” for the austenite grain con- 
figuration: (a) 840°C; austenite, (b) 800°C; mixed y, a, (c) 


840°C; austenite. Ghost grain boundaries serve as markers for 


comparing structures. 750X. 
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(c) 


Fic. 5. Sequence of emission micrographs from a 0.10 percent plain carbon steel, cycled across the A; line illustrating partial 
memory for twin crystals in the austenite field and complete lack of memory in the mixed 7, a field. Compare (a) and (c) (austen- 
ite) and (b) and (d) (austenite-ferrite). (a), (c), —880°C; (b), (d) —850°C. 750. 


perturbations as far as interpreting the emission image 
in terms of volume behavior would be nucleation rate 
and departure from bulk composition. The “‘freeze-in” 
phenomenon described in Part I is an example of 
composition effect. Apparently more subtle deviations 
from volume behavior induced by the free surface must 
be discovered through numerous systematic ex- 
periments. 


C. THE A, TRANSFORMATION 


Transformations below A, (Fig. 2) are not so easy to 
follow as the A;. High purity iron-carbon alloys are 
necessary to obtain usable emission and emission 
poisining is more troublesome due to the longer times 
required for transformation. All of the following results 


were obtained with the iron-0.77 percent alloy men- 
tioned previously. 

The technique consisted in heating the prepared 
cathode (Part I) up to 900°C over a period of about 2 
minutes and then reducing the temperature slowly to 
about 725°C in a space of 3-4 minutes. A suitable 
austenite field was chosen for observation and the 
heater current then quickly dropped to a predetermined 
value corresponding to the desired transformation 
temperature. The cathode generally lagged 30-60 
seconds behind the heater current change. An initial 
austenite micrograph was taken about 30 seconds after 
setting the heater current to serve as a comparison for 
all subsequent changes. Micrographs were then taken 
at time intervals depending upon the temperature and 
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any structural changes visually observed on the fluo- 
rescent screen. Fortunately, points in the image that 
were to become transformation nuclei increased 
considerably in emission and hence the start of trans- 
formation was evident. As these “bright” nuclei grew 
or changed character, micrographs were taken. Figure 
6 illustrates such a series of micrographs taken at 670°C 
and illustrates the isothermal transformation of a 
pearlite nodule. This appears first as an intense emission 
point which expands in size and also changes its internal 
structure. Figure 6(c) shows an early stage of the nodule 
and a later configuration is seen in Fig. 6(d). The 
tendency for a regular, geometric shape is evident in 
Fig. 6(c). Figure 7 is an enlargement of Fig. 6 showing 


(a) O min 





(d) 21 min 
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the development of carbide lamellae and the recrystal- 
lization of austenite ahead of the growing nodule. 
Recrystallization of the austenite thus occurs in both 
the A; and A, transformation. 

In Fig. 6(a) some “ghost” pearlite is evident on the 
surface of the austenite grain and is much different in 
emission characteristic from new formed pearlite as 
seen in Fig. 6(d). However, the high emission from a 
pearlite nodule decays with time though the specimen 
is not poisoned. The high emission is evident in the 
most recently formed pearlite while decaying in the 
older nodules. If the cementite lamellae are responsible 
for the high emission, then the initial nucleus of the 
nodule [Fig. 6(c)] is difficult to account for. If the 





c) 7 min 


Fic. 6. Series of emission micrographs showing the nucleation and growth of pearlite at 670°C ina high purity iron —0.77 
percent alloy. Of chief interest is the sudden appearance and rapid growth of the pearlite nodule, , in (c) followed by the internal 
changes (Fig. 7) and the slower growth rate. A recrystallized austenite grain, y,, is clearly visible ahead of the growing module 


in (d). 
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cementite lamellae are poor emitters, then the ferrite 
is bright which is generally inconsistent with the A; 
transformation results. This inconsistency is resolved 
if it is assumed that the primary transformation 
product exhibiting high emission is supersaturated 
ferrite or a’. The normal ferrite and cementite are then 
concluded to exhibit much lower emission than the 
a’ in order to be consistent with the general emission 
behavior of the steel. 

Before considering the consequence of this interpre- 
tation the appearance of the transformation at lower 
temperature (640°C) shown in Fig. 8 is pertinent. The 
rate of transformation is much higher than that of 
Fig. 7 as indicated by the time scale. Attention is 
called to the bright, rod-shaped product in Fig. 8(c) 
which has grown rapidly along an austenite twin 
boundary. The rate of transformation of this particular 
rod is at least 1 u/sec and probably much greater since 
it was well formed by the time Fig. 8(c) was taken. At 
640°C, the diffusion coefficient is Dy=14xX10~° 
cm/sec, resulting in a root mean square diffusion 
penetration (Appendix II) of about 3y in 60 sec, as 
compared to the observed growth of 40u in 60 sec. 
As concluded for the A; transformation, the rate is not 
controlled by carbon diffusion in the austenite. The 
crystallographic direction and velocity for both the A, 
and A; transformations are thus very similar and appear 
to be of the same mechanism. Fine pearlite is difficult 
to find in Fig. 8(d). In this particular field, at least, 
the products tend to be more acicular. In Fig. 8(e) 
more than half the field is transformed as indicated by 
the bright area. Figure 8(f) shows the beginning of 
austenitization, just above A;, with new grains of 
austenite appearing in the transformation product. 
In assessing these structures, it is to be remembered 
that the temperatures quoted are not very accurate 
since they were measured in an earlier calibration and 
not at the time and spot of transformation. 

Returning to Fig. 6 it will be noted that the nucleus 
of the pearlite nodule that appears [after Fig. 6(b) ], 
reached considerable size in the 5 min interval to 
Fig. 6(c). In the remaining 13 min to Fig. 6(d) the 
growth of the nodule was much less rapid. This suggests 
a change in mechanism from the transformation which 
produced the nucleus rather rapidly, to a slower, 
carbon diffusion growth of pearlite. 


D. PROPOSED MECHANISM OF TRANSFORMATIONS 


It is now desirable to devise a model for the trans- 
formations which is consistent with the various experi- 
mental data and then apply the model to predictions of 
structural relations in the transformation products. 
The emission images indicate that the final trans- 
formation products are arrived at in two steps*: the 
first of which is very rapid and the second considerably 

8’ This type of mechanism was suggested by Davenport and 


Bain [Trans. Am. Inst. Mining Met. Engrs. 90, 117 (1930) ] 
for what is now termed “bainite.” 
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(b) 


Fic. 7. Enlargements of the pearlite nucleus shown in Fig. 6. 
(a) is Fig. 6(c) and (b) Fig. 6(d). The geometric shape of the 
nucleus is pointed out in (a) and the appearance of the lamellar 
structure in (b). The nucleus is actually a nodule containing 
several colonies of pearlite. 


slower. The first or primary transformation is 
FCC-—BCC iron and is written as a reaction. 


Primary: y,—«'+ r++ 7, (Diffusionless) 


The symbols are: y, primary austenite or original 
configuration. a’ supersaturated ferrite with the same 
carbon concentration as the original austenite. 7Yret 
retained austenite in a’ in the form of thin sheets or 
platelets parallel to (111) planes of the original austenite 
and are considered remains of the original crystal. 
Yr recrystallized austenite induced by the strain of 
growing a’ nuclei. The primary reaction is a diffusion- 
less transformation nucleated at austenite grain 
boundaries with a velocity determined by the amount 
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(a) O min (b) 1 min 
7 














(d) 3 min c) 2 min 











(e) 7 min (f) 10 min 


Fic. 8. Series of emission micrographs showing the transformation of a high purity iron —0.77 percent carbon alloy at 640°C. 
The rapid propagation of a rod of product, RX, along a twin boundary is pointed out in (c). A tendency for acicular shaped product 
is seen in (d). In (f), the temperature is raised to about 730°C showing the nucleation of austenite grains. 
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of supercool. The activation energy for the atomic 
motions probably increases with increasing carbon 
content. The orientation relation between the y, 
grain and the a’ nucleus in that grain is that for pure 
iron 

(111),|!(110)2’, 


and all orientation relations in the final products are 
based on this relation. 

The primary product, a’, is highly unstable and should 
be considered a transition state. The final reaction 
products are determined by the decomposition path 
taken by an a’ grain. This path, in turn, depends upon 
the temperature and the degree of supersaturation 
with carbon. Before considering the a’ decomposition, 
the retained austenite in a’ should be discussed since 
it has a bearing on the decomposition. 

The bright streaks in the growing ferrite nucleus 
(Fig. 3) were interpreted as indicating the presence 
of thin sheets or plates of retained austenite parallel to 
(111) in the original austenite grain and hence parallel 
to (110) of the a’ product. Austenite retention in this 
form can be rationalized on the basis of the interaction 
of carbon atoms and dislocations. When an a’ nucleus 
forms and begins to grow, the volume increase results 
in plastic deformation of the austenite grain ahead of 
the front producing some slip. The slip must be due 
to dislocations generated at the transformation front 
and moving along the (111) planes of the austenite 
grain. Solute carbon atoms are attracted to the com- 
pression side of the dislocations and form an atmosphere 
which results in a drag or pinning of these dislocations. 
Since the stress is probably insufficient to tear the 
dislocation away from the carbon, they can only move 
as rapidly as carbon diffusion allows and are left behind 
as thin lamina of austenite stranded on (110) planes 
of a’. They are probably richer in carbon than the 
original austenite crystal and so will be stable at the 
transformation temperature. A further reduction in 
temperature would be necessary to transform the 
sheets. These retained austenite lamina in the trans- 
formed a grains are natural markers for determining 
the orientation of the austenite grain formed upon 
reheating above the A; line Thus the conclusion that 
the sheets of retained austenite are the memory markers 
for the transformation a—y above A;3. Untransformed 
austenite grains below A; will either remain the same 
or recrystallize according to the local constraints 
imposed by the transforming a grains. 

The primary, diffusionless transformation to form 
a’ applies for both A; and ‘A, reactions. The secondary 
or a’ decomposition is a slower reaction depending 
upon carbon diffusion. 

Above the A, line, carbon is partitioned to untrans- 
formed austenite by diffusion at a rate depending 

®A. H. Cottrell, Dislocation and Plastic Flow in Crystals 
(Clarendon Press, Oxford, England, 1953). Extended dislocations 


in austenite will result in (111) stacking faults. The stability 
of these faults could be quite sensitive to impurities. 
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upon temperature, and the decomposition can be 
written 


a’+y-at+7,, 


where a is ferrite saturated with carbon, and y,’ is 
the recrystallized austenite enriched by 
partition. 

The A, temperature is the critical temperature for 
a’ stability. Above A,, a’ relieves the supersaturation 
by partition of carbon to the adjacent austenite. 
Below A, this path is no longer adequate and the 
decomposition path must turn to carbide formation. 
If a eutectoid steel is cooled below A, the primary 
transformation to produce a’ begins. The rate depends 
upon the supercool below A, increasing as the supercool 
increases. The a’ primary product is unstable, however, 
and decomposes according to the reaction. 


carbon 


Secondary: a’—a+Carbides 


The distribution of the carbides in the decomposed 
a’ grain determines the nature of the final transforma- 
tion product, i.e., pearlite or bainite. However, if a 
growing grain of a’ decomposes below A, the identity 
of the grain is lost and the transformation front is 
destroyed The primary transformation ceases and 
the nucleus or grain can then grow only by carbon 
diffusion since the primary mechanism requires co- 
herency. The diffusion growth does not produce a’, but, 
rather continues the already present decomposition 
structure. This is the interpretation of Fig. 6. Between 
Fig. 6(b) and 6(c), an a’ nucleus was formed at an 
austenite grain boundary and grew rapidly to a size of 
10 or so. The accompanying strain induced recrystal- 
lization of the adjacent austenite. The stresses involved 
are probably higher at the lower temperature, so that 
the a’ grain was not only supersaturated with carbon, 
but was also under mechanical strain. This combination 
becomes intolerable and the a’ grain relieves the situa- 
tion by decomposing to form ferrite and carbide in 
lamellar form. The growth from then on is controlled 
by carbon diffusion as described by Zener’ and Fisher.'° 

At lower transformation temperatures, below the 
pearlite range, the supersaturation of a’ increases with 
lowering of the transformation temperature until the 
carbides formed by decomposition of a’ are granular 
instead of lamellar. 

The model developed predicts in all cases that the 
orientation of ferrite is determined by the orientation 
of the austenite grain in which it originated. In the 
formation of both pearlite and bainite, austenite 
recrystallization accompanying the growth of a’ will 
obscure any attempt to obtain relative orientations by 
the usual pole figure methods. It is tempting to ascribe 
the lamellar nature of pearlite to retained austenite 
sheets in the a’ serving as nuclei for carbide platelets. 
If this mechanism is correct, the carbide lamellae should 


J. C. Fisher, Thermodynamics in Physical Metallurgy 
(American Society for Metals, Cleveland, Ohio, 1950), p. 201. 
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lie on ferrite (110) planes. The effect of temperature on 
pearlite spacing must then be through the degree of 
supersaturation of the a’. 

When austenite is rapidly cooled as by a quench 
there is not time for the a’ to decompose by carbon 
diffusion. The primary reaction proceeds at a high speed 
with large groups of atoms transforming to a’ rather 
than a continuous shift of atoms from FCC to BCC at 
the transformation front. The primary reaction then 
is obviously a shear transformation. Whether or not 
a’ is itself tetragonal at all temperatures, or becomes 
tetragonal only if there is no time for the secondary 
diffusion reaction to occur, is not clear. 
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APPENDIX I 
Moving Boundary Controlled by Diffusion 


Figure 9 shows a schematic diagram for the partition 
of carbon by diffusion as the rate controlling factor in 
the y—a transformation. The solubility of carbon in 
alpha iron at the temperature of interest is only about 
0.02 percent and its diffusion rate is much higher than 
in austenite at the same temperature." If the trans- 
formation front moving with velocity Vg is anchored 
to the diffusing carbon front, then saturated ferrite 
is left behind the boundary. If Vg exceeds the diffusion 
front velocity, then supersaturated ferrite is left 
behind. The first question is the width of the carbon- 
rich zone if the transformation is diffusion controlled. 
The diffusion equation in one dimension with the origin 
on the moving boundary is 


@C/dx*+ (V p/D) (dC; dx) =0. (1) 


Since the diffusion rate in austenite is much less than 
that in ferrite, the solution of (1) to the right of the 
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Fic. 9. Schematic illustrating carbon “pile-up” ahead of trans- 
formation front (x=0) when velocity of boundary, Va, is con- 
trolled by carbon diffusion in austenite. C, is the initial carbon 
concentration in the austenite. Cy the saturation concentration 
in ferrite. C, the concentration at boundary and / the “effective 
width” of the pile-up. 


"J. K. Stanley, J. Metals 1, 752 (1949), 
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Fic. 10. Penetration distance versus time for carbon in iron at 
800°C calculated from the relation (Axr)=(2Dt)!. The experi- 
mental line is from measurements of Fig. 3. It is concluded that 
the austenite penetration is not the controlling factor in the rate 
of transformation. 


boundary should represent the controlling features. 
Applying the boundary conditions C=C, at x=0 and 
C=C, for x—>+ (the carbon concentration in the 
original austenite), the solution of (1) is 


C(X)=C.at+ (Ci.—Ca)e(— Vw/D,)x, (2) 
and 
(dC) /dx) ],-0= — (Co—Ca)(V 2/D,), (3) 


where D, is the diffusion coefficient for carbon in y 
iron. (3) is the relation used by Zener.’ The “effective 
width,” /, of the carbon-rich zone on the austenite side 
of the boundary is taken as the value of x at which 
(Cy—C,) has fallen to 1/e of the value at the boundary, 
or 


l=D, ‘Vp. (4) 


At the temperature of Fig. 3, the diffusion coefficient in 
austenite has the value” D,800°C=4X10-® cm?/sec. 
The velocity in Fig. 3 is about 5X 10~ cm/sec (5 u/sec), 
which by (4) gives /=8X10-> cm=0.8u. This width 
is about ten times greater than the resolving power 
of the instrument and hence the carbon-rich band 
should be visible providing it produces sufficient 
contrast. 


APPENDIX II 
Diffusion Penetration Distance 


Equation (3) is not convenient for numerical calcu- 
lation of the boundary velocity due to uncertainties in 


C, and [dC)/dX)],-0. Some idea as to the rate of 


2C, Wells and R. F. Mehl, Trans. Am. Inst. Mining Met. 
Engrs. 140, 279 (1940). ° 
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diffusion of carbon in austenite for comparison with 
the value of V, can be obtained by considering the 
root mean square penetration (Ax),,, 


(Az)w= (2D,t)? cm. (5) 


In (5), ¢ is the time in seconds. Using the previous 
value of D,8°°=4x10-§ cm?/sec, the penetration 
curve of Fig. 10 was computed for comparison. Ob- 
viously, the observed boundary velocity gives pene- 
trations greatly exceeding the diffusion penetration. 
It must be concluded that the transformation front 
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would outstrip the diffusion front as the transformation 
proceeds and therefore the transformation is not 
controlled by carbon diffusion. 

A penetration curve for ferrite is also shown in Fig. 10. 
This was calculated at 800°C from the expression"! 
D,=7.9X10%e—18100/RT. At 800°C, it is noted that 
Da/D y=60 since D,®°°©=2.4XK10-*® cm?/sec. The 
penetration rate in ferrite is comparable with the 
transformation velocity at this particular degree of 
supercool. The rate at which carbon is partitioned 
following a y—a transformation is controlled by the 
rate of diffusion in the austenite. 
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An equation of state is formulated from the classical Maxwell assumptions of superposition of the effects 
due to strain and rate of deformation in a strained fluid. Except for the form of the time derivative, these 
assumptions result in the usual expression for a Maxwell element. The time derivative of the stress, however, 
is computed with respect to a set of axes in the fluid which are rotating (with respect to fixed axes) at a rate 
measured by the vorticity of the assumed velocity distribution. The usual transformation between rotating 
and fixed reference axes introduces cross terms between the stress and vorticity components. 

The resulting equation of state predicts non-Newtonian behavior and the simultaneous appearance of 
normal stresses. It reduces to the Newtonian case for low rates of shear (or for small relaxation times) and, 
if the cross terms are sufficiently small (but not otherwise), to the usual Maxwell element expression in the 
dynamic case. A common origin is thus assigned to these several phenomena. Reduced variable and dis- 
tribution function procedures, at least in principle, should be as applicable to the viscosity and pressure 


phenomena as to dynamic data. 


I. INTRODUCTION 


THE appearance of stresses not easily accounted 
for during the flow of many liquids is receiving 

an increasing amount of attention. While such phe- 
nomena are frequently a matter of common observation 
in the form of a tendency of a liquid to climb up a 
rotating rod, it was Weissenberg' who first called atten- 
tion to and explored many of the other ways in which 
this peculiar phenomenon mainfests itself. Garner and 
Nissan,? and Garner, Nissan, and Wood? also described 
experiments on this type of behavior; and Greensmith 
and Rivlin‘ have more recently reported some very 
careful measurements on the pressures developed be- 





* The work discussed herein was performed as part of the 
research project sponsored by the Reconstruction Finance Cor- 
poration, Office of Synthetic Rubber, in connection with the 
Government Synthetic Rubber Program. 

1K. Weissenberg, Nature 159, 310 (1947) ; Proc. Intern. Congr. 
Rheology (1948), I-29, I-46. 

2F. H. Garner and A. H. Nissan, Nature 158, 634 (1946). 

3 Garner, Nissan, and Wood, Trans. Roy. Soc. (London) 243, 
37 (1950). 

4H. W. Greensmith and R. S. Rivlin, Trans. Roy. Soc. (London) 
245A, 399 (1953). 


tween rotating parallel plates. These experimental ob- 
servations have stimulated a considerable amount of 
thought concerning the possible origin of these effects. 

Weissenberg' associates them with the elastic proper- 
ties of the fluid and proposes to measure the elastic 
strain with respect to the configuration assumed by 
the material on the release of the imposed stresses. 
Detailed consequences of Weissenberg’s theory are un- 
fortunately not at the moment available to the writer 
and it is thus difficult to make comparisons. It would 
seem that perhaps the present treatment particularizes 
Weissenberg’s idea by making a specific assumption 
about the reference state. 

Rivlin,® and Braun and Reiner,® proceed entirely 
from the point of view of a fluid, and show that the 
inclusion of higher terms in the expansion of the stresses 
in the scalar flow invariants leads to cross terms that 
are capable of accounting for the observed effects. 
Reiner’ also considers the possibility that liquids may 


5R.S. Rivlin, Proc. Roy. Soc. (London) A193, 260 (1948). 


6 I. Braun and M. Reiner, Quart. J. Mech. and Appl. Math. 5, 
43 (1952). 


7M. Reiner, Am. J. Math. 70, 433 (1948). 
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be treated as relaxing elastic bodies and that the cross 
stresses observed arise from the second-order terms 
predicted by finite deformation theory. He® feels that 
either one or the other may be the important effect in 
specific cases, and that it is an experimental problem 
to make a choice. Truesdell® criticizes both Weissenberg 
and Reiner for applying elasticity theory to fluids, 
apparently on the grounds that the fluids investigated 
did not show properties associated with elastic solids. 
He points out, however, that a Reiner-Rivlin fluid can 
be interpreted as possessing a natural (relaxation) time 
and might be expected to show elastic properties. 
Mooney’ proposes a superposition theory wherein he 
uses his earlier treatment of elastic deformations for 
the strain and shows that it too predicts normal stresses. 
Oldroyd” obtains an equation of state that is referred 
to a convected coordinate system and obtains second- 
order terms leading to cross stresses. His results are 
a consequence of incorporating the time derivative of 
the strain tensor (rather than just the rate of deforma- 
tion) in the equation of state. In a strained medium, this 
introduces extra terms involving the strain tensor and 
(through the stress-strain law) the stress tensor. His 
proposal is to be compared with Eckart’s' develop- 
ment, and could be obtained from the latter by setting 
Eckart’s reference rate tensor proportional to the stress. 
Eckart suggests subtracting out terms involving the 
vorticity in the reference rate tensor. 

Thus there are a variety of ways in which normal 
stresses could be accounted for. The problem is less one 
of finding a reasonable origin for the observed effects 
than of choosing the correct one. This is a consequence 
of the fact that any inclusion of nonlinear terms gives 
rise to cross stresses, and that observation of such 
effects gives notice that a nonlinear theory is required 
but does not necessarily support any one such theory.” 
There is one common feature of most of the above 
theories which it seems would bear more attention than 
it has received up to now. They all predict cross stresses 
as second-order effects, but leave deviations from 
classical behavior, such as apparent ‘‘non-Newtonian” 
viscosity, untouched, except in the higher approxima- 
tion of third-order terms. This phenomenon is fre- 
quently observed along with normal stress phenomena, 
but is usually treated as an unrelated and annoying 
difficulty. Reiner'*® notes this and points out that for a 
relaxing elastic solid, finite deformations should result 
in the principle axes of stress being rotated from 45° with 
a consequent apparent change in viscosity. He further 
observes that the usual experiments subject the material 
to rotation, and proposes experiments in pure deforma- 


*C. Truesdell, J. Rational Mech. Anal. 1, 125 (1952). 

®*M. Mooney, J. Colloid Sci. 6, 96 (1951); J. Appl. Phys. 24, 
675 (1953). 

” J. G. Oldroyd, Proc. Roy. Soc. (London) A200, 523 (1950). 

1 C, Eckart, Phys. Rev. 73, 373 (1948). 

2 C. Truesdell, J. Rational Mech. Anal. 1, 200 (1952). 

3M. Reiner, Bull. Research Council Israel 1, No. 3, 5 (August, 
1951). 
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tion to settle the point as to whether there is such a 
thing as truly variable viscosity unassociated with a 
rotation of the medium. It seems worth considering, 
largely on intuitive grounds, whether this may not be 
the case and non-Newtonian, normal stress, and dy- 
namic properties are intimately related. The paucity of 
data of this kind is still so great that it is proper, 
perhaps, to inquire whether any unequivocal example 
is known wherein all these anomalies are not simul- 
taneously present to a degree suggesting a common 
origin. 

It is the purpose of the present paper to suggest 
an approach which is characterized by its assumption 
about the reference state from which strain is to be 
measured, and which explicitly takes into account the 
rotation of the medium. This assumption results in a 
prediction of apparent non-Newtonian viscous behavior, 
and the simultaneous appearance of normal stresses 
and dynamic rigidities and viscosities. It is a super- 
position theory identical to that for a Maxwell element 
except for the manner in which the time derivative of 
the stresses is computed. Only the linear forms of the 
stress strain and stress rate of strain laws are used, 
and in this respect it differs from Reiner’s proposal." 
The physical meaning of the proposed form of the 
derivative would seem to be that the strain is to be 
measured relative to a reference configuration rotating 
at an angular rate determined by the vorticity of the 
assumed velocity gradient distribution. 


Il. THE EQUATION OF STATE 


The Maxwell method proceeds from the point of view 
of a relaxing solid and uses a simple superposition of 
relaxation and elastic effects to obtain the familiar 
equation 


ptr(dp/at) = 2nd, (1) 


where p is the stress, 0p/0t a time derivative of the 
stress, d the rate of deformation, 7 the usual viscosity 
coefficient, and 7 a constant with the dimensions of time. 

Expression (1) is frequently arrived at with the aid 
of a model, composed of a spring with modulus G in 
series with a dashpot with viscosity 7. For such a 
model, »/G=r. It is probably more instructive to 
obtain Eq. (1) without reference to springs and dash- 
pots by simply superposing rates of strain obtained 
from Hooke’s law and the Newtonian viscosity law. 
In doing this, it is noted that coordinates with respect 
to which measurements are made are fixed in space, 
and these are the ones used in describing the stress 
system and the observed total rate of deformation. 
On the other hand, the strain components of a deform- 
able body are referred to axes fixed in the body, and if 
the body is moving, appropriate transformations should 
be applied when quantities primarily associated with 
these axes are to be combined with quantities measured 
in the fixed axes. In a strained liquid, where the medium 
is in motion, this might seem to be an important con- 
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sideration. Allowance for this is made by introducing 
a reference configuration system, designated by sub 
(or super) scripts LM, which is to be interpreted as a 
description of that configuration to which the fluid 
would return on release of the stresses. It is assumed 
that the stress-strain law is valid only in this system, 
and that when stress or strain components are measured 
in other coordinate systems, suitable transformations 
are required before they are employed in this relation. 
In particular, time derivatives of the stress-strain rela- 
tion are to be taken before resolution into components 
in other systems. In order to allow for these matters, 
the notation (€z1;);; is used to indicate the components 
in the 77 coordinate system of the time derivative of 
the strain component ez in the LM coordinate system, 
which is the yet to be chosen reference configuration. 

With these preliminaries, one may proceed to obtain 
the Maxwell expression by considering a relaxing solid, 
wherein the observed rate of deformation is set equal 
to the sum of the rate of relaxation (R;;) and the rate 
at which the recoverable strain is changing, (€z1,);j, 


dij;= (€rm) ij + Rij. (2) 


If R,; is taken, in the first approximation, as propor- 
tional to the corresponding stress component with 
the constant of proportionality, +1/2n, 


Pis= + 2nRij, (3) 
one obtains on substituting in (2) 
pis=2nLdij;— (Erm) i]. (4) 


Now (€,m);; is obtained by differenting the stress-strain 
law, Prw=2Gezrm, assumed to be valid in the reference 
system LM. Thus, (€z4):;=1/2G(prm)i;, and, after 
substituting in (4), one has 


pis tt (Pim) is= 2nd i; (5) 


as the generalization of (1). If the time derivative in 
(5) was written as a simple partial derivative and only 
one dimension considered, Eq. (1) would be recovered. 

Under a transformation from reference (x") to space 
axes (x'), a second-order covariant tensor pyy un- 
dergoes the usual transformation, 


Pim = (Ox'dx?/Ox"dx") p;;, 


and taking the time derivative, we have 





(Ax'dx?/Ox"0x") ):;=Pim (6) 


which, when written out in full, is 








Ox* dx? 


Ox? dx? 


Oxt ax Ox" 0x™ Pi 











The fixed components of both sides of this tensor 
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equation may now be taken to obtain 
Ox” Ax” | Ax? Ax! Ox' dx? Ox* Ox? 
earrur Perera . sree . abe 
Ox’ Ox? | Ax” Ax™ : Ox" Ax™ y Ox" Ax! ‘ 
Ox" Ax™ ; 
=— —im=(pim)ij- (8) 
Ox* dx? 


Reduction of Eq. (8) requires assumptions about the 
coordinate transformation. It is assumed that the 
x” set of coordinates is rotating with respect to the x* set, 
and that the usual type of transformation between 
rotating axes may be employed." When the two systems 
are Cartesian, the coordinate (x‘) may be given in terms 
of the system (x”), rotated by a small angle, by 
x'=(6,'—W_')x” where W,' is an antisymmetrical 
tensor. When the partial derivative is taken, 


Ox7/Ox*=6;7—W,7. 


The time derivative of this is 


0x7/dx'= —-W,= —w;", 





where w,;” is a rate of rotation tensor. It is further as- 
sumed that at the current time, /, the x” may be 
instantaneously identified with the x‘. Hence we set 
x= x' and the derivatives such as 0x"/dx/ and 0x//dx" 
become 6;”. With these substitutions, Eq. (8) becomes 


Dij— i Pyj— 0; P js= (Pim) ii- (9) 
When Fq. (9) is substituted in (5), we obtain 


Distt (Pij—wi* Pajs— wf pig) = 2nd; (10) 
or its equivalent 
Dist 7 (Pij— rap j*— wip?) = 2nd ;;, (11) 


where d;;=4(0;, ;+1;,;), and wie is now identified with 
the vorticity tensor }(v; a—z, i). 

Equation (11) is quite similar to Oldroyd’s expression 
(Eq. 10 in his paper); the two are, however, by no 
means identical. The cross terms in Oldroyd’s equation 
are formed with the velocity gradients, which can be 
decomposed into rates of deformation and vorticities. 
If only the latter are retained, then Eq. (11) can be 
recovered from Oldroyd’s expression. Such an arbitrary 
discarding of the cross terms in Oldroyd’s equation 
which involve rates of deformation has no justification 
other than that provided by interpreting it as equivalent 
to making an assumption about the rate of change of 
the reference configuration. It is readily shown that 
Eckart’s partially arbitrary anelasticity tensor, which 


4H. and B. S. Jeffries, Methods of Mathematical Physics (Cam- 
bridge University Press, London, 1946). 
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describes the way the reference configuration changes, 
can be formulated with cross terms involving the rates 
of deformation (rather than with the vorticities as 
Eckart himself did) in such a way that Eq. (11) is 
obtained. If the problem is approached in this way, 
the arbitrary nature, and basic importance, of the law 
assumed to govern the rate of change of the reference 
configuration is immediately evident. 


Ill. DEDUCTIONS FROM THE EQUATION OF STATE 


Equation (11) requires unpacking from the tensor 
notation. This is entirely a matter of algebra, and the 
details are omitted in the interest of brevity. The 
procedures and definitions for doing this are summarized 
in the Appendix. Certain observations can be made 
without doing this. When the terms involving the 
velocity. gradients, and/or the relaxation time, are 
sufficiently small, the simple Newtonian viscosity law 
is obtained for the steady state (0p;;/0/=0). In the case 
of a dynamic measurement, where the stresses are 
given a sinusoidal time dependence, if the cross terms 
are small compared with the time derivative, the usual 
Maxwell element equation results. This can immediately 
be put into the form employing a complex modulus or 
viscosity. Thus, it appears that a material possessing 
an appreciable relaxation time can appear to be linear 
in a dynamic measurement but will show nonlinear 
behavior in a steady-state measurement. On the other 
hand, conditions may arise such that the cross terms 
are appreciable compared to the time derivative and 
the material will then appear nonlinear in either type 
of measurement. In the steady state, it is the size of the 
product of the relaxation time with the cross terms 
compared to the stresses that controls the nonlinearity ; 
whereas, in the dynamic case, it is the size of the cross 
terms compared to the time derivative that is the 
important factor, and the relaxation time is not in- 
volved. An explicit examination of the consequences 
of these cross terms becoming appreciable in the dy- 
namic case and hence leading to nonlinear behavior 
has not yet been made. 

When Eq. (11) is reduced to cylindrical coordinates, 
and a velocity distribution assumed such that radial 
(v’) and axial (v*) velocity components are zero and the 
angular velocity (w) is a function only of the radius 
(r), one has the case applicable to rotating concentric 
cylinders. Equation (11) then gives for the physical 
stress components, in the usual notation, 


(rr)+ rr (dw/ dr) (ré)=0 
(00) — rr(dw/ dr) {r0)=0 


(r8)+ (1/2)r(Ow/dr)[ (00) — (rr) ]=nr(dw/dr) 
(6r)+ (1r/2)r(Aw/dr)[ (00) — (rr) |= nr(dw/ dr) 


(12) 


(13) 


with all other components zero. Simultaneous solution 
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of (12) and (13) yields, 








nr (dw/ dr) 
(r0) = (14) 
1+7°(rdw/dr)? 
nt (rdw/ dr)? 
(rr) =— ’ (15) 
1+-7?(rdw/dr)* 


Except for the denominator, which introduces apparent 
non-Newtonian behavior, Eq. (14) is the same as that 
for concentric cylinder Newtonian flow. Equation (15) 
gives the radial (normal) stress deviation. In the New- 
tonian case, (rr)=0. The equations of motion, in this 
case, take the form, 


O(rr)/dr+ ((rr)— (00))/r=dp/dr 
0(6r)/dr+2(6r)/r=0 
0(zz)/dz= dp/dz, 


and are to be solved simultaneously with Eqs. (12) and 
(13) to obtain the stresses and pressure distribution. 
These equations of motion are obtained in any specific 
case by reduction of the tensor equation of equilibrium 
p' ;— p,1=0, where p‘’ ; is the covariant derivative of 
the stress (deviator) component and # is the scalar 
pressure. Acceleration and external force terms are 
omitted. 

Equation (14) can be integrated over the gap to 
obtain an expression for angular velocity as a function 
of the radius. This has been done, but the resulting 
expressions are somewhat cumbersome and would be 
valid only for a material known to exhibit a single 
relaxation time. If such a material were available, it 
would be very useful for experimentally checking the 
results of integrating (14). It is generally known, how- 
ever, that most materials of this type require a distribu- 
tion of relaxation times for the description of their 
behavior. It seems better therefore to proceed with an 
approximate, and simpler, discussion. 

If the quantity n/(1+7°[1(dw/dr) }) were to be con- 
sidered as constant in the integration of Eq. (14), we 
would have 


na=n/(1+7°[r(dw/dr) ), (16) 


where 7, is the “non-Newtonian” viscosity coefficient 
and r(dw/dr) must be considered an average rate of 
shear over the gap. This expression has something in 
common with other representations that have found 
some usefulness in describing “non-Newtonian” be- 
havior. If it is divided out, one obtains: 


dw\? dw\ 4 
no=af 1-7(—) +r(~) a ‘| 
or or 
which is identical with the equation 


na=n(1—ag?+bq'- - -) 


used for dilute solution viscosities by Kuhn and Kuhn" 


16 W. Kuhn and H. Kuhn, Helv. Chim. Acta 28, 1533 (1945). 
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and Katchalsky and Sternberg,'® if a=b!=7? and 
r(dw/dr)=q. When written as 


” 


Ow * 
V/n(t/n| 1+(r—) | 
or 


it has some similarity to the Eisenschitz'’ expression 
1/na== (1/n) (1+ G2/G*), where & is the stress and Ga 
rigidity modulus. Indeed, for small values of rr(dw/dr), 
(r0)=nr(dw/dr) and 


7 (r8)\? (r8)\? 
v/n(a/n|1+(“—) eam) 1+(=) | 
n ; G 


If the distribution function is such, and it frequently is, 
that the effective rigidity increases as the rate of shear, 
and the stress, increases, it is perhaps not surprising 
that the expression 1/n4= (1/n)(1+a@@) where 1/a has 
been identified with a modulus of rigidity, has met 
with limited success.!* 9 

Equation (16) is completely analogous to the ex- 
pression for the dynamic viscosity 7’ =7/(1+-7°w) if the 
rate of shear, r(0w/dr) plays the role of the frequency 
w. It might be expected, however, that r(dw/dr) would 
have to be taken as an average over the gap due to the 
integration which considers 


dw \” 
n/[i+e(—) 

or 
constant. It would therefore be expected that the non- 
Newtonian coefficient yn, would be subject to the same 
reduced variable” treatment as the dynamic viscosity, 
and that it furthermore should be directly comparable 
thereto if the proper average rate of shear is used. 


Equation (15), together with the equations of motion, 
lead to the expression 


nt (r(dw/dr))d(r(dw/dr)) 
1+7?(r(dw/dr))? 


ap=— 





which can be integrated with respect to the rate of 
shear to give 


G 
p= “<< In[r?(r(dw/dr))?+1 J+C, (17) 


which should give the dependence of the isotropic part 
of the stress on the rate of shear for this geometry for 
a single relaxation time. To this must be added the 
pressure contributed by the deviator, — (rr). Thus, the 
total pressure observed at a cylindrical boundary, say 


16 A. Katchalsky and N. Sternberg, J. Polymer Sci. 10, 253 
(1953). 

17 R. Eisenschitz, Kolloid-Z. 64, 184 (1953). 

18 J. D. Ferry, J. Am. Chem. Soc. 64, 1330 (1942). 

19 A. B. Bestul and H. V. Belcher, J. Colloid Sci. 5, 503 (1950). 

*” Ferry, Fitzgerald, Grandine, and Williams, Ind. Eng. Chem. 
44, 703 (1952). 
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the inner cylinder of the concentric cylinder apparatus, 
should be 


™ nt(r(dw/dr))?  G 


- ——_—— Inf r*(r(Aw0/Ar)P+1I+C. (18 
1+7°(r(dw/dr))? 2 nL 7°(r(dw/dr))?+1]+-C. (18) 








Once again, since most materials showing these effects 
require a distribution of relaxation times, comparisons 
with experimental data are properly made only after 
this has been taken into account. Qualitatively, the 
important thing is that pressure gradients are predicted. 
As in the non-Newtonian viscosity case, Eqs. (17) and 
(18) imply that reduced variable procedures, and the 
resulting superposition of data obtained under a variety 
of conditions, should be applicable to pressure rise 
experiments. 

For the case of rotating parallel plates, where it is 
assumed that v"=v*=0 and that v’= f(z), the stress 
components, for the steady state are 


(22)-+7r(dw/dz) (dz) =0 


(19) 
(60) — rr(dw/dz) (0z)=0 
T Ow Ow 
(8z)-+-—( (00) — (2z))r—=nr— 
2 z Oz 
(20) 


T Ow Ow 
(20) +—( (00) — {22z))r—= nr— 
2 Oz Oz 


with other components zero. Simultaneous solution of 
(19) and (20) gives 








nr (dw/dz) 
(Oz => —__— eat (21) 
1+72(r(dw/dz))? 
— rn(r(dw/dz))? 
ios 22 
(ss) 1+7?(r(dw/dz))? = 


For the present purposes, Eq. (22) is of primary interest 
in that it is related to the radial pressure distribution 
observed at the top plate in an experimental arrange- 
ment of this kind. With the equations of motion in 
the form 

— ((60)/r) = (dp/dr) 

(0(6z)/dz)=0 

(0(22)/2) = (0p/92), 


Eq. (22) becomes, 
— 77(1(dw/dz))? 
1+-7?(r(dw/dz))? 


which, on integration from rg=0 to r and the choice of 
p= po at r=0 as a reference point, becomes, 


(dp/d Inr) = 





G 
p—po= “ In(1?7?(Ow/0z)?+-1). (23) 
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To obtain the total normal stress at, for example, the 
upper plate, the deviator —(zz) must be added to p 
to give 


ntr®(dw/dz)* G 
P= —— In[r?7?(dw/dz)?+1 ]+ po. 
1+ 7°7?(dw/dz)? 2 





Consequently, one obtains 





. —n7Pr(dw/dz)? 
po- f= 


G 
= +— In[r?7?(dw/dz)?+1] (24) 
1+1°r?(dw/dz)? 2 
for the difference in pressure between the center and 
some value of r. 
In the case of the capillary where it is assumed that 
v’=v°=0 and v*= f(r), the stress components are (if 
some terms involving v*(0v/0z) are ignored) 


(zz)— r(dv*/dr) (zr) =0 “ 

(er\-+-7(d0*/Ar) (or) =0 (25) 
(2r)+ (1/2) ((22)— (rr)) =n(007/dr) (26 
(yz)-+ (7/2) ((22)— (rr)) =(dv*/dr). ) 


When Eqs. (25) and (26) are solved simultaneously, 
there results 








n(dv7/dr) 
ar) = (27) 
1+ 7?(dv*/dr)? 
7™(dv?/dr)? 
22) = — (rr) = : (28) 
1+ 77(dv*/dr)? 


Unless approximations are employed, the solution of 
(27) and (28) with the equations of motion is less simple 
than in the other cases and is deferred. 


APPENDIX 


Standard tensor notation is employed. The relations 
required for the reduction of Eq. (12) to usable form 
are herein summarized. 

The general coordinates, x', x*, and x° are, in this 
case, the usual cylindrical coordinates r, @, and z. 

A repeated index indicates summation over its range 
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which in this case is three. The derivative p;; is to be 
evaluated as, 


(Op; ;/ OL) +-0* Di; a 


where the covariant derivative p;;,¢ is 
8 8 B 
(Api/axe)—|_ pes : ps and + 
ta ja to 


are the appropriate Christofel symbols for the coordi- 
nate system used. For cylindrical coordinates, all are 
zero except, 


fallaleu [al 


The covariant derivative of the velocity 2, ; is, 


a 
(d0;/dx*)— | oe 

tJ 
Indices may be raised or lowered by contraction with 
the metric tensor g;; or g'’. In cylindrical coordinates, 
£11 33> 1, g22= r°, gi= 3 1, g?=1 y*. and all others 
are zero. The “‘physical components” of vectors and 
tensors, which are the quantities actually measured 
along coordinate axes, are recovered from tensor com- 
ponents through: 


pis (physical) = pi;/(g.i)*(gi3)} 
= (gi; (gs; 4p = p;'(gis)4/(g;;)3 
or 
v; (physical) = 2;/ (g;;)' = (g,,)$v'. 


The Kronecker delta 6,’ is zero for i+ j and is unity for 
i= j. The notation (xy) for a physical stress component 
means a force vector on the surface x=constant, and 
in the direction of the y coordinate. For example, (r@) 
is the force in the angular direction on the cylindrical 
surface of radius r=constant, and (rr) is the radial 
force on the same surface. Likewise, the physical com- 
ponent of the tensor velocity component 7° is rw where 
w is the angular velocity; rw is recognized as the linear 
velocity of a point at r in a direction perpendicular 
to the r and z axes. 
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An analysis is made of the phenomena at the electrodes of a high-current short-time arc. It is shown that 
the input power density to the anode spot is in the range 5X 104 to 1X 10° watts/cm*. To a first-order approxi- 
mation, all this power can be carried off by evaporation. Power conducted into the metal and lost by radia- 
tion is negligible in the probable operating range. For most materials, the anode spot is probably considerably 
above the boiling temperature. The process of evaporation holds the spot temperature constant at a value 
such that the input power and evaporation power are equal. Experimental data indicate that for any given 
metal the anode spot temperature is that for which the evaporation power density is at least 3X 10° watts/ 
cm’. As an example, for copper the theoretical limits of temperature are 2490 to 3040°K, while experimental 
data indicate a temperature of 2920°K. Other metals considered are: Ag, Al, C, Fe, Mo, Sn, Ti, W, Zn, Zr. 
It is also shown that for the maximum power input that can be expected at the cathode, the thermionic emis- 
sion current density is very small compared to the observed values of current density. 





INTRODUCTION 


HE phenomena at the anode of an arc are probably 
relatively simple compared to those at the cath- 
ode. There is, however, little in the way of quantitative 
information that can be readily applied to a wide range 
of anode materials. This is especially true for arcs at 
high current and short duration, i.e., thousands of 
amperes and of the order of 1/120 sec (one-half cycle of 
60 cps). In the past it has been rather common to find 
statements in the literature that the anode is, or prob- 
ably is, at the boiling point of the material. Llewellyn 
Jones' approached the problem of energy balance for 
sparks by equating circuit stored energy to losses from 
the electrodes by radiation, conduction, and evapora- 
tion. In other studies it is assumed that the anode spot 
is at the boiling point, and analysis is directed towards 
expressions representative of the anode drop distribu- 
tion. Two approaches of this sort have been presented 
by Finkelnburg.? A related phenomenon is a jet of elec- 
trode material emerging from the anode. Finkelnburg?® 
has explained these jets for sparks on mercury surface 
and from the anode of the high-current (several hun- 
dred amperes) carbon arc as the evaporization produced 
by the conversion of the energy of the electrons arriving 
at the anode. The assumptions are tacitly made that the 
entire energy input to the anode spot is J.(Va+¢), 
where J, is current density of the electron current to the 
anode, V, is the anode drop, and ¢ is the work function 
of the anode surface, and that the energy thus received 
is all expended in evaporation of metal from the anode 
surface. 

The analysis presented in the present paper is aimed 
at an extension of this approach. It is proposed to evalu- 
ate the relative importance of various physical processes 
occurring at the electrodes of high-current arcs by 
examining the probable results of each process acting 
alone. This will involve some idealizing, and the reason- 


1 F. Llewellyn Jones, Nature 157, 298 (1946). 
2 W. Finkelnburg Hochstromkohlebogen (Springer Verlag, Berlin, 
1948). 


3 W. Finkelnburg, Phys. Rev. 74, 1475 (1948). 


ableness of the assumptions appraised by examining 
their consequences. Since this analysis was originally 
presented in condensed form‘ additional data from 
several sources have been examined and found to sub- 
stantiate the conclusions. It will be shown that for a 
considerable number of metals the temperature of the 
anode spot and the erosion loss can be estimated. 


ENERGY INPUT 


In the following analysis the conditions of a low- 
pressure arc, characterized by diffuse plasma and a 
relatively low anode current density, are excluded. The 
direct electrical power input to the anode surface is equal 
to the current times the sum of the anode drop and the 
work function of the surface, the latter term being the 
heat of condensation of the electrons. It will be conveni- 
ent to express all quantities on the basis of a unit area of 
1 cm?. Thus the electrical power input density is 


P.=Ja(Vat¢) watts/cm’, (1) 


where J, is the anode spot current density, V, is the 
anode drop, and ¢ is the work function of the surface. 

In addition, the anode spot receives thermal and 
radiant energy from the column immediately in front 
of it. Part of the thermal energy is carried by the elec- 
trons and can be added to the potential component of 
Eq. (1) as Vr. The power delivered to the anode spot by 
conversion of the kinetic energy of neutral atoms Pp, 
and that due to radiant energy from the column P,, will 
be taken with P, to represent the entire energy received 
by the anode: 


Po=Ja(VateotVr)+PutP, watts/cem*. (2) 


This omits energy received from excited atoms and from 
the arrival of negative ions, both probably negligible, 
and resistance heating in the anode. 

The only factor in Eq. (2) known with certainty is the 
work function. For our purposes it may be taken as 4.5 


4 Gaseous Electronic Conference, Washington D. C., October, 
1953, Phys. Rev. 93, 653 (1954). 
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volts for most metals. The anode drop could be zero,® 
might be the least resonance potential of the vapor 
(1.4 for copper), or as high as the ionization potential 
(7.68 for copper). For the purpose of analysis the prob- 
able upper limit of V, will be taken as 7.5 volts, which is 
reasonably close to the value of the ionization potential 
of the common metals. 

Measured values of anode current density have a 
considerable range and depend on the anode material. 
Disregarding early low values, the minimum probable 
value® appears to be 8000 amp/cm? at 100 amperes on 
steel. Very short-time arcs (less than 100 usec) to a tin 
anode indicated’? 10000 amp/cm? at 80 amperes. We 
have found a value of 30000 amp/cm? for a tungsten- 
copper anode at 4300 amp lasting 1/100 sec. C. J. 
Gallagher of this Laboratory has observed anode cur- 
rent densities of at least 50 000 amp/cm? for 10-amp arcs 
on copper. Sparks* of current from 6000 to 18000 
amperes have apparent current densities in the range 
60000 to 120000 amp/cm?. Recently anode current 
densities at 100 amperes have been reported? for a series 
of metals. The lowest values were for nickel with a 
range of from 10 000-16 000 amp/cm? and the highest 
for molybdenum, for which it is 51000-110000 
amp/cm?. In general, it is probable that the true 
anode spot current density is greater than the 
values obtained by measuring the area of the trace left 
by the arc. This is to be expected because of rapid 
fluctuations that can possibly take place as they do for 
the cathode spot." For the purposes of our analysis the 
limits of the anode spot current density will be taken 
as 8000 and 50 000 amp/cm?. 

The uncertainty involved in the thermal energies of 
the electrons is not too great. If the commonly accepted 
gas temperature" of about 6000° for column of the low- 
current arc is used, the thermal energy of the electrons 
in equilibrium with the gas is 0.8 electron volts. How- 
ever, since it is not firmly established that the electrons 
are in equilibrium with the gas, the minimum value of 
Vr will be taken as 1 electron volt, corresponding to an 
electron temperature of 7730°K. Data are rather 
limited for high-current short-time arcs. For these arcs, 
gas temperatures of the order of 12 000°K have been 
found” for carbon arcs at 250 amperes, and of nearly 
16 000°K for 1000 ampere arcs at 2 atmospheres pres- 
sure.'* We shall assume a probable upper limit for the 


5 J. W. Dzimianski and T. B. Jones, Am. Inst. Elec. Engrs. 
Transaction Paper 54-510. 

6 Jones, Kouwenhoven, and Skolnik, Welding J. Research, 
Suppl. (1949). 

Somerville, Blevin, and Fletcher, Proc. Phys. Soc. (London) 

B65, 963 (1952). 

8 Ware, McCormick, and Sawer, J. Opt. Soc. Am. 43, 151 (1953). 

9L. P. Winsor and T. H. Lee, Proc. Am. Inst. Elec. Engrs. 
Welding Conference (1954). 

 H. v. Bertelle, Brit. J. Appl. Phys. 33, 58 (1952). 

"C. G. Suits, Physics 6, 315 (1935). 

2K. H. Hocker and W. Finkelnburg, Z. Naturforsh. 1, 305 
(1946) ; and K. H. Hicker and P. Schulz, Z. Naturforsh. 4a, 266 
(1949). 

3D. Th. J. Ter Horst and G. A. W. Rutgers, Physica 29, 565 
(1953). 
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TABLE I. Energy received by anode spot. 








— 





Minima Maxima Units 
J, (anode current density) 8000 50000 amp/cm? 
V. (anode drop) 0 7.3 volts 
yg (work function) 4.5 4.5 volts 
T (column temperature) 6000 15000 degK 
Vr (electron thermal energy) 1 2 volts 
P.=Ja(VatotVr) 4.4X 104 7X105 ~=— watts/cm? 
P,, (neutral atom energy) 0.13X10' O watts/cm? 
P, (radiant energy density) 0.75X10! 3X10° watts/cm? 
5.28X10' 108 watts/cm? 


P,=P.4-P,tP, 








thermal energy of the electrons as 2 volts, corresponding 
to 15 460°K. 

The radiant energy from the portion of the column 
facing the anode spot may be estimated by assuming the 
column to radiate as a blackbody. In view of the un- 
certainty, the blackbody values calculated for 6000°K 
and 15 000°K will be used, recognizing that they may 
be high possibly by a factor of 2 to 10. 

The kinetic energy conversion from neutral atom 
impacts on the surface may be estimated by assuming 
that not more than one-half, and probably less, of an 
atom’s kinetic energy will be transferred to atoms on 
the anode surface. At 6000°K the maximum value of 
this energy is 0.1310 if the atoms are copper. At 
15 000°K the gas or vapor is nearly completely ionized 
so the energy transferred by neutral atom impacts may 
be neglected. The surface surrounding the anode spot 
area will also receive energy by radiation and thermal 
energy transfer from the column. However, because of 
the slowness of heat conduction through solids this can- 
not affect the spot in the short time we are considering. 

The probable limits of the various factors are sum- 
marized in Table I. These may be considered reasonable 
values in view of our present knowledge of the very 
complicated phenomena at the arc spot. In summing up 
the power input it is assumed that all minima occur 
together and all maxima occur together, which provides 
conservative estimates. The lower limit of total input 
power P, is about 5X10* watts/cm? and the upper 
limit probably about 10° watts/cm?. Thus, the input 
power density to the anode spot involves a little more 
than an order of magnitude uncertainty. It is evident 
that the power density is very large, regardless of which 
limit is taken. 


POWER LOSS FROM ANODE SPOT 


The energy input to the anode spot must be balanced 
at that surface primarily by the energy loss by evapora- 
tion and by radiation outward from the surface and heat 
conduction into the metal. The magnitude of each of 
these components will be determined as functions of sur- 
face temperature for a number of metals, for which some 
experimental arc data are available. The rate of evapora- 
tion W is plotted in Fig. 1 for a number of metals and a 
rather wide range of temperatures by means of the evapo- 
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TABLE IT. Arc anode temperatures and evaporation. 








From 


Anode spot temperatures (deg. K) Evaporation rate 
: of v 


apor 


experimental grams/cm?/sec 





Material (ee. K) Minima _Mé ixima data Minima Maxima 

10 Zn 1180 1370 1630 1580+ 80 600 
= Ag 2485 2390 2980 2880° 25 330 
“ Cu 2868 2490 3040 2920 11 180 
S 10 Al 2600 2640 3320 3270 7 90 
M Ni 3110 3040 3650 tee 9 130 
Pa Fe 3008 3070 3760 37502 9 130 
= . Sn 3000 3760 5760 59302 30 400 
S Ti 3550 3870 5040 50502 8 100 
3 Zr 3850 4430 5500 = 13 200 
S10" . 4640 4600 5330 4780 1.4 18 
w! Mo 5077 5380 6810 6580 10 160 
< W 5950 6700 (8300) 7470 16 200 
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Fic. 1. Rate of evaporation for metals. Circles indicate boiling 
point and heavy portions probable anode spot temperatures. 


ration equation and data found in Dushman’s treatise." 
Theevaporation constants used were for the liquid, where 
available. Since the magnitudes of power density in- 
volved are very high, it is necessary to extend the use of 
these constants beyond the point where they are entirely 
reliable. However, the uncertainties in these data are 
much less than those involved in the power input 
estimates so the procedure is justified. The power 
represented by the evaporation of metal at the various 
temperatures is obtained by multiplying the rate of 
vaporization by the latent heat of vaporization.'!® This 
involves errors, mostly less than 10 percent because of 
the different heat content at temperatures other than 
the boiling point and because of the variation in 
specific heat with temperature. The latter factor is not 
well known at the higher temperatures. The power 
represented by vaporization is plotted in Fig. 2, and 
marked by the metal symbol. The upper and lower 
limits of input power are indicated in Fig. 2 by horizon- 
tal dashed lines at 5.28 104 and 110° watts/cm?. 

The radiation power loss is plotted in Fig. 2 on the 
assumption that the spot is a blackbody radiator. This 
assumption gives too high a value for radiation loss 
since the emissivity will certainly be less than one and 
probably about 0.3. It is evident from an inspection of 
the curves of Fig. 2 that the power loss by radiation 
even at elevated temperature is far less than the 
evaporation loss, and may be neglected. 

The assumption will now be as a first approximation, 
that all the input power is carried away from the surface 
by evaporation. For any particular metal the anode spot 
temperature would be expected to be between the values 


4S. Dushman, Vacuum Technique (John Wiley and Sons, Inc., 
New York, 1949), Chap. 11. 

i. Brewer, Paper No. 3, “Chemistry and metallurgy of 
miscellaneous materials,” Thermodynamics, Edited by L. L. 


uill 
ge -Hill Book Company Inc., New York, 1950), Vol. 
19B 








® High because droplet loss is included. 


indicated by the intersection of the evaporation power 
curve and the input power limits. The amount of heat 
stored in the metal will be estimated later and shown 
to be relatively small. From these data, it is seen that 
for copper the temperature of the anode spot may be 
found in the range from 2490°K to 3040°K. It is 
interesting to note that the uncertainty in temperature 
is only +250 degrees, although the uncertainty in power 
input density is about one order of magnitude. The 
probable range of temperatures for the various metals 
has been indicated in the curves of Fig. 1 by the heavy 
portions of the lines. The ranges of temperatures and of 
evaporation rates for other materials are summarized 
in Table IT. 

With the high values of input power density that are 
possible the vapor pressure of the anode material may 
exceed atmospheric pressure, i.e., the so-called boiling 
point is exceeded. This is true for the minimum tem- 
peratures of 9 of the 12 materials listed in Table II. 
This is not as unexpected as it at first appears, because 
the power is delivered directly to the evaporating sur- 
face and ebullition is not a limiting factor. The high 
rate of evaporation of vapor that is probable shows 
that short arcs at heavy current must occur in an 
atmosphere of nearly pure metal vapor. Thus all the 
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Fic. 2. Balance of power densities for arcs at anode spot 
B=boiling point, X=evaporation power equivalent of experi- 
mental erosion, and «-=tentative correction of X for nonvapor 
loss. 
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Fic. 3. Linear heat flow from constant temperature surface. 
Distribution for copper at ¢=1/120 sec. 


ambient medium, whether gas or liquid, would be com- 
pletely swept away by the vapor blast. In high-current 
switches, the metal vapors are expelled with explosive 
violence, which suggests very high local pressures at 
the point of origin. For the refractory materials C, Mo, 
and W, the minimum probable spot temperature, as 
indicated by the intersections of the evaporation curves 
and the minimum power input line, Fig. 2, are of the 
same order as the column temperatures that have been 
measured for the low current arc." This would suggest 
that for these materials no anode drop is necessary. 

It seems probable that the energy input to the anode 
spot is largely balanced by evaporation which maintains 
a roughly constant temperature surface. If this is so, 
it is possible to estimate the amount of heat that will 
flow into the metal in the time of 1/120 sec. The linear 
heat flow equation'® will be used in the calculation for 
copper to determine an approximate upper limit for 
penetration of heat in the time under consideration. 
The use of this equation for the flow of energy into a 
metal from an anode spot is justified, as it will be shown 
that the depth of penetration of heat in the time of 
1/120 sec is relatively small compared to the diameter 
of the spot. The calculated temperature distributions 
for possible surface temperature of 4000°, 3500°, 3000°, 
2500°, and 2000°K are shown in Fig. 3 for an elapsed 
time of 1/120 sec. For a constant surface temperature 
of 3000°K, i.e., the probable spot temperature, the 
temperature is above the melting point for a distance 
of only 0.115 cm. The minimum diameter of spot for a 
5000 ampere arc would be 0.36 cm (50000 amp/cm?) 
which is roughly three times the melted depth. Thus for 
currents of this magnitude or greater, the assumption 
of linear heat flow is justified for time of the order of a 
half-cycle. The heat of fusion is neglected in the equa- 
tion, as is the change in the heat conductivity with 
temperature, so that the actual depth of penetration of 
melting will be less than that indicated by the curves. 
The slow rate of heat flow shown here justifies the 
neglect of heat received from the column by metal out- 
side the active area. In a steady-state arc, however, 
this source of heat may become quite large.'” 


6 Ingersoll, Zobel, and Ingersoll, Heat Conduction (McGraw- 
Hill Book Company, Inc., New York, 1948). 
'7C. J. Gallagher, Phys. Rev. 79, 231 (1950). 
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The total heat stored in the metal down to 300°K, as 
well as the heat stored in metal above the melting point, 
both obtained by integrating the temperature-distance 
curves of Fig. 3, are presented as curves A and B, respec- 
tively, in Fig. 4 as a function of surface temperature. An 
idea of the order of magnitude of this error in neglecting 
the heat of fusion can be obtained by assuming the depth 
of melting to be correct and calculating the heat repre- 
sented by the fusion of this much material. This is 
plotted as curve D and presents a pessimistic view of 
the error involved, which is seen to be small compared 
to the total stored energy. These curves are to be com- 
pared with the probable range of input energy from 
478 to 8340 watt-sec/cm? for 1/120 sec as shown by 
horizontal dashed lines. Above about 2700°K evapora- 
tion is by far the largest factor in absorbing input en- 
ergy. Below about 2200°K evaporation is less than 10 
percent of the thermal energy stored in the metal and 
may be neglected. The dotted curve AC accounts for 
most of the heat lost in the range covered. 

Figure 4 permits a reassessment to be made of the 
value first indicated as the probable lower limit of input 
power density. For all temperatures above the melting 
point, curve A represents the lower limit of input 
energy if these temperatures are to be attained. Thus 
if melting is observed at the anode spot, which is 
usually true, then the input energy for 1/120 sec must 
be at least 500 watt-sec/cm’, i.e., the value of the total 
stored energy at the melting point. This corresponds to 
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Fic. 4. Energy balance at anode spot for constant surface 
temperature held for 1/120 second. Data for Copper. A = thermal 
energy stored in metal, B=thermal energy stored in melted 
metal, C=energy carried off by evaporation, D=heat of fusion 
of volume melted (neglected in A and B), and E=radiation. 
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a power density of 60 000 watts/cm?. This value is only 
slightly higher than the value suggested as a probable 
lower limit, namely, 52 800; thus the original estimate 
of miminum power density appears quite reasonable. 
The reaction of evaporating metal will tend to depress 
the surface somewhat as a mercury surface is depressed 
at a cathode spot on its surface. Such a depression 
would help to collimate the evaporating atoms and 
produce jets such as have been observed.*:!* The origin 
of the vapor jet should play an important part in 
causing the constriction that occurs in the column at 
each electrode. 

The initial rate of absorption of heat by a body is 
quite high. For a spot temperature of 3000°K and 
copper at 300°K, the rate of heat flow into the surface 
is'®: 5520/\/t watts/cm?. At the end of the first usec 
this rate is 5.5 10° watts/cm? which is 5.5 times the 
estimated maximum rate of input at the anode. This 
shows that for arcs of the order of microseconds dura- 
tion melting and evaporation may be absent, as has 
been observed. 


EXPERIMENTAL DATA 


Experimentally determined erosion data can now be 
used to test the analysis. Erosion data to be suitable for 
this purpose should be taken at very heavy currents, 
with the arc burning one-half cycle. Such data were 
made available to the authors in a private communica- 
tion through the courtesy of W. R. Wilson and M. A. 
Guzman.* The erosion from 3-inch diameter metal rods, 
initially separated by 3'5 inch, was measured by them 
for a single half-cycle of current having a peak value 
from 11 000 to 26 000 amperes. The present indications 
are that the loss of material at these currents is about 
the same for both anode and cathode. The data availa- 
ble consists of the weight lost and the average charge 
passed in the arc. On the assumption that the entire 
loss is by evaporation, the following relation permits a 
check to be made with Fig. 2: 


(m/2)AH4.18J 
P.= watts/cm?, (3) 


OM 


where m is the total loss of material in grams from both 
electrodes for one half-cycle, Q is the average value of 
the charge passed in coulombs, M is the atomic weight 
of the material, AH is the heat of vaporization’ in 
calories per mole measured from room temperature, 
and J is the anode current density. The current density 
will be assumed to have an average value of 30000 
amp/cm?. The data obtained are plotted in Fig. 2 
as the circled X’s. The experimental points lie within, 
or very near, the probable limits obtained from the 





18W. F. Skeats and C. L. Schuck, Am. Inst. Elec. Engrs. 
Power Apparatus and Systems, No. 13, p. 848 (August, 1954). 

* Both of the Switchgear and Control Division of the Phila- 
delphia Works of the General Electric Company. 
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analysis. Most of the points are rather close to the upper 
power limit. It is most unlikely that all the erosion is by 
evaporation for the common metals. Some material is 
certainly removed by the explosion of gas pockets! 
and some is spattered by the violent motion of the arc 
footpoints. This would account for the lower values 
obtained for carbon and tungsten, and the especially 
high value for aluminum. Preliminary datat aimed at 
separating vaporization loss from material lost in a 
spray of droplets, dripping, etc., indicates that this is 
true. Tentative vapor loss points are shown in Fig. 2 
by the horizontal arrows for copper, aluminum, and 
tungsten. Anode spot temperatures derived by assuming 
that all the loss is by evaporation are summarized in 
Table II for the various metals. It should be noted that 
all these temperatures except that for C correspond to 
evaporation with power densities above 3X 10° watts/ 
cm? (see Fig. 2). Under steady-state conditions spatter- 
ing and dripping can be expected to be very large, as it 
is in welding. For the short-time arcs involved in circuit 
breakers, dripping at least is small. 


CATHODE PHENOMENA 


It is not the purpose of this paper to examine cathode 
phenomena in detail. However, some interesting ob- 
servations appear when the evaporation power is 
compared with phenomena at the cathode. The cathode 
mechanism of arcs is very uncertain, but it is possible 
to set reasonable limits on the energy received by the 
cathode spot or spots. The principal power density 
received by the active area of the cathode is that of the 
positive ions falling through the cathode drop. The 
cathode spot will lose energy mostly by evaporating 
electrons, and by evaporating atoms, the latter often 
erroneously neglected. Thus, for moderately short-time 
phenomena, at least, we can write 


JV -=JeetP, (4) 


where J, is the positive ion current density of the 
cathode, V, the cathode drop, J, the cathode spot 
current density, ¢ is the work function of the metal, 
and P is the power evaporated at the operating tem- 
peratures and is given by the curves of Fig. 2. The ratio 
J,/J- has not been determined. It is possible, as has 
been proposed,” that the entire current at the cathode 
could be supplied by positive ions generated in the 
constricted portion of the column near the cathode. 
This could be an important mechanism at very high 
currents. If the entire current were carried by positive 
ions then an upper limit of the input power would be 
established. The cathode drop may be taken as 7.5 
volts, using copper as an example. The current density 
of the individual active areas may be taken as 120 000 


19 J. D. Fast, Philips Tech. Rev. 10, 28 (1948). 
t Courtesy of W. R. Wilson. 
2% Weizel, Rompe, and Schén, Z. Physik 115, 179 (1940). 
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amp/cm? which was measured”! for small currents. This 
indicates a maximum input power density of 7.5 
120 000= 900 000 watts/cm*. This input power 
density could be balanced entirely by evaporation at a 
spot temperature of 3000°K. At this temperature the 
thermionic emission current is 21 amperes/cm? for a 
work function of 4.5 volts. It would seem from this 
example that thermionic emission would be extremely 
unlikely from the low melting point materials. Cathode 
spot current densities of the order of 1000000 
amperes/cm* have been observed” for short-time arcs. 
If these represent the ultimate value of true cathode 
current density, the input power density is about 
9000 000 watts /cm*. This power input could be 
balanced by evaporation at 3700°K for which a ther- 
mionic current density of 1000 amp/cm? would be 
obtained. Thus thermionic emission would seem to be 
unimportant for most of the metals. 





21 J. D. Cobine and C. J. Gallagher, Phys. Rev. 74, 1524 (1948). 
2K. D. Froome, Proc. Phys. Soc. (London) 60, 424 (1948). 
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CONCLUSIONS 


(1) The surface density of input power to the arc 
anode spot is in the range 5.28 X 10* to 1X 10° watts /cm?, 
The analysis permits a calculation of erosion with 
considerable certainty. 

(2) For high-current short-duration arcs, evaporation 
of metal vapor can account for the major portion of the 
power input to the anode. Power loss by radiation and 
heat conduction within the electrode is very much 
smaller. 

(3) The anode spot temperature is above the boiling 
point for most materials. As a consequence, the vapori- 
zation rate is high and very high vapor pressures may 
occur at the anode surface. The expanding high-density 
vapor will sweep any ambient gas or liquid medium out 
of the arcing zone, and the arc will burn in pure metal 
vapor. 

(4) Thermionic emission from nonrefractory ma- 
terials appears unimportant as a cathode spot mech- 
anism. 
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The Griffith energy criterion, dW = —dU (dW =crack propagation work, —dU =released elastic energy), 
cannot be applied to essentially ductile fractures. In particular, it does not represent the condition of rapid 
ductile fracture propelled by the elastic energy of the specimen. The condition of such fractures is d?W /dx? 


1. PLASTIC-ELASTIC INSTABILITY 


CCORDING to G. R. Irwin,! T. W. George ob- 

served some time ago that a large sheet of thin 
aluminum foil, provided at its center with a knife-cut 
“crack,” burst under tensile load with a suddenness 
usually associated with brittle fracture. Since brittle 
fracture has never been observed in pure aluminum 
and the case just mentioned was no exception to this, 
the rapidity of the fracture process must have been 
caused by the following circumstance. When a tensile 
load is applied to a ductile specimen, a certain amount 
of uniform extension occurs while the load rises to a 
maximum. At the load maximum, the formation of a 
neck starts; further deformation is confined to the 
neck and ceases everywhere else. An ordinary hydraulic 
or weight-loading testing machine “runs away” at the 
load maximum; but even tensile straining by a screw 





* George Westinghouse Professor of Mechanical Engineering; 
Head of Materials Division, Department of Mechanical En- 
gineering. 

1G. R. Irwin, Trans. Am. Soc. Metals V. 40A, 147 (1948). 


= —#U/dx*, where x is the plastic extension accompanying the propagation of the crack. 


mechanism in a very rigid straining frame can end with 
rapid disruption if the elastic load release in the frame 
and the specimen is slower than the simultaneous drop 
of the yield load owing to decrease of the cross-sectional 
area of the neck. This must have been the case in the 
experiment of George. The total elongation of the neck 
from its inception to fracture is proportional to the 
thickness of the specimen; in the thin aluminum foil it 
was extremely small, so that the drop of the yield load 
per unit length of total neck extension must have been 
very rapid. At the same time, the large foil specimen 
provided a relatively soft spring in series with the 
active length of the specimen (i.e., with the zone of 
necking), so that extremely rapid though fully ductile 
fracture could take place because the elasticity of the 
specimen, together with that of the straining apparatus, 
was sufficient to maintain the load above the steadily 
falling level of the yield load during the extension of the 
neck. 

The fact that the elasticity of a specimen can cause 
high-velocity crack propagation even if the fracture 














HIGH-VELOCITY 


mechanism is basically ductile has led to the suggestion? 
that such processes would be governed by the Griffith 
energy criterion of fracture,’ according to which, fracture 
occurs when the work dW required for extending the 
length c of the crack by a small amount dc is just covered 
by the accompanying release —dU of the elastic energy 
U stored in the specimen: 


dW =—dU. (1) 


This form of the Griffith principle applies to the case 
where the process of extension of the crack by the 
amount dc takes place while the specimen is held be- 
tween rigidly fixed grips. For the treatment of the case 
where the crack propagation is assumed to occur at 
constant load, and for a general discussion of the 
Griffith criterion, see reference 4. 

On the other hand, it can be demonstrated! that the 
Griffith criterion is applicable only to essentially 
brittle fractures, i.e., to fractures where plastic deforma- 
tion is either absent, or confined to a thin layer at the 
walls of the crack while the bulk of the specimen is 
purely elastic. This can be recognized already from the 
circumstance that a typical ductile fracture, such as the 
cup-and-cone or the shear type fracture of a ductile 
metal, progresses by plastic deformation practically 
uninfluenced by the values of the elastic moduli. 
It would take place in the same way if the moduli were 
infinitely high; in this case, however, the right-hand 
side of Eq. (1) would vanish, and the equation could 
not be satisfied. 

Since the energy criterion Eq. (1) cannot be applied to 
essentially ductile fractures, the following question 
arises: What is the condition for the self-acceleration 
of a ductile fracture by the release of elastic energy 
in a tensile specimen or in structures connected in series 
with it, such as a testing machine? 

Let Fig. 1 represent a long tensile specimen in which 
at the point C a ductile crack, or a neck leading to 
cup-and-cone fracture, develops; the elasticity of the 
testing machine should be taken into account by a 
certain increase of the effective length of the specimen 
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2G. R. Irwin and J. A. Kies, The Welding J. Res. Suppl. 17, 
95s (1952); (see also reference 1). 

3A. A. Griffith, Trans. Roy. Soc. (London) A221, 163 (1920). 

4 E. Orowan, “Energy criteria of fracture,” Welding Journal Re- 
search Supplement, March 1955, pp. 157s—160s. 
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which can be considered then as being held by elastically 
unyielding grips. Figure 2 gives schematically the load 
vs plastic extension curve of the specimen: its abscissa 
is the increase of the “‘natural length,”’ i.e., of the length 
measured after removing the load and with it the elastic 
extension. Initially, the load increases; however, when 
necking starts, or when the crack has progressed to 
a certain depth, a load maximum (the “ultimate 
strength”) is reached, and then the load drops with 
further extension. The maximum of the curve is a point 
of “plastic instability,” beyond which the yield load 
decreases. 

In addition to the plastic extension, the specimen also 
suffers elastic extension. The former is localized around 
the neck of the crack; to the latter, all parts of the 
specimen contribute. In the cases when rapid fracture 
driven by the release of elastic energy is likely to occur, 
the effective length of the specimen (containing the 
additional length equivalent to the elasticity of the 
testing machine) is very great, so that the elastic 
extension of the plastically deforming region J is neg- 
ligible compared with that of the purely elastic region 
IT; this means that the spring constant of the specimen 
is indentical with that of the elastic portion JJ and, 
therefore, remains practically constant during the 
propagation of the crack or the contraction of the neck. 
The elastic extension is then proportional to the load. 
Suppose now that the specimen is extended to the point 
P and then the grips are held rigidly fixed, so that any 
further plastic extension of J has to take place at the 
cost of an equal decrease of the elastic-extension in //. 
In the course of this process, the stress must drop 
according to the elastic relationship 


dF=—C-dx, (2) 


where dF is the change of the load, C the spring con- 
stant, and dx the increase of the plastic extension in 
region J, so that —dx is the change of the elastic ex- 
tension of region JJ. In Fig. 2, the dashed line through 
P represents the elastic release of load that accompanies 
a virtual plastic extension of the specimen between 
fixed grips. With the assumed value of C, the load 
would drop more rapidly than the force required for 
further plastic yielding, so that the condition is stable 
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and no plastic extension can take place unless the grips 
are moved apart. However, with further extension the 
point P, moving along the load-extension curve, arrives 
at a position Q where the elastic load release line is a 
tangent to the curve. At Q, the condition of the speci- 
men becomes unstable; any further extension leads to a 
point R at which the yield load drops more rapidly with 
further plastic extension than the load available after 
elastic release. Beyond Q, therefore, the specimen is 
unstable and is disrupted with high velocity by its 
own elastic tension. The point Q marks the beginning 
of a “plastic-elastic instability;” plastic instability, 
defined by the drop of the yield load, starts already at 
M. The longer the specimen, the lower the value of the 
spring constant C, and thus the gradient of the elastic 
load release line. With decreasing C, therefore, the point 
of plastic-elastic instability Q moves towards that of 
plastic instability M; in the limiting case of an in- 
finitely long specimen (or of infinitely high “elastic 
compliance” 1/C of a spring connected in series with 
the specimen), the two points coincide. 

The point of elastic-plastic instability is of importance 
in testing. As mentioned, hydraulic or weight-loading 
testing machines run away at the maximum load, i.e., 
the point of plastic instability, in the tensile test. The 
load-extension curve can be followed further by means 
of arresting stops; however, even this becomes im- 
possible at the point of elastic-plastic instability where 
the elasticity of the machine (plus the usually insignifi- 
cant elasticity of the specimen) becomes sufficient to 
disrupt the specimen rapidly. This is the reason why in 
the literature the point of ductile fracture is usually 
assumed to be at Q (Fig. 2) where, in fact, the crack 
begins to extend. Ductile disruption is not completed 
until the point F is reached at which fibrous fracture 
changes over to shear fracture along the cup-and-cone 
walls. 


2. THE ANALYTIC CONDITION OF PLASTIC-ELASTIC 
INSTABILITY 


The geometrical condition of instability explained 
in Fig. 2 can be translated into an analytic form. Let 
dW be the plastic work required for crack propagation 
or neck contraction during an increment dx of the plastic 
extension; if the yield load is F, dW=F-dx or 


F=dwW /dx. (3) 


Consider now the purely elastic part II of the specimens 
(Fig. 1); for simplicity, let it be assumed that all but 
an insignificant fraction of the elastic energy is con- 
tained in it. Since the specimen is between fixed grips, 
the extension dx of the plastic part I causes contraction 
of the elastic part by — dx. If G is the tensile force in the 


OROWAN 


elastic part and U the elastic energy, dU=—G-dx or 
G=—dU/dx. (4) 
If the specimen is in equilibrium, F=G and so 
dW /dx=—dU/dx (5) 
or 
dW=—dv. (Sa) 


This is formally identical with the Griffith energy 
principle of brittle crack propagation Eq. (1); but the 
meaning of Eq. (5a) is entirely different. It is merely 
an expression of Newton’s third principle, stating 
equality of the forces acting upon the elastic and plastic 
parts of the specimen; it is satisfied identically from 
the beginning of the plastic crack propagation (or 
necking) to the point of plastic-elastic instabillty. 

The condition of elastic-plastic instability, as given 
geometrically in Fig. 2, requires that the derivatives of 
the yield load F and of the elastic tension G with respect 
to the extension x should be equal (the differentiation 
being carried out at constant specimen length). With 
the values of F and G given by Eqs. (3) and (4), the 
expression of the tangent criterion is 


CW /de=—PU/dx*. (6) 


It is seen that the conditions of rapid brittle fracture 
and of rapid ductile fracture, Eqs. (1) and (6), respec- 
tively, are fundamentally different ; the Griffith principle 
Eq. (1) does not govern high-velocity ductile fracture. 

There is a significant practical difference between the 
two energy conditions Eqs. (1) and (6). Applied to 
brittle fractures, the Griffith condition Eq. (1) leads to 
an expression for the tensile strength of a body con- 
taining a crack of given length. On the other hand, the 
tensile force required for ductile fracture cannot be ob- 
tained from the condition Eq. (6) of plastic-elastic 
instability. The ductile breaking force is always the 
maximum of the load-extension curve, whether or not 
plastic-elastic instability, with rapid fracture, occurs. 
The load-extension curve is determined by the stress- 
strain curve of the material and the geometry of the 
plastic deformation in the specimen; its maximum, the 
breaking load, has to be put into the condition of in- 
stability, instead of being obtained from it as in the 
case of the Griffith theory of brittle fracture. 

This paper represents an expanded version of remarks 
that were stimulated by the work done under Office of 
Naval Research Contract No. N5ori-07870 and con- 
tributed to the Conference on Brittle Fracture Mechan- 
ics held at the Massachusetts Institute of Technology 
on October 15 and 16, 1953, under the auspices of the 
Committee on Ship Structural Design, advisory to the 
Ship Structure Committee, National Research Council. 
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This paper reviews the theory of low angle x-ray diffraction as applied in the long wavelength region for 
the determination of particle sizes and shapes and other structural features in the submicroscopic size range 
and emphasizes the advantages to be gained by employing the longer x-ray wavelengths (8 to 25 A). It also 
is intended to serve as an introduction to a description of an entirely new instrumental technique developed 
for this long wavelength range utilizing a diffraction apparatus consisting of a special gas-filled x-ray tube 
and a total reflection camera in which the primary radiation is simultaneously monochromatized and made to 
converge to a point focus. The sample for study is placed in the converging part of the primary beam and the 
diffraction patterns are formed around the point focus on a photographic film. 


I INTRODUCTION 


HE problem of determining the sizes and shapes 
of structures which lie beyond the range of the 
light microscope is usually a very difficult one. The 
most direct approach, of course, is to use the electron 
microscope. But the scope of this instrument is limited, 
(1) by the necessity of working in vacuum, (2) by the 
change in the specimen due to the relatively intense 
bombardment of the electron beam, (3) by the lack of 
contrast due to insufficient scattering power, particu- 
larly for organic specimens, (4) by the difficulty with 
which a calibration of the true magnification of the 
electron microscope is obtained, and ultimately (5) 
by its resolution limit of approximately 20 A. Neverthe- 
less, just beyond these limits lie some of the most im- 
portant and challenging problems of the medical and 
biological fields. Such structures include, for example, 
the smaller virus, the large organic molecules, as many 
protein molecules, the long-spaced protein crystals, 
as the collagens, and many important colloidal systems. 
The conventional methods for studying such systems 
are based upon measurements of light scattering, ultra- 
centrifuge sedimentation-diffusion, and viscosity. These 
methods are characteristically indirect and tedious and 
are often inconclusive.! 

In a light scattering measurement, a calculation of a 
size of a particle must be based upon a knowledge of its 
refractive index and absorption coefficient. Light 
scattering can give no information as to shape except 
for very large particles, larger than 0.1u. Measurements 
of sedimentation velocity or of sedimentation equili- 
brium often take as long as a week of ultracentrifuge 
operation. And, before any information as to the shape 
of the particle can be gained, other experiments on the 
diffusion of the particles must be made. 

The method of low angle x-ray diffraction is a rela- 


* This research was supported by funds from the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

+ Now at Pomona College, Claremont, California. This work 
was the subject of the thesis of Burton L. Henke for his doctorate 
and is being extended as part of a soft x-ray research program 
at Pomona College under contract with the Office of Scientific 
Research (U.S. Air Force). 

1A. E. Alexander and P. Johnson, Colloid Science (Oxford 
University Press, New York, 1947), Vol. 1. 


tively new approach? to the problem of determining the 
size and shape of submicroscopic structures but has 
already shown good promise of being more direct, of 
simpler interpretation, and of higher precision than any 
of the other existing methods. Unlike light scattering, 
the low angle x-ray diffraction by a small particle yields 
a pattern which is independent of the absorption coeffi- 
cient and of the refractive index and is characteristic 
of only the size, the shape, and the spacing of the units 
of structure. A calibration of the diffraction camera is 
based upon a knowledge of the wavelength of the radia- 
tion and of the geometry of the camera both of which 
can be obtained accurately. Thus the method permits 
high precision. For a homogeneous randomly dispersed 
sample, both the size and the shape of the particles are 
uniquely determined by the diffraction pattern. If the 
shape is known for the particles in a nonhomogeneous 
sample, the size distribution may be determined. The 
sample need not be subjected to a high vacuum as must 
obtain for the electron microscope. 

Already a considerable amount of important work 
has been accomplished with this method of low-angle 
x-ray diffraction with conventional wavelengths such 
as CuKa;(1.54 A).2 There are several serious dis- 
advantages in using these conventional wavelengths. 
(1) Because scattering is relatively weak for these wave- 
lengths, the ratio of diffracted intensity to background 
is often too low for precise measurements. (2) In order 
to obtain sufficient scattered intensity, it is often nec- 
essary to use thick samples with a consequent alteration 
of the intensity distribution due to interparticle inter- 
ference and to multiple scattering. (3) The usual very 
small angles of scattering for the conventional wave- 
lengths impose difficult measurement problems. The 
very important central portion of the diffraction pattern 
is often so close to the direct beam as to be made in- 
accessible to measurement. 

It is proposed here that for many of the important 
problems in the size and shape determination of sub- 
microscopic structure by low-angle diffraction, the 

2 A. Guinier, Ann. phys. 12, 161 (1939). 

3K. L. Yudowitch, Bibliography of Small Angle Scattering 
(The American Crystallographic Association, 1952). 
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wavelengths in the 8 to 25 A range are much more 
appropriate than are the conventional x-ray wave- 
lengths. There are several reasons for this. (1) Since 
the cross section for low angle diffraction increases with 
\*, the intensity of scattering is relatively high for these 
wavelengths so that very thin samples may be used. 
This permits the use of a more simply ordered, more 
easily controlled diffraction system. Since the sample 
mounting becomes much the same as for the electron 
microscope, the dispersing techniques which have been 
highly developed in electron microscopy may be applied, 
thus permitting the needed control over interparticle 
interference and multiple scattering. Methods of ob- 
taining preferred orientation of nonspherical particles 
in monolayers may be applied so that more distinctive 
and precise diffraction patterns can be obtained. (2) 
The diffraction sample may be studied with the electron 
microscope as to the nature of packing and other gross 
‘features of the material which would be of very great 
value in the interpretation of the x-ray data. The same 
sample mounting could be used for microscopy as had 
been used in single or multiple layers in the diffraction 
sample mounting. (3) The minute amounts of sample 
material required for these mountings permit the in- 
vestigation of material of which only such minute 
amounts are available, e.g., certain virus studies. 
(4) The larger angles of scattering, which are pro- 
portional to the wavelength, permit a much easier high 
resolution measurement of the intensity distribution. 
The important central features of the diffraction pattern 
are brought out of the vicinity of the direct beam. 
(5) The larger scattering angles permit a more effective 
use of stops to limit parasitic background scattering 
thus allowing the measurement of relatively weak 
diffraction patterns. 

Except for the extremely soft wavelengths, it is 
feasible to obtain long wavelength diffraction studies 
without subjecting the sample material to high vacuum. 
This may be accomplished by filling the specimen-film 
portion of the diffraction camera with saturated water 











Fic. 1. The constant phase geometry for the diffraction of a 
plane wave at an angle of diffraction « from a nonabsorbing 
sphere of radius R. 
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vapor only, for radiations of less than 10 A wavelength. 
For softer radiations, thin-walled cells may be used to 
separate the wet sample material from the remaining 
space in the camera, which is filled with hydrogen at 
atmospheric pressure. Another factor of importance in 
the study of biological materials is that since the low 
angle diffraction pattern is due to the addition of the 
effects of many units of the structure, the intense ir- 
radiation per unit, with. accompanying changes of 
structure, is mol necessary as it is in the use of the 
electron microscope. These factors open the way to 
measurements of dynamic changes in certain structures 
through repeated diffraction studies of the same sample. 

In the sections that follow, some of the theory that is 
pertinent to long wavelength x-ray diffraction is sum- 
marized and a new type of instrumentation is described 
which has been specially designed for the 8 to 25 A 
region. 


II. LOW-ANGLE DIFFRACTION THEORY 
SUMMARIZED 


(a) Diffraction by a Sphere, Neglecting 
Absorption and Refraction 


The theoretical problem of the diffraction of a plane 
electromagnetic wave by a homogeneous sphere is 
greatly simplified by assuming the sphere to consist 
of a uniform distribution of dipole scatterers which are 
very small compared to the radiation wavelength and 
by assuming that absorption and refraction within the 
sample may be neglected. This was done by Rayleigh! 
and by Gans? in terms of the plarizability of the material 
and by Guinier? for the x-ray region, in terms of Thom- 
sonian electron scatterers. By rewriting the Rayleigh- 
Gans result in terms of the refractive index of the 
material and substituting therein the classical ex- 
pression for the refractive index for the x-ray region one 
obtains the Guinier expression. 

This Guinier expression is obtained directly by inte- 
grating over the limits of the sphere the differential 
amplitudes scattered by circular sections contributing 
scattered amplitudes of constant phase throughout each 
section. Thus from Fig. 1, we may write 


R 
A= f A nr(R?—2*)coskzdz, 
R 


in which » is the number of electrons per unit volume 
and k& is given by the relation k= (4m/\)sin(e/2). 
A,=amplitude for Thomson scattering per electron. 
This may be readily integrated A = (27)!nA .R°J;(u)/u3 
in which w=kR, and J}(u) is the Bessel function of 
order 3. By squaring the amplitude in order to obtain 
the intensity of scattering, and recalling the Thomson 


‘Lord Rayleigh, Proc. Roy. Soc. (London) 84, 25 (1911); ibid. 
90, 219 (1914). 
5 R. Gans, Ann. Physik 76, 29 (1925). 
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expression for the intensity scattered per electron, 
T.= | A.|2=Io[et/ (2r?m?c*) ](1+cos"e), 


we obtain, finally the Guinier expression for the diffrac- 
tion by a sphere: 


IT =Io(9x/2) N*e*/ (2r?mic*) | 
X (1+ cos*e)J;?2(u)/u', (1) 


in which N is the number of electrons per particle. 
A plot of this function for the usual case of small angles 
of diffraction is shown in Fig. 2, on which the positions 
of the maxima and the minima are given for u from 0 to 
30. 


(b) Validity of the Guinier Diffraction Theory for 
the Long Wavelength X-Ray Region 


For the long wavelength region it may not be per- 
missible to neglect the effects of absorption and re- 
fraction within the particle as was done above. The 
absorption coefficient increases approximately with 
\° and the unit difference, 6, of the refractive index 
with d*. 

The exact solution for the diffraction of a plane wave 
by a sphere has been given by Mie*’ through an applica- 
tion of Maxwell’s equations. It is in infinite series form 
of Legendre polynomials with coefficients involving 
spherical Bessel functions. An extensive tabulation of 
this result has been made for cases of interest in the 
optical region® but not for refractive indices near unity 
as is needed for the x-ray region. By extending the work 
of van de Hulst,® Hart and Montroll'® have obtained a 
reduction of the Mie solution to a closed form for the 
case of ‘‘soft’”’ obstacles, i.e., for small absorption and 
for refractive indices near unity. 

In order to obtain from their result terms which may 
be regarded as second-order corrections to the Guinier 
expression we replace the index of refraction m by 
1—y where y is given by y=6+78, the sum of the real 
and the imaginary increments. The latter introduces the 
effect of absorption. 

Now, for the long wavelength x-ray region of interest, 
8 to 25 A, and for all except, perhaps, the very high 
atomic number diffracting samples, we have |y|<1. 
For this case the reduction of the Hart-Montroll 
equation becomes quite straightforward and we may 
rewrite their Eq. 35(b) as 


I ,/To= (1R*x4/r*) | y|2(1+cos?e) 
[J:2(wx)/(wx)*], (2) 


ly |*=8L1+ (6/6)*] 


6 G. Mie, Ann Physik 25, 377 (1908). 

7J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), Chap. IX, Secs. 9.25-9.27. 

8 Tables of Scattering Functions for Spherical Particles, Bureau 
of Standards Applied Mathematics Series, 4, Washington, D. C. 

9H. C. van de Hulst, Optics of Spherical Particls (N. V. Druk- 
kéerij, D. F. Duwaer en Zone, Amsterdam, 1946). 

” R. W. Hart and E. W. Montroll, J. Appl. Phys. 22, 376 (1951). 
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Fic. 2. The positions of the maxima and the minima of the in 
tensity distribution for the low-angle diffraction of a plane wave 
from a nonabsorbing sphere, where « is defined by the relation 


u= (4rR/d) sin(€/2), 


in which R is the radius of the sphere, \ is the wavelength of the 
incident radiation, and ¢ is the angle of diffraction. 


and wx becomes 


1-0] 


£4. 
2(2 sine/2)? 








Upon comparison with Eq. (1), we note that the pattern 
shifts inward for small scattering angles by the relative 
amount, 36°[ 1+ (6/6)? ]/[2 sin(e/2) }. This effect is due 
principally to refraction. The first effect of absorption 
is to increase the diffraction power of the particle by 
the factor [ 1+ (8/6)? ]. 

In order to compute the magnitudes of these cor- 
rection terms, we use the Drude-Lorentz expression for 
6: 

5= ne*d?/ (2rmc?) = (1.35 10-*)(2Z/M)pr, = (3) 


where M is the molecular weight and p the density, and 
the classical result from dispersion theory for 8: 


B= (10-*/4ar) umpr, (4) 
where yu», is the mass absorption coefficient, obtaining 


(8/5)?= (3.5 1077) (um/d)?LM/(2Z) P. (5) 








906 B. L. HENKE AND 


At the inflection point of the central maximum we have 
2 sin(e/2)=X/ (4R) 
and we obtain for this position in the pattern 


(6?/2)/2[sin(e/2) ? 
= (1.45 10-")(2Z/M)*(pRd)2._ (6) 


In these equations A is to be expressed in angstrom units. 

These correction terms become significant for the 
long wavelength region providing the particles are very 
large and/or very dense. We have calculated the magni- 
tudes of the correction terms for CuKa, (1.54 A) and 
NKa (31.6 A) for diffraction samples of very large 
polystyrene spheres, R= 1400 A, and for very dense 
spheres of gold, R=100 A. For ultra-long wavelength 
diffraction (31.6 A) from these “extreme” samples we 
find a significant absorption and refraction effect. 
The diffraction power is increased by factors 1.2 and 
2.5 and the inflection point of the central maximum of 
the pattern is shifted by refraction by 3 percent and 
5 percent for the polystyrene and gold spheres, respec- 
tively. These calculated effects at 1.54 A were found to 
be entirely neglible. 

The following conclusions may be drawn concerning 
the absorption and refraction effects. (1) If the criterion 
5R<X does not obtain, the corrected Eq. (2) must be 
used. (2) For the usual problems of interest in low-angle 
diffraction work, i.e., for very small and/or low atomic 
number particles, the simpler Guinier expression (Eq. 1) 
is valid for the long wavelength region as it is for the 
conventional wavelength region. Thus a knowledge of 
the refractive index and of the absorption coefficient 
is not necessary in the interpretation of the long wave- 
length x-ray diffraction data in the size determination 
of the usual samples. (3) Since the Drude-Lorentz 
expression for 6 is valid only for wavelengths sufficiently 
remote from an absorption edge of the scattering 
material [ Eq. (2) ], rather than the Guinier expression 
[ Eq. (1) ], must be used in the calculation of intensities 
when the radiation wavelength is near an absorption 
edge. 

Consequently, for the long wavelength region we may 
use for the angular distribution of diffracted energy 


T=CIoL J? (u)/ ], (7) 
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Fic. 3. Multiple scattering geometry for thick samples. 
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in which 
C= (2 R®/r*) (6/X2)*[1+ (8/8)? ](1+-cos*e), 


and for the usual sample of low atomic number elements 
consisting of particles of such size as to diffract only 
in the small angles and for wavelengths not very close 
to a critical absorption edge, 


C= (1.78 10-") 2 R8/r2= K p?R8/r. (8) 


We note that the diffracted energy per unit area is 
thus independent of wavelength, and, since the angle 
of scattering is proportional to the wavelength, the 
total energy scattered per particle is proportional to X?. 

By comparing the series expansion for Eq. (7) with 
that for e~** we obtain the Guinier approximation to 
Eq. (7) for the central region of the diffraction pattern 


I =[2/(9n) JCI oe—"*'5, (9) 


which is accurate to within 5 percent for values of u less 
than 2. 


(c) Cross Section for Low-Angle Diffraction 


An exact expression for the particle cross section for 
the scattering of plane electromagnetic waves by spheres 
for which the index of refraction m approaches unity 
has been derived by Hart and Montroll'® and by van 
de Hulst.® 


S p= mR*_2— (4/p1) sinpi:+ (4/p:*) (1 —cosp;) J, 


in which p:= (494 R/X)(m—1). 
For the x-ray investigation of submicron structure, 
we have p:<1, and the above expression reduces to 


Sp= (wR?/2)p:?= (82° R*/d*) (& +6"). (10) 


This result may also be obtained directly by inte- 
grating Eq. (7) over a spherical surface for the total 
power scattered. The cross section per gram becomes 


Sm=Sp/((4/3)mpR®]=[(62?R)/ (pd?) ](8&+82). (11) 


For low atomic number material for which we have 
8<6, we obtain, using Eq. (3), the cross section per 
gram for low angle diffraction : 


Sm==0.011 RX? p, (12) 


in which R and ) are to be expressed in angstrom units. 


(d) Effect of Multiple Scattering 


We shall calculate first the shape of the second- 
scattered intensity distribution. This component would, 
of course, be the strongest contribution to the low-order 
multiple scattered energy. It will be necessary to com- 
pute the distribution of the scattered intensity from a 
spherical particle which receives an incident intensity 
that is made up of components from first scatterers 
which are behind this particle. These components are 
proportional to the value of the first-scattered intensity 
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distribution function for the angle ¢, which is the angle 
between the incident beam direction and this first- 
scattered component at the second scatterer [see Fig. 
3(a) ]. The first-scattered component also depends upon 
the distance of the first scatterer to the second scatterer, 
but for a uniform sample this dependence will not in- 
volve ¢. It will be assumed that these particles are far 
enough away that the first-scattered waves are plane. 
Then the second-scattered intensity will be proportional 
to the integral 


Fon f I(e—#)I(6)dd, 
0 


in which J is the first-scattered intensity distribution 
derived above. Since only the strong central portion 
of the scattering will be important in second scattering, 
it would be sufficient here to use the exponential ap- 
proximation to the exact distribution, Eq. (9). The 
upper limit of integration © is permitted because the 
integrand approaches zero rapidly with increasing 
angle @. The desired integral becomes 


he f exp(—.°¢?/5)exp[—2*(e—¢)?/5 |d¢, 


0 


in which x= 27R/X. 


Integrating, we obtain 


In« exp(—+é, 10) f exp — 2x°(@— €/2)?/5 |do. 
0 


I,« exp(—a*e/10) 


Then the second-scattered intensity distribution may 
be written as 


I.=C exp(—.2*e/10), 


in which C does not depend upon ¢ and may be deter- 
mined in terms of the scattering coefficient as will be 
shown below. We note that the second-scattering pro- 
duces another Gaussian distribution which is broader 
than that of first scattering by a v2 factor. 

Let us now consider the effect of a thick sample with 
respect to both the first- and second-scattered com- 
ponents. The total mass absorption coefficient will be 
Him=Mm+Sm, and we shall let u,=u+s denote the 
corresponding linear absorption coefficient for the 
sample material. We consider first the amount of first- 
scattered intensity that leaves an element of unit area 
and thickness dx within the sample and reaches the 
region outside the sample [see Fig. 3(b) ]. This is 


d]\,=I exp(—px)sdx exp[—ui(L—2) ]. 


Integrating, we obtain the total intensity of the ‘‘pure”’ 
first-scattered component 


T= (sL)Lexp(—ueL) Wo 
= (s,m)[exp(—pimm) \Io, (13) 


in which m is the mass per unit area of sample. 
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Similarly, the total intensity of second-scattered 
radiation that emerges from the sample is derived from 


dIx,= (sx)[exp(—x) ](sdx) expl—pi(L—<x) ]/o, 


and 


Txe=((sL)?/2 ]Lexp(—usL) Vo 
=[(s,m)?/2][exp(—emm) |Io. (14) 


From Eq. (13) and Eq. (14) we may obtain the ratio 
of the total power that is second scattered to that which 
is first scattered : 


P 42/P1=3(Smm). (15) 


Integrating the first-scattered intensity distribution 
function over the spherical area included in the pattern 
and equating this to the total power that is first 
scattered from Eq. (13), we obtain 


1, =[a?/ (Sar?) ](snm)Lexp(—pimm) |] 
Py exp(—xe/5, (16) 


in which Po is the power in the primary beam. The 
scattering coefficient s,, is given from Eq. (12). 

In a similar way we may obtain the second-scattered 
intensity distribution for a thick sample, 


I5=[a?/ (Sar?) JL (s,,m)?/4 ] 
X[Lexp(—uimm) |Po exp(—a®e/10). (17) 


And the ratio of the intensity that is second scattered to 
that which is first scattered at a particular angle 
becomes 


T/1,= (Smm/4) exp(x?e/10). (18) 


Setting d/,/dm=O0 in Eq. (13) we obtain the value for 
the mass per unit area of sample that will yield maxi- 
mum first-scattered intensity. This is 


m=1/ptiem=1/(utm+Sm). (19) 


Doing the same for J. in Eq. (14) we note that the value 
of m that results in maximum second-scattered in- 
tensity is only twice this thickness. 

The nature of multiple scattering is such as to 
“smear” out the first-scattered distribution, thus 
obliterating the secondary maxima in the second- 
scattered distribution. Often the secondary maxima 
from first scattering can be detected above a relatively 
large amount of more or less continuous second- 
scattered background. A correction for the shift in the 
positions of the peaks due to the presence of the back- 
ground can be made. Therefore it is conceivable that 
if one is concerned only with the position of secondary 
maxima the amount of second scattering that is as- 
sociated with 1/u:» mass thickness, as indicated above, 
could be tolerated. 

Usually, however, one does not have the uniformity 
of particle size that is necessary to obtain these sec- 
ondary maxima even in first scattering. The problem 
then is to determine the size distribution as well as the 
size from information that is obtained from the scattered 
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(b) 


Fic. 4. Electron micrographs taken of two different diffraction 
sample mountings of the Dow polystyrene latex (580 G). The 
regular packing of the particles in sample (a) causes detrimental 
interparticle interference effects whereas the random dispersion 
obtained in (b) does not. (Micrographs were taken by E. Hender- 
son, California Institute of Technology.) 


intensity distribution in the central region only. In this 
case, 1/+m mass thickness would yield a very erroneous 
intensity distribution if interpreted as resulting from 
single scattering alone. In fact, the sample thickness 
should be determined by the criterion that 


P2/P\=sym/2K1 (20) 


which usually gives a value of m considerably Jess than 
1, ‘Mim: 

For the “extreme” particles, i.e., for very large and/or 
very dense particles, refraction and hence multiple 
refraction may become noticeable. This effect would be 
accounted for by using an analysis similar to that out- 
lined above but with the exact scattering function 
[Eq. (2)] rather than with the Guinier function. In 
this case multiple refraction can seriously distort the 
pattern if the sample thickness provides many super- 
posed layers of the particles or structures studied. 

It is therefore of importance to note that by virtue of 
the relatively large cross section for scattering for the 
ultra-long x-ray wavelengths, sufficient diffraction 
intensities can be obtained for monolayers of many 
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of the samples of interest. For these mountings, the 
effects of multiple scattering are eliminated entirely. 


(e) Effect of Interparticle Interference 


The effect of interparticle interference becomes 
appreciable whenever there exists a regularity of the 
spacing of the particles within the sample. If the spacing 
is highly ordered, for example, as in a protein crystal, 
the dominating interparticle interference pattern con- 
sists of very sharp maxima which are “‘modulated” by 
the single particle diffraction pattern. Such maxima 
yield precise and valuable information as regards the 
long spacings of such crystals when analyzed by long 
wavelength x-ray diffraction. 

However, when one must measure the size and shape 
of individual units of the structure, such interparticle 
interference may offer a serious obstacle. In poorly 
dispersed diffraction samples, it is very probable thit 
clumping will occur so as to form a random collection of 
crystallites; for example, hexagonally close-packed 
groups of spherical particles. Since relatively few 
particle planes can thus contribute to the interparticle 
interference pattern, the resulting maxima are not sharp 
and usually tend simply to distort the dominant single 
particle diffraction pattern. Since the distances charac- 
teristic of regular spacings cannot be smaller than 
particle diameters, the first interparticle interference 
maxima occur within the central “peak” of the single 
particle pattern. This region, unfortunately, is usually 
the most important for single-particle size and shape 
analysis. 

It is generally impossible to correct for such inter- 
particle interference with any precision because of our 
ignorance of the nature and the extent of the packing. 
Such information is virtually impossible to obtain with 
the relatively thick samples needed for low-angle dif- 
fraction at conventional wavelengths (such as CuKa). 
If the size and shape of the individual particle is to be 
deduced from the shape and extent of the central region 
of the diffraction pattern, not only must the sample be 
randomly dispersed and be thin enough to eliminate 
multiple scattering, but also a secondary test must be 
provided to assure that these conditions do sufficiently 
obtain. 

With the very thin samples which are permissible in 
ultra-long wavelength diffraction, highly random dis- 
persions are possible. And for such samples, it is possible 
to check for clumping and regular packing by viewing 
these samples directly in the electron microscope. 

In Fig. 4 are shown electron micrographs of dif- 
fraction sample mountings of the Dow polystyrene 
latex spheres for ultra-long x-radiation. A droplet of 
the latex suspended in water solution was spread on a 
protein monolayer on top of a collodion substrate. 
Regular packing shown in (a) resulted from slow drying 
in air at 20°C. The dispersed sample in (b) was ob- 
tained by freeze-drying under vacuum. 
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(f) Analysis for Nonspherical and for 
Nonuniformly Sized Particles 


If the particles to be measured are uniform in size 
but of a fixed shape which is different from that of the 
sphere, and of random orientation, Guinier? has shown 
that the central maximum of the diffracted intensity 
distribution may be approximated by the expression 


I= (2/9x)CLexp(—#/3)], (21) 


in which @ is given by #=2rRe/\ where R is the 
“radius of gyration” of the particle, i.e., the root-mean- 
square distance of all of the electrons from the particle’s 
center of gravity. When the radius of gyration of the 
sphere (R,= (3/5)!R) is substituted into Eq. (21) we 
obtain the expression (9). 

A large number of the nonspherical particles that 
might be studied by low angle diffraction may be ac- 
curately approximated as spheroids, including the 
extreme shapes of rods and plates. Guinier? has calcu- 
lated the distribution of diffracted energy for spheroids 
which have two equal (and one different) principal 
axes, R, R, and v,R along x, y, and z coordinate axes, 
respectively, which may readily be shown to coincide 
with the distribution function for the sphere Eq. (7) 
if the argument « therein is replaced by v, given by the 
reduction, 


v= u(sin*0+p,? cos*6)?, 


where @ is the angle between the z-axis and the vector 
difference (s—so), between the unit vectors so and s 
which specify the directions of the incident and 
diffracted beams, respectively. 

Therefore a collection of randomly spaced spheroidal 
particles all of which have a fixed common orientation 
produces a pattern with maxima and minima positions 
which are characteristic of both the size and the shape of 
the particle. 

If, however, the spheroids are of random orientation, 
the distribution function must be obtained by inte- 
grating the intensity given by the single spheroid func- 
tion over all directions of the vector (s—so). This has 
been done in series form by Roess and Shull.” 

The result of random orientation is the smoothing 
out of the single particle pattern and the obliteration 
of the secondary maxima. The pattern is then much less 
distinctive as to size and shape. 

Another possible advantage of diffraction studies with 
ultra-long wavelengths, then, is that, with the thin 
samples permitted, it may often be possible to lay the 
spheroidal particles onto a substrate in a high degree of 
preferred orientation. The deduction of the size and shape 
of the spheroidal particle from the resulting diffraction 
pattern would then be practically as straightforward 
as that for the size of a spherical particle. 

Obviously the effect of nonuniformity of size of the 


uL. C. Roess and C. C. Shull, J. Appl. Phys. 18, 308-313 
(1947). 
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diffracting particles will also smooth out the diffraction 
pattern. A method for deducing from the diffraction 
pattern the parameters for a postulated Maxwellian 
or rectangular size distribution has also been given by 
Roess and Shull."' They have pointed out, however, 
that it is possible to obtain identical diffraction patterns 
for different combinations of the particle shape and of 
the size distribution. 


(g) Prediction of the Time Required for the 
Measurement of the Diffraction Pattern 


It is pertinent to conclude this summary of low angle 
diffraction theory with an estimation of the problem 
of measurement. Let us assume that the cross section 
of the primary beam at the photographic film which 
is used for recording the pattern has a small radius, /, 
and has an average power per unit area Jo. We may then 
replace Po in Eq. (16) by Jo(m/*). Also let the distance 
from the sample to the film, 7, be replaced by a/e, 
where a is the radial position of a particular point in 
the diffraction pattern corresponding to angle e. 
Equation (16) then becomes 


T,= (1/5) (smm)[Lexp(— umm) | 
X [2 exp(—u?/5) ](t/a)*Jo. (22) 


The quantity (¢/a) is equal to the angular resolution, 
(Ac/e), of the diffraction pattern at the position cor- 
responding to the parameter u. The quantity (s,,m) is 
fixed by the amount of second scattering that can be 
tolerated according to Eq. (18). 

By setting (s,,m) equal to 0.1 (thus allowing 3 percent 
second scattering at the inflection point) the first- 
scattered intensity becomes at the inflection point of 
the central maximum (for which u?= 5/2) 


1,;=0.027 exp(—10KX/pR)(Ac/6)?Io, 


in which K is defined by the approximate relation 
Um=Kv*, and uim was equated to Um+S5m. For many 
samples of interest the argument of the exponential 
term is small compared with unity so that this factor 
has only a small effect on the intensity function. For 
organic materials for which we might consider absorp- 
tion by essentially carbon, K~1.2 (for \ expressed in 
angstroms) and p is approximately unity. If we should 
fix the camera geometry so that (Ae/e) is 3 percent at 
the inflection point, and \ is chosen so that R/A~50, 
we obtain, finally, the scattered intensity 


I,=(2X10-*)Jo. 


Thus if the equivalent of the film blackening which is 
desired at the inflection point of the central maximum 
can be obtained from the unobstructed primary beam 
in one second, the required exposure time would be 
approximately 14 hours. 

It is important to note that essentially the only factor 
which determines the useful intensity of the diffraction 
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pattern for a given precision of measurement is the 
intensity of the primary monochromatic beam, and that 
the wavelength of the radiation enters into this result 
only through its effect upon the efficiency with which 
I) is obtained. 


Ill. INSTRUMENTATION—GENERAL 


(a) Design Requirements for the Long-Wavelength 
Diffraction Instrument 


The theoretical considerations outlined above make 
evident certain requirements which mus? be met in the 
design of a successful diffraction instrument. These 
are as follows: 


(1) The source and camera must result in a very high 
intensity and signal-to-background ratio in the diffrac- 
tion pattern. The energy diffracted in the low angle 
patterns is characteristically very weak, first because of 
the small cross section for low angle diffraction, and 
second because thin samples must be used in order to 
eliminate multiple scattering and provide the necessary 
control over interparticle interference. 

(2) A very high over-all resolution is required of the 
diffraction method. This is demanded by the fact that 
the measured diffraction pattern must be very precise 
in order to allow subsequent and necessary ‘“‘unfolding”’ 
of integrated effects such as arise from size distributions 
of particles, from nonspherical shapes, and from the 
natural width of the ‘“‘monochromatic”’ radiation em- 
ployed. In order to optimize intensity the system should 
be designed so as to balance the resolution uncertainty 
Ae/e with the wavelength uncertainty, A\/X. 
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(b) Total Reflection, Point-Focusing Camera, 
Its Basic Principles of Operation 


Four methods for obtaining the low-angle diffraction 
pattern were investigated. These involved the use of 
(1) effectively straight slit geometry in the double- 
crystal spectrometer arrangement as shown in Fig. 5(a) ; 
(2) annular slit geometry [which required no slit cor- 
rection as is required in (1) ] shown in Fig. 5(b); (3) 
point-focused radiation from a very thin mica sheet 
which was cemented to a concave metal block with two 
different principal radii of curvature R; and R» as 
shown in Fig. 5(c), the sample being placed in the con- 
verging beam; and finally, (4) total-reflection from a 
nearly cylindrical mirror to form a converging beam in 
which the diffraction sample is placed as shown in Fig. 6. 

Of these four methods of obtaining the diffraction 
pattern the total-reflection camera seemed to be the 
most attractive for the long-wavelength region. This 
camera satisfies the aforementioned requirements in the 
following ways: 


(1) By using a section of an ellipsoidal mirror to form 
a point image of a point source of x-radiation, a focused 
beam of high intensity is obtained. This is because a 
large solid angle of radiation is utilized compared with 
that of usual slit geometries, and because the reflection 
efficiencies for “‘total-reflection’” mirrors are con- 
siderably higher than those encountered with crystal 


-monochromators at long wavelengths. Also, since the 


resulting focused diffraction pattern is usually radially 
symmetric, an effectively circular slit microphotometer 
may be employed; thereby all of the effect of the dif- 
fracted energy in the measurement are used. 

(2) Since the direct beam is focused, long camera 
geometry may be used with no sacrifice of intensity. 
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(b) 


Fic. 6. A total reflection diffraction camera with a gas type 
x-ray tube. A large solid angle of radiation is point focused by an 
ellipsoidal mirror which is of such diameter as to present angles of 
reflection only slightly smaller than the critical angle for the 
desired line radiation. In this way, the harder general radiation 
is effectively “cutoff” and a high intensity, monochromatized 
beam is obtained. 
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Therefore, because of the thin annular cross section of 
the beam, a narrow circular slit may be used at the 
sample and far enough from the mirror to provide a 
very effective cutoff of parasitic (i.e., unfocused) 
radiation. In this way, a high ratio of diffracted in- 
tensity to background may be obtained. 

(3) Since a point-focused beam results in a focused 
diffraction pattern which is radially symmetric and 
therefore permits circular-slit microphotometry, no 
straight-slit correction is necessary and a high angular 
resolution results. It can be shown that with this 
geometry, the error due to finite sample size is negligible. 

(4) Effective monochromatization is obtained (a) by 
the general suppression of the continuous radiation 
background by using only the characteristic radiation 
emitted from the target in the direction 180° from that 
of the electron beam, the direction in which the con- 
tinuous radiation is a minimum (b) by eliminating any 
remaining hard continuous radiation by virtue of the 
total reflection cutoff of a mirror of such size as to 
present angles for reflection only slightly smaller than 
the critical angle for the desired line radiation, and 
finally (c) by the elimination of any remaining soft 
component of background radiation by the filter action 
of an appropriately chosen substrate for the diffraction 
sample [e.g., copper foil substrate for CuL radiation 
(see Fig. 7) ]. 


IV. DESIGN AND CONSTRUCTION OF 
TOTAL-REFLECTION DIFFRACTION 
CAMERA 


(a) Monochromatic Long-Wavelength Sources 


A survey of the long-wavelength characteristic 
x-ray lines will show that there are several which are 
sharp and are dominant over the other lines in their 
series, and over their satellite structure. Gwinner”® has 
made a detailed study of the L-series lines from Ge-L 
(10.42 A) to Fe-L (17.57 A). Of these, the Ni-Lay,» 
line is outstandingly sharp and free of satellite structure. 
It is very strong compared with the 8; line, which is 
only 2 percent harder. (Ni-Lay,2= 14.53 A and Ni-L, 
= 14.25 A.) The full line width at the half-maximum 
point is 2.2 10- A or 1.5 10~* percent of the wavelength. 

Of the long wavelength K-series lines, oxygen K 
(23.6 A) is very strong compared with any associated 
background." Its line breadth is somewhat less than 
1 A, or about 4 percent of the wavelength. The K-series 
lines are considerably stronger than comparable wave- 
lengths in the L-series but are characteristically broader. 

The Cu-L; is of appreciable intensity compared with 
the Cu-La;,2. However, the combination Cu-La,@ is 
a very strong and easy radiation to produce, and has 
been very convenient to use for preliminary work. The 
effective width of the combination Cu-La,6 radiation 
is still less than 3 percent of the wavelength. 


2 E, Gwinner, Z. Physik 108, 523 (1938). 
13 Lawrence Y. Faust, Phys. Rev. 36, 161 (1930). 
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Fic. 7. Monochromatization of the Cu-Z (13.3 A) radiation in 
the total reflection camera. The soft component of the radiation 
is rapidly absorbed by the copper foil substrate of the diffraction 
sample. Since the angles for reflection are not favorable for the 
total reflection of the hard component of the general radiation, 
this is absorbed in the mirror. 


Another favorable aspect of long-wavelength mono- 
chromatization, beside that of the simplicity of the 
characteristic line structure, is that the ratio of the 
intensity of the characteristic radiation to that of the 
associated continuous background radiation increases 
very rapidly with wavelength." Also, it has been ob- 
served" that this ratio increases with the voltage. Con- 
sequently, since no crystal monochromator is used in 
the total reflection method and since there is therefore 
no danger of passing second-order radiation, it is 
possible further to emphasize the characteristic radia- 
tion over the continuous background by running the 
x-ray tube at higher-than-usual voltages utilizing the 
cutoff of the mirror to eliminate the resulting hard 
component of the continuous radiation. In this way, 
increased efficiency of x-ray production, hence higher 
intensities, may also be obtained by virtue of the higher 
tube voltage. 

For the oxygen K (23.6 A) line, SiOs, Al,O3, and BeO 
targest were used. These were obtained (1) by im- 
bedding a thin quartz disk into a water-cooled anode 
of copper, (2) by “anodizing” the tip of an aluminum 
anode, and (3) by painting an acidulated solution of 
BeO onto the tip of an anode, respectively. Oxygen 
targets made by the first two methods were of rela- 
tively high efficiency because of the effect of secondary 
line production by fluorescent absorption of the K 





144 Emory Carl Unnewehr, Phys. Rev. 22, 529 (1923). 
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Fic. 8. Cross-sectional drawings indicating the construction 
of a vacuum, total-reflection diffraction camera. 


radiation emitted by the Si and Al atoms. With these 
targets, the usual levelling-off of the intensity versus 
voltage was not-.reached for the same reason. The 
anodized surface was the easiest to cool and to main- 
tain. 

In spite of the fact that the oxides used for target 
material were refractory, they would decompose under 
a high-intensity bombardment of the electron beam in a 
matter of a few hours. Because of the rather effective 
water cooling of the anodes, very little deterioration 
of the Ni and Cu metal targets occurs even after 
hundreds of hours of use. 


(b) Gas-Type Tube 


There were several reasons for choosing a gas-filled 
tube for long-wavelength diffraction work. (1) Its 
simplicity and complete demountability make it ideal 
for research purposes. (2) For these wavelengths, it has 
been found to be very stable, and it permits the focusing 
of a very intense electron beam onto the anode. (3) 
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This tube does not require a high vacuum as does 
the filament type tube and therefore it is possible to use 
it “open” to the evacuated camera so as to avoid the 
use of extra windows. 

A cross-sectional drawing of the tube is shown in 
Fig. 8(a). It will be noticed that the exit opening of the 
x-ray tube and entrance pinhole of the camera is 
located in the cathode focusing cup. Thus only the 
radiation 180° from the electron beam direction is 
used. It is in this direction that the continuous radia- 
tion will be a minimum. 

The target has a cone-shaped hole at the electron 
beam focus. In this way, the atoms which can be “‘seen”’ 
by the mirror through the pinhole give off radiation 
not only because of direct bombardment under the 
electron beam, but also because of the fluorescent 
absorption of harder components of the general radia- 
tion in the neighboring region of the hole. 

Because of its very low sputtering rate, pure alumi- 
num is used for the focusing cathode cup. This screws 
into place, and holds in contact with the water-cooled 
cathode support, a thin §-in. diameter aluminum disk 
in which is drilled an 0.008-in. pinhole. 

It was found that by enclosing the exposed cathode- 
supporting structure with a Pyrex jacket, the tube 
operated more “quietly,” and very little sputtered 
material reached the outer glass walls. 

The operating limit of power for the tube has not 
been determined. A typical operating condition is 40 
to 50 ma at 5000 volts. The stability is such that after 
about a two-hour period for stabilization, the tube may 
be left running for days without attention. 


(c) Total Reflection of X-Rays—General 


Some of the results of the work which has been done 
on the total reflection of x-rays have been described'*—** 
with respect to the reflection of long wavelengths. 


16 A. H. Compton, Phys. Rev. 20, 84 (1922). 

16 F. Holweck, Compt. rend. 176, 570 (1923). 

17 Laby, Bingham, and Shearer, Nature 122, 96 (1928). 
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(1) Al-K (8.32 A), Cu-Z (13.3 A), and C-K (44.5 A) 
have been studied for total reflection from glass, quartz, 
steel, silver, and gold. The reflected intensity versus 
angle of reflection is given for the region of angles near 
the critical angle. 

(2) The experimental values measured for the critical 
angles agree only roughly with the current theories of 
total reflection. For wavelengths which are not close 
to an absorption edge of the reflector, the simple Drude- 
Lorentz expression for the critical angle is in as good 


an agreement as any with present experimental data. 
Thus 


6.= (25)? = (ne?/amc*)*r 


=2.32X10-%(pZ/M)'x, (23) 


in which J is to be expressed in Angstrom units. 

(3) The shape of the “cutoff” in the curve of re- 
flected intensity vs angle of reflection is only roughly 
predicted by the Fresnel theory.” 

(4) Mohr?* has given some approximate values for 
the reflection efficiencies for various surfaces for 8.3 A 
and 13.3 A radiations. He found 25-30 percent reflection 
for glass, 15 percent for steel, and 5 percent for gold 
reflectors. Recalling the densities of these reflectors, 
2.7, 7.7, and 18.9 g cm“, respectivley, we note that the 
efficiency of reflection would seem to be approximately 
proportional to the reciprocal of the reflector density. 

(5) Ehrenberg* has measured the broadening of a 
line image by total reflection from a curved mirror. 
He attributes the effect to diffraction from Fourier 
components of an inherent structure of the reflecting 
surface. 


(d) Method for the Measurement of the Critical 
Angle of Total Reflection 


Because of the need for more information on critical 
angles of total reflection than is available, it was felt 
that it would be advisable to devise some method for 
their measurement. A very simple apparatus was de- 
veloped which permits a precise measurement of 6, 
and which fits easily into the diffraction camera so that 
no elaborate arrangement was necessary. A sketch 
of the geometry for this measurement is shown in Fig. 
9. Filtered radiation from the pinhole in the cathode of 
the x-ray tube finds a uniform distribution of planes 
at various angles to the incident beam on the external 
surface of a cylindrical reflector from which it is “totally 
reflected,” in accord with the specular law over the 
permissible range of grazing angles up to the critical 
limiting angle, and passes thence onto a photographic 
film. 

It can readily be shown that the ratio of the reflected 
intensity to the incident intensity for the grazing angle 


% A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935), 
p. 305. 

















X-RAY DIFFRACTION 913 
c— 
: ’ y STOP a! . 

Fic. 9. A sketch illustrating a ' or 
method for measuring the ' = \2p |9 
are angle for the total = t + 
reflection of x-radiation. Fil- & . 
tered radiation from a _pin- ———-- 
hole is totally reflected through 
all permissible angles up to the CYLINDRICAL 
critical angle from a cylindrical Ke een 
mirror and thence to a photo- © y P, / 
graphic film. Reflection effi- seit a | 
ciencies for angles in the region $\ - 
of “cutoff” can be deduced ~ | 
from a microphotometer meas- r\ end 
urement of the photographic e |" — 
film. 
¢ is given by the expression 

R($)=[mn(m+n)/(rIo) LE@)/¢], (24) 


in which Jo is the flux per unit solid angle emanating 
from the pinhole source of radiation and E(@) is the 
flux per unit area measured by the film; m and n are 
distances from the pinhole source to the mirror and 
from the mirror to the film, respectively ; r is the radius 
of the mirror and ¢ is the grazing angle of total reflection 
from the mirror. 

In practice, it may not be possible to measure pre- 
cisely the distance m. For this reason a second film may 
be exposed simultaneously to one-half of the reflected 
beam at position B. Since the distance between films 
may be measured very accurately, the critical angle may 
be obtained from the relation 


6.= (a—b)/c. 


The usual method for measuring @, is to intercept 
a slit-collimated beam of x-rays by a plane mirror which 
is rotated through a series of angles. At each of these an 
exposure of constant time duration is made on a film. 
There are several significant advantages of the method 
used here. (1) A simultaneous curve of reflected in- 
tensity is obtained for all angles, with a high resolution, 
and there is no dependence upon possible fluctuations of 
the x-ray source during an exposure. (2) The geo- 
metrical effect of obtaining an experimentally measured 
distribution given by the reflection efficiency function 
multiplied by the angle of reflection is favorable be- 
cause it yields an intensity versus angle of reflection 
curve for an inside cylindrical mirror of constant length 
as used for point focusing. The optimum angular aper- 
ture for the cylindrical mirror corresponds to the angle 
for maximum density as measured directly by this 
method. (3) Using two film positions, A and B, not 
only permits a more accurate measurement of 6, but 
yields two complete photographic density scales with 
corresponding points at a known ratio of intensities 
[n/(n—c) >. This permits an “internal” calibration 
of the film with each measurement. In fact, this same 
artifice has proven very useful for the calibration of the 
film used for the low-angle diffraction work. 
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(e) Mirror Geometry 


Ideally, the barrel shaped mirror which forms the 
point focused converging beam, should be a section of a 
very elongated ellipsoid of revolution with the point 
source of x-radiation and the point image at the respec- 
tive foci. Let a be the major and 6 the minor principal 
axes of this ellipsoid. Certain geometrical properties, 
which will be useful and which are very easily derived, 
are listed here (using the notation of Fig. 10 and the 
fact that <a). The radius of the circular arc that best 
approximates the ellipse at the center (the part to which 
the inner surface of the mirror conforms) is given by 


R=a?/b= (8h +)/b. (25) 


The solid angle presented to the source by the mirror 
is given by 
AQ= 41 (b/c)?(x/c), (26) 


where x is the half-length of the mirror measured axially. 

In order to learn how good the circular arc approxi- 
mation is, and to determine the effect of a deviation 
from the calculated radius of curvature R upon the 
image radius of confusion, p, the following aberration 
equation is derived. 


p=2(b/c)xAR/R—D[(x/c))+28%x/] (27) 


in which the first term arises from not having the proper 
radius for the mirror (R+AR instead of R) and the 
second is that caused by the use of a circular in place 
of an elliptical profile. 


(f) Error Resulting from the Finite Size 
of the Sample 


The sample is mounted upon a thin film of metal foil 
or of plastic which is stretched across an annular slit 
through which the beam passes. It may be readily shown 
that for the usual “small” angle scattering there is 
negligible error introduced by the fact that the sample 
is spread in this way over an extended area. This is 
the case even though the photographic film is flat. 
However, particularly for the long wavelengths, 
“medium” angle scattering might often be of interest, 
and the foregoing summarized theory may be applied 
to this region as well. 





Fic. 10. Ellipsoidal mirror geometry. 
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Fic. 11. Finite sample geometry. The error associated with rela- 
tively large diffraction angels due to the effect of a sample distri- 
buted over an area of finite extent can be made negligibly small 
by mounting the film with a cylindrical (or spherical) curvature 
of a radius equal to one-half the distance d from the sample to the 
center of the focused diffraction pattern. The sample circle and 
film circle in this perspective view lie in mutually perpendicular 
planes. 


For large angles of diffraction, it can be shown that 
the diffraction pattern will focus with minimum error 
on a circle (or a sphere) which passes through the sample 
and through the focal point of the beam, and has its 
center situated on the principal axis. See the perspective 
view of Fig. 11. Therefore, for large diffraction angles, 
the film must be pressed onto a cylindrical (or spherical) 
form of radius equal to one-half the axial sample-to- 
focal point distance—since the sample size is small 
compared with this distance. It can also be shown that 
the variation Ae in the angle of scattering € to a partic- 
ular point of the film (due to the finite extension of the 
sample) becomes Ae= (tane) X (¢?/2). Since the angle 
@ is the total reflection angle from the mirror and is 
very small, Ae becomes negligible. The angle € is meas- 
ured from the arc distance s along the film by the rela- 
tion e= (s/d). 


(g) Choice of Mirror Material 


There are two reasons why glass seems to be the most 
appropriate material with which to construct these 
total-reflection mirrors. First, the relatively short x-ray 
wavelengths compared with the wavelengths of light 
place an even higher requirement on the smoothness 
of the mirror surface. And second, the need for a very 
precise circular arc in the mirror cross section suggests 
the desirability of using the proven accurate methods 
of random optical lapping techniques which are most 
highly developed for glass. 

An apparent objection to using glass is that a choice 
of stainless steel, for example, because of its higher 
density, would allow a larger diameter mirror for a 
given wavelength, and therefore present a considerably 
larger solid angle than that obtained from the cor- 
responding glass mirror. A glass mirror, in fact, could 
be given an evaporated or sputtered film of some dense 


‘metal such as gold, thus permitting larger mirrors. It 


was found, incidentally, that gold evaporated films age 
badly so that after a few weeks the film deteriorates into 
a grainy surface which gives a large background dif- 
fraction pattern of its own. 
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However, as was deduced above from Mohr’s** work, 
the reflection efficiency for total reflection varies ap- 
proximately inversely with the density of the reflector. 
From Eq. (26) we note that the solid angle presented 
by the mirror is proportional to (b/c)? which is equal to 
6.2. Since the critical angle squared is proportional to 
the unit decrement of the index of refraction, 6, and 
thus is proportional to the density, we conclude that 
there is no gain of intensity by using more dense mirrors. 
For mirrors cut at the critical diameters for total 
reflection, the total resultant intensity is approximately 
independent of the material of the mirror. In fact, by 
using the smaller mirror, say of glass, the sample size 
is reduced, and also we note from Eq. (27) that the 
aberration problem is reduced. 


(h) Optimum Mirror and Camera Dimensions 


By combining the aberration equation [Eq. (27) ] 
with that for the solid angle included by the mirror 
LEq. (26) ] we obtain the relation for the angular width 
of the circle of confusion 


Ae=p/c= (1/2m) (AQ/0.)AR/R. 


Now since @, is proportional to the wavelength, and 
since the angle of scattering is also proportional to the 
wavelength, the angular resolution may be written as 


(Ae/e) « AQ(AR/R)(1/d?). 


This approximate expression indicates that for a 
given precision of mirror construction, and for a given 
solid angle presented to the source by the mirror, the 
angular resolution improves with the square of the 
wavelength, and is independent of the size of the camera. 
The method is thus most suitable for long wavelengths. 

Besides the requirement for a large solid angle and 
for a high angular resolution, there remains the equally 
important requirement for a high intensity-to-back- 
ground ratio. All diffraction methods have a_ back- 
ground of stray radiation either due to diffraction or 
scattering from slits, from general radiation scattered 
from crystals, from the radiation in the “wings” of a 
crystal rocking-curve, or, in this instance of total- 
reflection focusing, from diffraction from edges of the 
mirror and from irregularities of the mirror surface. 
In order to reduce such effects, it is necessary to into- 
duce a stop between the mirror and the sample which 
does not touch the main beam, but which cuts off a 
large component of the stray radiation. The effective- 
ness of such a stop is increased by having a large dis- 
tance between the mirror and the stop position. For 
this reason, therefore, it was felt advisable to use a 
relatively long geometry, with at least 50 cm between 
the mirror and the film. 


(i) Construction of the Cylindrical Mirror 


The mirror was made from a 4.5-in. length of a 
straight Pyrex cylinder, 1.5 in. in diameter. It was, 
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Fic. 12. A sketch of the cast-iron lap and its mounting as used 
in the grinding of the mirror. This “short” lap is moved in an out 
of the rotating mirror cylinder, thus generating the desired barrel- 
shaped curvature. The edges of the same lap are faced with strips 
of wax which hold the rouge in the polishing of the mirror. 


necessary to obtain a profile radius of curvature of 
approximately 54 feet to better than 2 percent accuracy. 
The barrel diameter was 0.0038 in. larger in the center 
than at the ends. For this geometry the circular arc 
deviates from the idea! elliptical arc by about one ten- 
thousandth of an inch at the ends of the cylinder. Such 
a deviation would cause negligible spherical abberation, 
as can be shown from Eq. (27). It was consequently 
unwarranted to attempt to figure the mirror into the 
ideal elliptic rather than the approximate circular arc. 

The method of grinding which was adopted was in- 
tended to make optimum use of the tendency for a 
“short” lap to generate a circular arc profile in a long 
time random grinding process. The lapping arrangement 
is shown schematically in Fig. 12. A.very fine emery 
(American Optical’s 3033 grade) was used with water 
as lubricant. 

Frequent measurements were made of the ground 
profile as it was generated in order to permit an adjust- 
ment of the lapping stroke and time of grinding so as 
to obtain the figure desired. These measurements were 
made by means of an air-gauge arrangement which 
operated essentially as follows: An accurately round 
ball-bearing of diameter only a few thousandths of an 
inch less than that of the mirror is suspended inside the 
cylinder. A constant, regulated flow of air is passed 
through this gap and the resulting pressure drop P is 
measured by an inclined water manometer. For each 
profile measurement, two runs are taken of pressure 
difference versus position along the mirror for the same 
mass flow of air per second but with two balls having 
a difference in their radii of 0.00147 in. as measured by 
an interference technique with standard gauge blocks.f{ 
This known difference in radii is used to determine the 
constants in a theoretically predicted equation for the 
difference ¢ between the mirror cross-section radius and 
the ball radius: = K P-". For the flow conditions which 
were used, 7 was always between 0.4 and 0.5. 

After the correct profile was obtained as determined 
by this air-gauge measurement, the mirror was polished 
using the same lapping arrangement but with the edges 
of the lap faced with thin strips of wax which held the 
rouge. Water lubricant was again used. 

The final, polished mirror was tested on an optical 


t Measured for us by D. O. Hendrix of the Mt. Wilson and 
Palomar Laboratories, Pasadena, California. 
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Fic. 13. Focal spot broadening under prolonged exposures. The 
centrally punched hole used to prevent halation in the very long 
exposures is 0.040 inch in diameter. The transverse scattering 
characteristics of the unfocused radiation is indicated by the 
“shadow”’ of the sector-stop used on the mirror (in addition to the 
central stop) for these photographs. 


bench with a point source of light. The geometry for 
the optimum point focus thus determined corresponded 
to that predicted by air-gauge measurements to within 
the experimental error of the optical measurement. The 


mirror was mounted into the instrument as shown in 
Fig. 8(b). 


V. TESTING THE TOTAL-REFLECTION CAMERA 


(a) Focal Properties of the Converging 
Primary Beam 


A series of photographic exposures were taken at the 
focal point of the primary beam using Cu-Z radiation; 
prints of these photographs are shown in Fig. 13. 
Short exposures of the order of one second yielded a 
well-exposed spot of very nearly the same size as the 
x-ray source pinhole. There was no strong evidence of 
geometrical aberrations. However, prolonged exposures 
to the beam, without any stops except for the central 
stop at the mirror indicated the presence of a transverse 
type of scattered, nonfocused radiation. The fact that 
this scattered radiation does remain in the plane of 
incidence is evidenced by the sharp shadows of the 
spiders in the central stop which are always seen in such 
long exposure photographs. The same effect is seen in 
Fig. 13 in the shadow pattern cast by the 60° sector 
stop. This effect is probably due in part to surface ir- 
regularities of the mirror and has been studied by 
Ehrenberg.* 

An annular aperture, just wide enough to permit the 
passage of the converging beam and which is placed 
at the sample approximately midway between the 
mirror and the focal point does effectively eliminate 
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this stray scattering for most practical diffraction meas- 
urements. This is because it is usually possible to keep 
the portion of the pattern to be measured far outside 
the region of the direct beam focal point when using 
long x-ray wavelengths. 


(b) Monochromaticity and the Intensity of 
the Primary Beam 


In order to measure the monochromaticity of the 
focused radiation, a small spectrograph was designed 
to fit into the film holder position. With this instrument 
a focused spectrogram is produced, measuring wave- 
lengths up to about 20 A. 

A sketch of the spectrograph is shown in Fig. 14. 
The converging x-ray beam from the mirror strikes 
a small cylinder of mica crystal so that all angles from 
0° to 90° incidence are presented. Since the spacing of 
the cleavage planes of mica is 9.9 A, this permits Bragg 
reflections up to 19.8 A. Nearly all such reflections are 
focused onto a circular arc which passes through the 
image point and along which a film is placed. The re- 


sulting positions of a few of the wavelengths of interest . 


are indicated. 

A spectrogram was taken with unfiltered Cu-L 
(13.3 A) radiation with the x-ray tube at 4000 volts. 
A well-focused spot image was formed at the expected 
position on the film for the 13.3 A radiation and with 
no effective background radiation at any other position 
along the film. 

The primary beam passes through a central hole 
which is punched into the photographic film and then 
into an x-ray detector. [See Fig. 8(c). ] Such a measure- 
ment of the primary beam intensity permits (1) the 
adjustment of the x-ray tube for optimum intensity, (2) 
the determination of the proper mass thickness for the 
sample, and (3) the prediction of exposure times. For 
most of the work which has been accomplished to date, 
GM counters have been used for this purpose. The 
primary beam intensity Jo can be estimated for 4000 
volt Cu-Z radiation at 50 ma to be about 10° quanta 
per cm? per minute. 


(c) Diffraction Pattern of the 580-G Polystyrene 
Latex Particles§ 


A diffraction photograph is shown in Fig. 15 of the 
580-G polystyrene latex which has been often used by 


Fic. 14. A small spectrograph 
which slips into the film mount 
of the diffraction camera and 
which is used for checking the 
monochromaticity of the point- ——— 
focused radiation. Radiation of 
a given wavelength finds an \ 
appropriate angle for Bragg re- \ 
flection from the small mica 
crystal cylinder and is focused 
to a corresponding point on 
a film circle. 
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§ This sample was kindly given to us by Dr. R. C. Williams of 
the University of California at Berkeley. 
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electron microscopists as a standard because of its 
uniformity of size. This pattern was taken with the 
total reflection camera in a ten-hour exposure using 
Cu-L radiation and Ilford Industrial Type G x-ray 
film. The tenth secondary maximum of the pattern was 
just readable in this exposure. 

A pattern of approximately the same resolution, 
blackening and size as measured on the film which was 
used to obtain Fig. 15, but taken of the region in the 
vicinity of the inflection point in the central maximum, 
would require about two hours of exposure for an 
organic sample of density near 1 g cm~™. 


(d) “Circular Slit’? Microphotometry 


The conventional method for the microphotometry 
of the diffraction pattern is to scan, with a narrow and 
short slit window in front of the photocell, a section 
across a diameter of the image of the photographic 
pattern. Such a measurement “wastes” all of the in- 
formation represented in the vast, unscanned part of 
the photographic pattern. 

By virtue of using the point focused primary beam 
geometry, patterns of spherical or randomly oriented 
particle systems will be radially symmetric. Because 
of this symmetry, circular slit microphotometry might 
be employed in order to use the entire pattern in the 
measurement. 

One method for obtaining effectively circular slit 
microphotometry with the conventional micropho- 
tometer is to rotate the photographic pattern about 
its axis as a very short and narrow slit window of the 
microphotometer is scanned across a diameter of the 
pattern. By making the period of rotation small com- 
pared with the time constant of the photocell and 
recording system, the information in the total pattern 
may be effectively integrated. This permits very high 
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Fic. 15. Diffraction pattern of the Dow (580 G) polystyrene 
latex obtained with Cu-Z (13.3 A) radiation in a ten-hour ex- 
posure with the total reflection camera. (This photographic 
enlargement was “dodged” in order to show as many of the rings 
as possible in the one reproduction). Measurements from patterns 
such as this one yielded a particle diameter of 2830+20 A. 


resolution measurements of the diffraction patterns with 
none of the effects of film granularity as is typically 
met in conventional microphotometry. Also, coarse- 
grained but higher speed photographic film may be 
used with an appreciable reduction of necessary ex- 
posure times. 
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Solution of an Integral Equation Arising in 
Optical Studies of Oriented Filaments 


EDWARD F. GURNEE 


Physical Research Laboratory, The Dow Chemical Company, 
Midland, Michigan 


(Received March 12, 1955) 


N the study of orientation in monofilaments'.? and fine fibers* 
it is desirable to determine the radial distribution of bire- 
fringence, D(r). This function gives the birefringence at any 
given point in the cross section of the filament at a distance r 
from its center and, hence, gives a knowledge of any “skin” or 
“core” effects 
The most conveniently observable optical quantity is the 
optical retardation pattern, ['(y), obtained by passing plane 
polarized light through the filament in a direction perpendicular 
to the filament axis (the z-direction). This function gives the 
optical retardation at a point at a distance y from the axis of 
the fiber as observed in the xy-plane. The relationship between 
I'(y) and D(r) is given by? 


1 D(r)rdr 


vy (PF—y)? 


I'(y)=2R (1) 
where R is the actual radius of the filament, and r and y are 
reduced variables expressed in terms of the filament radius as 
unity. 

In order to avoid solving this integral equation, an experimental 
“wedge” technique was developed? that gave the function D(r) 
directly for relatively thick filaments (R>10 mils). In the case 
of fine fibers, however, it is experimentally difficult to cut an 
accurate wedge; the radial distribution function must then be 
obtained from the function '(y) by means of Eq. (1). 

By following a method similar to that employed in solving 
Abel’s equation,‘ the general solution of Eq. (1) is found to be 


1 d gr V(y)ydy 


r)=—_- — 
"a wRr drJi (y°—?*)! (2) 


From this equation it is possible to determine the radial distribu- 
tion of birefringence from the measured optical retardation 
pattern; several transforms are listed in Table I for reference. 

In a practical application, considerable care must be used in 


TABLE I, Transforms of some simple functions. 
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choosing a form for the function I'(y). These restrictions arise 
from the fact that for any 0<r<1, the function D(r) must be 
able to assume all finite values, but can never become infinite. 
Thus it is necessary to have '(1)=0, and the derivative d'(y)/dy 
must be zero at y=0 and infinite at y=1. Several of the functions 
in Table I would therefore be physically unsuitable, by themselves, 
as retardation functions or distribution functions. 
A useful function for '(y) is of the form 
N 
C(y)=2R(1—y*)! J aony**. (3) 
n=U 
This leads to a value of D(r) given by 
N n 
D(r)= ZF ax, = 


Bis ; 1 ("sry TY) [P1+n)+j—n] (4) 


where 
Ay=1 
A,=}, 
3-5-7-+-(2j—1) 
4;°—— - for j>2 
i*4-6-8---(2j+2) °° I=* 


(") =the binomial coefficients. 


Equation (4) is essentially the same as the result obtained by 
Bozza and Bonauguri for this special case by an algebraic method. 


1R. D. Andrews, J. Appl. Phys. 25, 1223 (1954). 

2 E. F. Gurnee, J. Appl. Phys. 25, 1232 (1954). 

3G. Bozza and E. Bonauguri, Kolloid-Z. 122, 23 (1951). 

4E. T. Whittaker and G. N. Watson, Modern Analysis (The Macmillan 
Company, New York, 1943). 





Nucleation of Lead with Preferred Orientation 


H. A, ATWATER AND B. CHALMERS 


Gordon McKay Laboratory, Harvard University, 
Cambridge, Massachusetts 


(Received April 6, 1955) 


N instance of a unique lattice orientation appearing in the 

heterogeneous nucleation of lead from its melt has been 
observed during a study of the solidification of metals. Lead of 
high purity (reported to be 99.999%) was melted in air in a flat 
graphite crucible about 10 cm in diameter and 2 cm high. The 
interior of the crucible was painted with colloidal graphite before 
each use in order to suppress the possibility of seeding the crystal 
(by metal) occluded in the walls. The crucible walls are kept 
warmer than the air admitted to the surface of the melt, so that 
nucleation occurs at the center of the free surface, away from the 
walls of the container. When this is done, the upper surface of the 
solid first forming coincides with that of the melt surface. A 
tungsten wire may be passed freely under the first solid material 
that appears without disturbing it, thus indicating that the 
solidification has begun at the top and not from the bottom of 
the container. When the solid seen at the surface has grown to a 
disk two or three centimeters in diameter, it may be grasped 
with tweezers and withdrawn quickly from the melt. It is found 
to be a platelet about 1 mm thick, with dendrites extending 
downward into the melt. 

If freezing is allowed to proceed and if the entire melt freezes 
as a single crystal, the upper surface of the solid always coincides 
with a (111) plane of the crystal with no deviation greater than 
the accuracy of measurement (+0.5°). This preferred orientation 
even persists when the crucible is tilted by 5° during the freezing 
process and also when the melt has been held 100°C above the 
freezing point for a ten-minute period before freezing. The 
nucleation takes place with not more than 0.5°C of supercooling, 
as indicated by a thermocouple placed in the melt about 3 mm 
below the point where nucleation occurs. 

When lead of slightly lower purity (reported to contain 0.009% 
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As, 0.002% Sb, and Ag, Sn, Cu, and Fe each in amounts smaller 
than 0.001%) was frozen in the same way, it fornied a polycrystal- 
line solid with a strong fiber structure at the surface, in which 
individual grains had their [111] axes oriented to within a few 
degrees of the free surface of the solid. 

Bircumshaw and Preston! have shown that molten lead below 
600°C is covered by a film of tetragonal PbO (red) in contact 
with the melt, and over this is a layer of orthorhombic PbO 
(yellow). The orthorhombic layer shows a polycrystalline diffrac- 
tion pattern, with the [001] axis always normal to the liquid 
surface. Upon solidification of the lead, the orthorhombic oxide 
tends to form large single crystals also having [001] normal to 
the surface. The orientation of the tetragonal PbO was not fully 
established by Bircumshaw and Preston. The lattice of tetragonal 
PbO is not dissimilar to that of lead, having the lead atoms in a 
distorted cubic close packing, with a Pb— Pb distance of 3.70 A, in 
the oxide,? as compared with the Pb—Pb distance of 3.48 A on 
(111) planes in metallic lead. 

IL, ” go and G. D. Preston, Phil. Mag. 25, 769 (1938). 


2R. G. Wyckoff, Crystal Structures (Interscience Publishers, Inc., 
New Vek. esi) Vol. 





Figure of Merit for Microwave Ferrites 
at Low and High Frequencies* 
BENJAMIN LAxt 
Lincoln Laboratory, Massachusetts Institute of Technology, 


Lexington, Massachusetts 
(Received March 24, 1955) 


HE performance of microwave ferrite devices appears to be 
limited by the rf magnetic losses associated with the ferrite 
itself. This seems to be consistent with existing experimental data 
at high frequencies, i.e., 9000 Mcps.' At lower frequencies, 3000 
Meps or less, such data do not exist in the literature. It is, there- 
fore, appropriate to make theoretical estimates of the losses at 
these frequencies in order to determine the low-frequency limit 
and the figure of merit. For devices operating with magnetic 
fields above resonance, low-frequency limits can then be compared 
to those based on empirical consideration of size of components.®3 
The complex propagation constants of left and right circularly 
polarized plane waves in an infinite medium are! 


P= jw (eno) (1 +wy (wotwt+j/T)*}}, (1) 


where wo= yH», wy =4ryM and where it is assumed that the loss 
term can be represented by the Bloch-Bloembergen relaxation 
time constant T. Ferrite applications require small losses and hence 
we assume wo-tw>>1/T. The expression in Eq. (1) can be appro- 
priately expanded to the first power in T~ to give 


I, =wwys (eo) #L2T (wotw)?{ 1+wy/ wow) }}}7 
+ jw (eno) [1 +wyy/ (wow) |}. (2 ) 


In a good Faraday rotator the loss associated with the left and 
right circularly polarized components should be nearly equal. 
This can be achieved in the high- or low-frequency regions where 
w>>w or wKwo, respectively. For the low-frequency case it can be 
shown that Eq. (2) can be expanded to give, for "=a+ J, the 
following: 


a~woy (eno)? L2we?T (1+-wyy/wo)? J, 
Bs ~w(eno)![(1+-wy/wo)Psewryw{2we?(1+wm/wo)t}]. (3) 


The ue per unit length of a Faraday rotator is given by 
6= (8,—B_)/2. The figure of merit, F, for the Faraday rotation is 
defined as a ratio of the rotation oe the attenuation @/a. From 
Eq. (3) one obtains 

F=oT. (4) 

It can be shown that this relation also holds for the high- 
frequency case when w>wo and w>wy. The aforementioned 
result has been derived for propagation in an infinite unbounded 
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ferrite medium. By applying first-order perturbation theory to a 
Faraday rotator the effect of geometry in the case of a thin sliver 
of ferrite in a square or circular wave guide can be taken into 
account. For this case it can be shown that 


a, = (x ett KK" ete)CT 0S’, We (5) 


where x’ett— jx’ete and K’'e¢¢— jK'' ets are the effective diagonal 
and off-diagonal components of the susceptibility tensor including 
demagnetizing factors, S’/S is the ratio of the cross-sectional 
areas of the ferrite sliver and the wave guide, I’p is the propagation 
constant of the empty wave guide, and C is a constant which is 
unity for square guide and 1.4 for circular guide.* For this case 
the rotation per unit length is given by 


0= K’ CS’ /S, (6) 
where at low or high frequencies the susceptibilities are given by 
x” ttt K epp=war{ T (wotw)?+ i . i 


=wy/wr?T or 
=wyw/wo? or 


wou/wT (7) 


/ 
) —wy/w, 


K' eg =wuw/ (wP?—w 
respectively, and where for a circular ferrite rod w= y(Ho+27M ). 
Again the figure of merit becomes the expression given by Eq. (4). 

In an actual device such as a circulator the total rotation, 0, 
in a length of ferrite / desired is 6=6/=45°. Hence the total 
attenuation is 

8 08 
al=—— = —., (8) 
wl wl 

If the circulator has an insertion loss of 0.5 db then al~0.06. 
This requires that w7~13. If the best ferrite is comparable to a 
single crystal and has a resonance line width AH ~50 oersteds 
and is’ approximately Lorentzian,> then, since 7~'=ayAH, the 
F ax 14v (v in Kmeps). This indicates that the lower allowable 
frequency limit of a 0.5-db device is about 1000 Mcps and for a 
1-db insertion loss ymin 500 Meps. 

At high frequencies, i.e., 9000 Mcps, a loss of 0.1 db for a 36° 
rotation was reported.! This yields a value of /~50 which is 
greater than the value of 12 obtained from Eq. (4) for a poly- 
crystalline magnesium ferrite with AH ~500 oersteds. This is 
consistent with experimental results® which show that the losses 
at these frequencies for magnetic fields below resonance are less 
than those specified by a Lorentzian line. At this frequency a 
figure of merit of 120 for single crystals (AH ~50 oe) exceeds the 
best performance obtained experimentally for polycrystalline 
materials’ and may define the upper limit at the present time. 

I would like to thank Professor C. L. Hogan and Dr. G. S 
Heller for several valuable discussions and suggestions related to 
this problem. 

* The research reported in this document was supported jointly by the 
U.S. Army, the U. S. Navy, and the U. S. Air Force, under contract with 
Massachusetts Institute of Technology. 
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N the paper cited in the title,! the frictional force was assumed 
to be equal to some fictitious coefficient 4 times the normal 
dynamical pressure. This was done in order to preserve simplicity 
and because of lack of knowledge of the nature of the frictional 
force. The views expressed in the paper about molten metal at the 
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interface, serving as a friction reducing lubricant, are those of 
Krafit.? Dr. Krafft concludes that frictional loss in “ballistic” 
penetration is small and can be neglected in practical theories 
of armor penetration. 

It may be worth while to call attention to the fact that the 
wartime report of Bethe,‘ which advances the circular hole 
enlargement theory, is now unclassified. 


!W. T. Thomson, J. Appl. Phys. 26, 80 (1955). 

2 C, Zener, Fracturing of Metals (American Society for Metals, Cleveland, 
1948), pp. 3-31. 

3 J. M. Krafft, Naval Research Laboratory, Washington 25, D. C. 

4H. A, Bethe, “An attempt at a theory of armor penetration,’’ Ordnance 
Laboratory Report, May 23, 1941, Frankford Arsenal, Philadelphia, 
Pennsylvania. 
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This column will announce the availability of reports describing research in 
the fields of physics represented in the Journal of Applied Physics. The supplies 
of copies of most reports are strictly limited and are rarely reprinted when the 
initial printing is exhausted. 

An announcement for this column should be fewer than 150 words in length 
and should provide information on the content, length, price, and address from 
which the report can be obtained. The announcement should be accompanied by 
a copy of the report, which will be reviewed to determine whether the report is of 
sufficient interest and relevance to warrant an announcement. 


An Experimental Investigation of the Mechanics of Plastic 
Deformation of Metals, E. G. THomsen, C. T. YANG, 
AND J. B. BrerBower. October 22, 1954, 55 pages. 
Write to University of California Press, Berkeley 4, 
California. Price: $0.75. 

A technique is described for obtaining the infinitesimal 
strain or strain rate and the stress distributions in an axially 
symmetrical metal part during a three-dimensional forming 
operation. The method has been applied to the extrusion of a 
lead billet into a solid bar. 





Books Reviewed 








Nuclear Species. H. E. HuntLey. Pp. 193+xix, St. Martin's 

Press, New York, 1954. Price $4.50. 

The emphasis in this book is on the properties of the 
nuclides as a group, rather than upon nuclear reactions or 
general nuclear physics. The book is intended for the university 
student who wishes to study the regularities among nuclei in 
more detail than is possible in a general textbook on nuclear 
physics. The binding energies, sizes, and energy levels of 
nuclei are discussed, and considerable attention is paid to 
the stability valley. There is a chapter on the origin of the 
elements. 


Bibliography on Hearing. S. S. Stevens, J. G. C. Lorine, 
AND Dorotuy COHEN. Pp. 599, Harvard University Press, 
Cambridge, 1955. Price $7.00. 

More than 10 000 entries are included in this volume which 
is an outgrowth of the earlier Bibliography in Audition. 
The principal listing is by author, but a subject list makes it 
possible to find all the articles on any one subject. 


Grundzuge der Zerspanungslehre, Vol. I, Einschneidige Zer- 
spanung. M. KRONENBERG. Pp. 430+xxvi, second edition, 
Springer-Verlag, Berlin, 1954. Price DM 48. 

This book is a revision of the 1927 edition. It provides a 
short section on basic metal cutting science, and the major 
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part of the book is devoted to the practical problems of 
machining metals by lathe turning. (Volume II will discuss 
drilling, milling, and broaching, and their relationships to 
turning.) Both American and Continental practices are 
described. Tables and line drawings permit calculation of the 
answers to practical machining problems. 


Fluid Dynamics of Jets. SHin-I Par. Pp. 227+xv, D. Van 
Nostrand Company, Inc., New York, 1954. Price $5.00. 
The purpose of this book is to present the experimental 

and theoretical facts about the steady flow of a jet of gas 
issuing from a nozzle into a surrounding stream. The book is 
intended as an introduction to this problem for advanced 
students in aerodynamics and as a reference book for research 
workers. The subsonic and supersonic flow of a jet of an 
inviscid fluid is considered. Laminar flow with viscosity 
and the turbulent flows of incompressible and compressible 
fluids are discussed. Discussions of jet mixing and jet stability 
are presented. 


Handbook of Radiology. Edited by R. H. MorGan. Pp. 518 
+x, Year Book Publishers, Chicago, 1955. Price $10.00. 
Although the emphasis in this handbook is upon medical 

radiology, a large fraction of the tabulated data will be useful 

to physicists who are working with x-rays and radioactive 
isotopes. There are data on industrial x-ray tubes and photo- 
graphic films and on radiographic technique. One section is 
devoted to radioisotopes and another to radiation protection. 
Some of the data are presented in the form of graphs. 


Turboblowers. A. J. SrepANorF. Pp. 377+ ix, John Wiley and 

Sons, Inc., New York, 1955. Price $8.00. 

This book is subtitled Theory, Design, and Application of 
Centrifugal and Axial Flow Compressors and Fans. It is 
concerned with the hydrodynamic and thermodynamic 
aspects of turbocompressor design. Practical examples are 
discussed but the emphasis is on the physical, rather than the 
mechanical, design problems and how these problems have 
been solved in American and European practice. The book is 
intended primarily as a reference book for the design engineer. 


Dynamics of Machinery. A. R. HoLOwENKo. Pp. 464+-vii, 
John Wiley and Sons, Inc., New York, 1955. Price $7.50. 
This book is intended as a textbook for an intermediate 

undergraduate course in machine design. It is concerned with 

the areas of kinematics and force analysis in machine design. 

Basic dynamics, relative velocities, and relative accelerations 

are discussed, and calculus is employed throughout the book. 

Free-body diagrams are emphasized in all the topics treated. 

The problems of balancing machines and reciprocating engines 

are studied, and there is a chapter on vibrations in shafts and 

critical speeds. There are about 400 problems for the student. 


An Outline of Atomic Physics. O. H. BLackwoop, T. H. 
Oscoop, AND A. E. Ruark. Pp. 501+x, third edition, 
John Wiley and Sons, Inc., New York, 1955. Price $7.50. 
This book is intended as a textbook for a course in modern 

physics for students who have had at least one college course 

in physics. It is suitable for use by either “physics majors” or 
nonphysicists. The material presented includes atomic, 
molecular, and nuclear physics, and cosmic rays and relativity. 

About one-third of this edition is new material, and the 

material which is not new has been rewritten. 


Flight Handbook. Maurice A. Situ. Pp. 282, fifth edition, 
Philosophical Library, Inc., New York, 1954. Price $6.00. 
Illustrations of modern British practice in the design of 

airplanes and engines are the principal features of this book 

(many of the illustrations occupy three-page folded sheets). 
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The elementary theory of flight and control, the design and 
construction of aircraft and instruments, and the practice of 
air navigation are described. The book was written by the 
staff of Flight magazine. 


Electrons, Atoms, Metals, and Alloys. W. HumMEe-RoTHERY. 
Pp. 387, Philosophical Library, Inc., New York, 1955. 
Price $10.00. 

The object of this book is to explain in as simple terms as 
possible the natures of atoms, metals, alloys, and nuclei. 
It is intended to be read by metallurgists and other engineers 
who are interested in the modern theory of solids but who 
cannot spend a year or two in the study of the formal and 
mathematical aspects of modern physics. The book is in the 
form of a dialogue between an ‘older metallurgist’”’ and a 
“young scientist.’’ The present edition is a somewhat revised 
reprinting of the 1948 edition. 


Glass Reinforced Plastics. Edited by P. MorGan. Pp. 248 
+vii, Philosophical Library, Inc., New York, 1954. Price 
$10.00. 

This book presents the technical properties and methods for 
production of glass reinforced plastics. The properties of glass 
fibers and of polyester, phenolic, and other resins are discus- 
sed. Methods are described for producing moulded shapes in 
large quantities and for producing rods and tubes. Applications 
in the electrical, aircraft, automotive, and marine industries 
are described. 


Titanium in Iron and Steel. G. F. Comstock. Pp. 294-+-xii, 
John Wiley and Sons, Inc., New York, 1955. Price $6.00. 
This book assembles and reviews the available information 

on titanium as an alloying element in iron and steel. The 
properties of titanium and of the ion-titanium system with 
silicon or carbon are described. The effect of titanium as a 
deoxidizer and its effects on nitrogen and sulfur in steel are 
considered. Most of the book is devoted to a review of the 
physical and chemical properties of alloys of iron containing 
titanium and one or more other elements. Among these alloys 
are stainless steels, precipitation-hardening steels, and heat- 
resisting alloys. The bibliography contains about 300 refer- 
ences. This book is one of the Alloys of Iron Research mono- 
graph series published for the Engineering Foundation. 


Servomechanisms and Regulating System Design, Vol. II. 
H. CHESTNUT AND R. W. MAYER. Pp. 384+xiii, John Wiley 
and Sons, Inc., New York, 1955. Price $8.50. 

This book builds on the fundamentals of closed loop control 
given in Volume I. Problems met in the design of regulators 
and feedback control systems are discussed and methods for 
their solution are developed. The book is intended for use 
either by the practicing designer or by the advanced engineer- 
ing student. 

Topics treated in the text include control system design 
specifications, methods for selecting power and stabilizing 
portions of the control system to meet specifications, amplifier 
design, all alternating current servomechanism design, 
linearization of nonlinear elements for small and large depar- 
tures, and application of nonlinear elements to control 
systems. 


Elementary Theory of Nuclear Shell Structure. M. GorEPPERT 
MAYER AND J. H. D. JENSEN. Pp. 269+xiv, John Wiley 
and Sons, Inc., New York, 1955. Price $7.75. 

This book presents the shell-model theory of nuclear 
structure and compares its predictions with a large variety of 
experimental results. The treatment is largely nonmathemat- 
ical, but mathematical details are included in the appendices. 


The book opens with a presentation of the empirical facts 
about stable nuclei and the evidence for the existence of 
“magic numbers."’ The electronic structure of atoms is 
reviewed, and then a similar analysis is made for nucleon 
“orbits.” Nuclear spins, magnetic moments, quadrupole 
moments, parity, 8 decay, and other experimentally deter- 
mined features of nuclei are then compared with the shell 
model. 


Advances in Geophysics, Vol. 2. Edited by H. E. LANDSBERG. 
Pp. 286+x, Academic Press, Inc., New York, 1955. Price 
$7.50. 

The contents of this volume of the Advances in Geophysics 
series are as follows: ‘‘Advances in Radar Weather,”’ by J. S. 
Marshall, W. Hitschfeld, and K. L. S. Gunn; ‘Methods of 
Objective Weather Forecasting,” by I. I. Gringorten; ‘‘Wind 
Generated Gravity Waves,” by W. J. Pierson, Jr. ; “Geological 
Chronometry by Radioactive Methods,” by J. L. Kulp; 
“Earthquake Seismographs and Associated Instruments,” 
by H. Benroff. Each contribution contains a large list of 
references, and both author and subject indices are provided 
for the volume as a whole. 


The Elements of Chromatography. T. I. WiLLiAms. Pp. 90, 
Philosophical Library, Inc., New York, 1954. Price $3.75. 
This book provides a general survey of the practice of 

chromatography and is intended primarily for the research 
chemist. It is based upon the author’s earlier work, An 
Introduction to Chromatography. The principal subjects treated 
are adsorption, paper-partition, and ion-exchange chromatog- 
raphy. The treatment of colorless substances, the develop- 
ment process, and industrial applications of chromatography 
are discussed. There are seven color plates in addition to the 
many black and white illustrations. 





Books Received 


Bibliography and Index on Dynamic Pressure Measure- 
ment. National Bureau of Standards Circular 558, compiled 
by W. G. BROMBACHER AND T. W. LAsuor. Pp. 124, price 75 
cents. (Order from the Government Printing Office, Washing- 
ton 25, D. C.) 

Standard X-Ray Diffraction Powder Patterns. National 
Bureau of Standards Circular 539, Volume IV. Howarp E. 
Swanson, Rutu F. Fuyat, Ano G. M. UGrinic. Pp. 75. 
Price 45 cents. (Order from the Government Printing Office, 
Washington 25, D. C.) 

Astronomy. Ropert H. BAKER. Pp. 528+viii, D. Van 
Nostrand and Company, Inc., New York, 1955, sixth edition. 
Price $5.50. 

Heating Ventilating Air Conditioning Guide 1955. Vol. 33. 
American Society of Heating and Air-Conditioning Engineers, 
New York. Price $12.00. 

Ionography. HuGH J. McDonap. Pp. 268+x, Figs. 29, 
The Year Book Publishers, Chicago, 1955. Price $6.50. 

Introductory Applied Physics. Norman C. HARRIS AND 
Epwin M. HEMMERLING. Pp. 729+-viii, Figs., McGraw-Hill 
Book Company, Inc., New York, 1955. Price $6.75. 

Household Physics. MADALYN Avery. Pp. 472+xiv, The 
Macmillan Company, New York, 1955, third edition. Price 
$5.50. 

Neutron Diffraction. G. E. BAcon. Pp. 299+ix, Figs. 117, 
Oxford University Press, New York, 1955. Price $5.60. 

Turboblowers. A. J. SrEPANoFF. Pp. 377+ix, John Wiley 
and Sons, Inc., New York, 1955. Price $8.00. 
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Dynamics of Machinery. A. R. HOLOWENKO. Pp. 464+vii, 
John Wiley and Sons, Inc., New York, 1955. Price $7.50. 

Elementary Theory of Nuclear Shell Structure. MARIA G. 
MAYER AND J. Hans D. JENSEN. Pp. 269+xiv, Figs., John 
Wiley and Sons, Inc., New York, 1955. Price $7.75. 

An Outline of Atomic Physics. O. H. BLAckwoop, THOMAS 
H. OsGoop, AND A. E. RuARK. Pp. 501+x, Figs., John Wiley 
and Sons, Inc., New York, 1955, third edition. Price $7.50. 

Optical Properties of Thin Solid Films. O. S. HEAVENs. 
Pp. 261+vii, Figs., Academic Press, Inc., New York, 1955. 
Price $6.80. 
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Flight Handbook. Edited by Maurice A. Smitu. Pp. 282, 
Figs. 229, Philosophical Library, Inc., New York, 1954, fifth 
edition. Price $6.00. 

Electrons, Atoms, Metals, and Alloys. WILLIAM HuMeE- 
ROTHERY. Pp. 387, Figs. 171, Philosophical Library, Inc., 
New York, 1955, second edition. Price $10.00. 

Gas Turbine. Vol. 1. Cycles and Performance Estimation. 
JAMEs HonceE. Pp. 329+xvi, Figs. 235, Academic Press, Inc., 
New York, 1955. Price $9.00. 

Advances in Geophysics, Vol. 2. Edited by H. E. Lanps- 
BERG. Pp. 286+x, Figs. 47, Academic Press, Inc., New York, 
1955. Price $7.50. 





